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HVP like approach on lattice ?	

!  Calculate 4pt of EM currents 

!  One needs to calc. or fit all (q, k1,k2,k3) 
combination 

!  Need to repeat (Volume)3 times  ! 

EQUATIONS

N. YAMADA

Γ(Hlbl)
µ (p2, p1) = ie6

∫
d4k1

(2π)4

d4k2

(2π)4

Π(4)
µνρσ(q, k1, k3, k2)

k2
1 k2

2 k2
3

×γνS
(µ)(p/2 + k/2)γρS

(µ)(p/1 + k/1)γσ

Π(4)
µνρσ(q, k1, k3, k2) =

∫
d4x1 d4x2 d4x3 exp[−i(k1 · x1 + k2 · x2 + k3 · x3)]

×⟨0|T [jµ(0)jν(x1)jρ(x2)jσ(x3)]|0⟩

aSM
µ = (11 659 182.8 ± 4.9) × 10−10 (using [1])(1)

aEXP
µ = (11 659 208.9 ± 6.3) × 10−10 [PDG](2)

aEXP
µ − aSM

µ = (26.1 ± 8.0) × 10−10(3)

Breakdown
aSM

µ = (11 659 182.8 ±4.9 ) × 10−10

aQED
µ = (11 658 471.808 ±0.015 ) × 10−10

aEW
µ = ( 15.4 ±0.2 ) × 10−10

ahad,LOVP
µ = ( 694.91 ±4.27 ) × 10−10

ahad,HOVP
µ = ( −9.84 ±0.07 ) × 10−10

ahad,lbl
µ = ( 10.5 ±2.6 ) × 10−10

V (x) = −µ⃗l · B⃗(4)

µ⃗l = gl
e

2ml
S⃗l(5)

al =
gl − 2

2
(6)

Γµ(q) = γµ F1(q
2) +

iσµνqν

2 ml
F2(q

2)(7)

F1(q
2) = 1, F2(q

2) = 0(8)

F1(0) = 1, F2(0) = al(9)

al = F2(0)(10)
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Our strategy	

!  Muon on lattice, photon on lattice, and let 
lattice calculate the form factor	
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"  set	  spacial	  momentum	  for	  	  
	  	  	  -‐	  external	  EM	  vertex	  q	  

	  	  	  -‐	  in-‐	  and	  out-‐	  	  muon	  p,	  p’	  
	  	  	  	  	  	  	  	  q	  =	  p-‐p’	  
	  
•  set	  -me	  slice	  of	  muon	  	  

source(t=0),	  	  sink(t’)	  and	  operator	  (top)	  
	  
•  take	  large	  -me	  separa-on	  for	  
ground	  state	  matrix	  element	

✕

(0,	  p)	 (t’,	  p’)	

(top,	  q)	

muon	

3	  photons	



HLbL from Lattice : 
 QCD+QED on lattice	

!  A naïve calculation  

!  First problem: 
  3 photo makes statistical fluctuation larger 
  →  treat one photon propagator out of three 
exact “analytic photon”	

Introduction
The hadronic vacuum polarization (HVP) contribution (O(↵2))

The hadronic light-by-light (HLbL) contribution (O(↵3))
aµ Implications for new physics

Summary/Outlook

New approach (QCD+QED on the lattice)

Average over combined gluon
and photon gauge configura-
tions

Quarks coupled to gluons and
photons

muon coupled to photons

[hep-lat/0509016;

Chowdhury et al. (2008);

Chowdhury Ph. D. thesis (2009)]

Tom Blum (UConn and RIKEN BNL Research Center) The muon anomalous magnetic moment



HLbL on Lattice : Analytic photon	

!  With the analytic photon propagator, which has 
zero statistical error  
 
 
 
 
 
 
 

!  There is lower or equal orders (α2, α3) unwanted 
diagram, which should be treated as photon wave 
function renormalization or EM vertex correction	

Introduction
The hadronic vacuum polarization (HVP) contribution (O(↵2))

The hadronic light-by-light (HLbL) contribution (O(↵3))
aµ Implications for new physics

Summary/Outlook

New approach (QCD+QED on the lattice)

Attach one photon by hand (see
why in a minute)

Correlation of hadronic loop
and muon line

[hep-lat/0509016;

Chowdhury et al. (2008);

Chowdhury Ph. D. thesis (2009)]

Tom Blum (UConn and RIKEN BNL Research Center) The muon anomalous magnetic moment



Unwanted diagrams	

Introduction
The hadronic vacuum polarization (HVP) contribution (O(�2))

The hadronic light-by-light (HLbL) contribution (O(�3))
aµ Implications for new physics

Summary/Outlook

New approach: Formally expand in �

The leading and next-to-leading contributions in � to magnetic
part of correlation function come from

Tom Blum (UConn and RIKEN BNL Research Center) The muon anomalous magnetic moment

Introduction
The hadronic vacuum polarization (HVP) contribution (O(�2))

The hadronic light-by-light (HLbL) contribution (O(�3))
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=

The	  subtrac-on	  works	  for	  diagram	  by	  
diagram	  	  and	  config-‐by-‐config.	  This	  is	  also	  
important	  for	  noise	  reduc-on.	  	

α	



Subtraction	

2

FIG. 2. Two classes of diagrams contributing to aµ(HLbL).
On the left, all QED vertices lie on a single quark loop, The
right diagram is one of six diagrams where QED vertices are
distributed over two (or three) quark loops.

the vacuum expectation value of an operator involving
quark fields requires the inversion of the quark Dirac op-
erator Dmq

[

UQCD
]

for each gluon field (QCD configu-
ration), UQCD. The cost of inversion of this operator
for every pair of source and sink points on the lattice
is prohibitive since it requires solving the linear equa-
tion Dmq

[

UQCD
]

xr = br for Nsites number of sources,
br, where Nsites is the total number of lattice points. In
most problems, such as hadron spectroscopy, all of these
inversions are not necessary. For our problem, the corre-
lation of four electromagnetic currents must be computed
for all possible values of two independent four-momenta.
This implies (3 × 4 × Nsites)2 separate inversions, per
QCD configuration, quark species, and four-momentum
of the external photon to calculate the connected diagram
in Fig. 2, which is astronomical. Therefore, a practical
method with substantially less computational cost is in-
dispensable.
A non-perturbative QCD+QED method which treats

the photons and muon on the lattice along with the
quarks and gluons has been proposed as such a candi-
date by us. To obtain the result for the diagram in Fig. 2
the following quantity is computed [9],

⟨ψ(t′,p′) jµ(top,q)ψ(0,p)⟩HLbL

= −
∑

q=u,d,s

(Qqe)
2
∑

k

{〈

γµSq(top,−q; k)γνSq(k; top,−q)

δνρ

k̂2
G(t′,p′;−k)γρG(−k; 0,−p)

〉

QCD+QED

−⟨γµSq(top,−q; k)γνSq(k; top,−q)⟩QCD+QED

δνρ

k̂2
⟨G(t′,p′;−k)γρG(−k; 0,−p)⟩QED

}

, (1)

where ψ annihilates the state with muon quantum num-
bers, and jµ is the electromagnetic current 1 for the
quarks. k is a Euclidean four-momentum, p is a three-
momentum, each quantized in units of 2π/L. δµν/k̂2

(k̂µ ≡ 2 sin(kµ/2)) is the lattice photon propagator in

1 The point-split, exactly conserved, lattice current is used for the
internal vertices while the local current is inserted at the external
vertex.

FIG. 3. Perturbative expansion of the first term in Eq. (1)
with respect to QED. The symbols ⟨, ⟩QCD+q-QED and
⟨, ⟩q-QED represent the average over QCD+QED configura-

tions (UQCD, AQED) and that over AQED, respectively. Terms
represented by the ellipsis contain four or more internal pho-
tons and so their orders are higher than α3.

Feynman gauge. Sq and G denote Fourier transforma-
tion of D−1

mq
and D−1

mµ
, respectively, and spin and color

indices have been suppressed. One takes t′ ≫ top ≫ 0 to
project onto the muon ground state

lim
t′≫top≫0

⟨ψ(t′,p′) jµ(top,q)ψ(0,p)⟩HLbL =

⟨0|ψ(0,p′)|p′, s′⟩
2E′V

⟨p′, s′|Γµ|p, s⟩
⟨p, s|ψ(0,p)|0⟩

2EV

×e−E′(t′−top)e−Etop , (2)

where the matrix element of interest is parametrized as

⟨p′, s′|Γµ|p, s⟩ ≡

ū(p′, s′)

(

F1(q
2)γµ + i

F2(q2)

2mµ
[γµ, γν ]qν

)

u(p, s). (3)

u(p, s) is a Dirac spinor, and q = p′ − p is the space-like
four-momentum transferred by the photon. To extract
the form factors F1 and F2, Eq. (1) is traced over spins
after multiplication by one of the projectors, (1 + γt)/4
or i (1 + γt)γjγk/4, where j, k = x, y, z and k ̸= j. The
contribution to the anomaly is then found from aµ ≡
(gµ − 2)/2 = F2(0).
For now quenched QED (q-QED) is used for the QED

average in (1), implying no fermion-antifermion pair cre-
ation/annihilation via the photon. Note that only the
sea quarks need to be charged under U(1); the lepton
vacuum polarization corresponds to higher order contri-
butions which we ignore. This approximation was cho-
sen to make this first calculation computationally easier,
even though it is incomplete. We can remove it to get
the complete physical result, as discussed at the end of
this letter. The first term, expanded in q-QED, can be
reorganized as in Fig. 3, according to the number of pho-
tons exchanged between the quark loop and the open
muon line. If the second term in Eq. (1) is subtracted,

Subtrac-on	  term	

First	  take	  QCD+QED	  average	  for	  	  
-‐	  quark	  loop	  part	  
-‐	  lepton	  line	  part	  
then	  mul-ply	  the	  analy-c	  photon	

unsubtracted	  term	

First	  mul-ply	  the	  analy-c	  photo	  between	  
-‐	  quark	  loop	  part	  
-‐	  lepton	  line	  part	  
then	  take	  QCD+QED	  ensemble	  average	

2

FIG. 2. Two classes of diagrams contributing to aµ(HLbL).
On the left, all QED vertices lie on a single quark loop, The
right diagram is one of six diagrams where QED vertices are
distributed over two (or three) quark loops.

the vacuum expectation value of an operator involving
quark fields requires the inversion of the quark Dirac op-
erator Dmq

[

UQCD
]

for each gluon field (QCD configu-
ration), UQCD. The cost of inversion of this operator
for every pair of source and sink points on the lattice
is prohibitive since it requires solving the linear equa-
tion Dmq

[

UQCD
]

xr = br for Nsites number of sources,
br, where Nsites is the total number of lattice points. In
most problems, such as hadron spectroscopy, all of these
inversions are not necessary. For our problem, the corre-
lation of four electromagnetic currents must be computed
for all possible values of two independent four-momenta.
This implies (3 × 4 × Nsites)2 separate inversions, per
QCD configuration, quark species, and four-momentum
of the external photon to calculate the connected diagram
in Fig. 2, which is astronomical. Therefore, a practical
method with substantially less computational cost is in-
dispensable.
A non-perturbative QCD+QED method which treats

the photons and muon on the lattice along with the
quarks and gluons has been proposed as such a candi-
date by us. To obtain the result for the diagram in Fig. 2
the following quantity is computed [9],

⟨ψ(t′,p′) jµ(top,q)ψ(0,p)⟩HLbL

= −
∑

q=u,d,s

(Qqe)
2
∑

k

{〈

γµSq(top,−q; k)γνSq(k; top,−q)

δνρ

k̂2
G(t′,p′;−k)γρG(−k; 0,−p)

〉

QCD+QED

−⟨γµSq(top,−q; k)γνSq(k; top,−q)⟩QCD+QED

δνρ

k̂2
⟨G(t′,p′;−k)γρG(−k; 0,−p)⟩QED

}

, (1)

where ψ annihilates the state with muon quantum num-
bers, and jµ is the electromagnetic current 1 for the
quarks. k is a Euclidean four-momentum, p is a three-
momentum, each quantized in units of 2π/L. δµν/k̂2

(k̂µ ≡ 2 sin(kµ/2)) is the lattice photon propagator in

1 The point-split, exactly conserved, lattice current is used for the
internal vertices while the local current is inserted at the external
vertex.

FIG. 3. Perturbative expansion of the first term in Eq. (1)
with respect to QED. The symbols ⟨, ⟩QCD+q-QED and
⟨, ⟩q-QED represent the average over QCD+QED configura-

tions (UQCD, AQED) and that over AQED, respectively. Terms
represented by the ellipsis contain four or more internal pho-
tons and so their orders are higher than α3.

Feynman gauge. Sq and G denote Fourier transforma-
tion of D−1

mq
and D−1

mµ
, respectively, and spin and color

indices have been suppressed. One takes t′ ≫ top ≫ 0 to
project onto the muon ground state

lim
t′≫top≫0

⟨ψ(t′,p′) jµ(top,q)ψ(0,p)⟩HLbL =

⟨0|ψ(0,p′)|p′, s′⟩
2E′V

⟨p′, s′|Γµ|p, s⟩
⟨p, s|ψ(0,p)|0⟩

2EV

×e−E′(t′−top)e−Etop , (2)

where the matrix element of interest is parametrized as

⟨p′, s′|Γµ|p, s⟩ ≡
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!  O(imp) has smaller error 
O(appx) need to be cheap &  not to be too 
accurate  
NG  suppresses the bulk part of noise cheaply 
        

Expensive	  	  :	  	  infrequently	  measured	  	 Cheap	  	  	  :	  	  frequently	  measured	  	

LaWce	  
Symmetry	

Covariant Approximation Averaging ( CAA )  
 a new class of Error reduction techniques	

[	  Blum,	  TI,	  Shintani	  PRD	  88	  (2013)	  094503	  ]	

Original	

unbiased	  
imporved	

ensemble	

ensemble	  	

ε	

ε	

0% 

25% 

50% 

75% 

100% 

-12.6 -10.1 -8.5 -7.1 -5.8 -4.4 -3.1 -1.7 -0.3 1.5 
Shift [ln(β)] 

Residue (α) 
L² Force 
α/(β+0.125) 
CG iterations 

+	



RBC/UKQCD  DWF  AMA Results	

!  Two lattice spacings  
a = 0.11, 0.088fm,  
Mpi=0.28-0.33 GeV 
All stat err  < 0.7% 
q_min = 2 m(mu) 

!  Applied [2,1] Pade, 
 can’t fit with 
    b1 >= 4 Mpi^2 bound	

Lattice	 mu	 ΠV(0)	 a0 (GeV-2)	 a1	 b1 (GeV2)	 χ2/dof	 4mπ
2 GeV2	

243×64	 0.005	0.1752(2)	 0.0325(2)	0.0407(1)	 0.139(1)	 2.7(4)	 0.44	

0.01	  0.1603(2)	 0.0219(3)	0.0434(4)	 0.408(7)	 0.4(1)	 0.71	

323×64	 0.004	 0.197(2)	 0.026(3)	 0.052(3)	 0.227(37)	 0.08(7)	 0.31	

0.006	 0.190(3)	 0.027(7)	 0.043(11)	 0.253(25)	 0.4(5)	 0.44	



α2 noise & Furry’s theorem	

!  target :  α3 

!   Analytic photon and the subtraction removes the unwanted diagrams, α, 
α2, α3, not in the statistical way,  < M_1 > - <M_2> =0, but in an exact 
way :  M_1 – M_2  = 0 for each QED+QCD configuration 

!  There is also remaining unwanted diagram in 
α2 , which is zero by Furry’s theorem. This 
cancellation is stochastic,  α2 M,  <M> → 0. By 
averaging  “+e” and “-e” of stochastic photon 
coupling only to lepton, the unwanted diagram 
is exactly removed  

!  Also done by averaging over 
“+p” and “-p” of lepton. 

Introduction
The hadronic light-by-light (HLbL) contribution (O(↵3))

Summary/Outlook
Backup slides

Subtraction of lowest order piece: two photons?

I absent in subtraction term, but vanishes
due to Furry’s theorem

I Only after averaging over gauge fields,
potentially large error (O(↵2) compared to
signal of O(↵3))

I Exact symmetry under p ! �p
e ! �e on muon line only

I If e unchanged, only e↵ect is to flip the
sign of all diagrams with two photons, so
these cancel on each configuration.

I Observe large reductions in statistical
errors after momentum averaging

Tom Blum (UConn / RIKEN BNL Research Center)Masashi Hayakawa (Nagoya) Taku Izubuchi (BNL/RBRC)Hadronic Light-by-Light contribution to the muon g-2 from lattice QCD

+e	  	  and	  -‐e	



Form factor extraction	

!  Rest is the standard calculation to extract matrix 
elements/form factors from 3pt 

 
 
 

!  Except it’s noisy  
(disconnected quark loop) 

   →  AMA.	

2

FIG. 2. Two classes of diagrams contributing to aµ(HLbL).
On the left, all QED vertices lie on a single quark loop, The
right diagram is one of six diagrams where QED vertices are
distributed over two (or three) quark loops.
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dispensable.
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−⟨γµSq(top,−q; k)γνSq(k; top,−q)⟩QCD+QED

δνρ

k̂2
⟨G(t′,p′;−k)γρG(−k; 0,−p)⟩QED

}

, (1)

where ψ annihilates the state with muon quantum num-
bers, and jµ is the electromagnetic current 1 for the
quarks. k is a Euclidean four-momentum, p is a three-
momentum, each quantized in units of 2π/L. δµν/k̂2

(k̂µ ≡ 2 sin(kµ/2)) is the lattice photon propagator in

1 The point-split, exactly conserved, lattice current is used for the
internal vertices while the local current is inserted at the external
vertex.

FIG. 3. Perturbative expansion of the first term in Eq. (1)
with respect to QED. The symbols ⟨, ⟩QCD+q-QED and
⟨, ⟩q-QED represent the average over QCD+QED configura-

tions (UQCD, AQED) and that over AQED, respectively. Terms
represented by the ellipsis contain four or more internal pho-
tons and so their orders are higher than α3.

Feynman gauge. Sq and G denote Fourier transforma-
tion of D−1

mq
and D−1

mµ
, respectively, and spin and color

indices have been suppressed. One takes t′ ≫ top ≫ 0 to
project onto the muon ground state

lim
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where the matrix element of interest is parametrized as

⟨p′, s′|Γµ|p, s⟩ ≡

ū(p′, s′)

(

F1(q
2)γµ + i

F2(q2)

2mµ
[γµ, γν ]qν

)

u(p, s). (3)

u(p, s) is a Dirac spinor, and q = p′ − p is the space-like
four-momentum transferred by the photon. To extract
the form factors F1 and F2, Eq. (1) is traced over spins
after multiplication by one of the projectors, (1 + γt)/4
or i (1 + γt)γjγk/4, where j, k = x, y, z and k ̸= j. The
contribution to the anomaly is then found from aµ ≡
(gµ − 2)/2 = F2(0).
For now quenched QED (q-QED) is used for the QED

average in (1), implying no fermion-antifermion pair cre-
ation/annihilation via the photon. Note that only the
sea quarks need to be charged under U(1); the lepton
vacuum polarization corresponds to higher order contri-
butions which we ignore. This approximation was cho-
sen to make this first calculation computationally easier,
even though it is incomplete. We can remove it to get
the complete physical result, as discussed at the end of
this letter. The first term, expanded in q-QED, can be
reorganized as in Fig. 3, according to the number of pho-
tons exchanged between the quark loop and the open
muon line. If the second term in Eq. (1) is subtracted,
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FIG. 2. Two classes of diagrams contributing to aµ(HLbL).
On the left, all QED vertices lie on a single quark loop, The
right diagram is one of six diagrams where QED vertices are
distributed over two (or three) quark loops.
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]
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[
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]
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where the matrix element of interest is parametrized as

⟨p′, s′|Γµ|p, s⟩ ≡

ū(p′, s′)

(

F1(q
2)γµ + i

F2(q2)

2mµ
[γµ, γν ]qν

)

u(p, s). (3)

u(p, s) is a Dirac spinor, and q = p′ − p is the space-like
four-momentum transferred by the photon. To extract
the form factors F1 and F2, Eq. (1) is traced over spins
after multiplication by one of the projectors, (1 + γt)/4
or i (1 + γt)γjγk/4, where j, k = x, y, z and k ̸= j. The
contribution to the anomaly is then found from aµ ≡
(gµ − 2)/2 = F2(0).
For now quenched QED (q-QED) is used for the QED

average in (1), implying no fermion-antifermion pair cre-
ation/annihilation via the photon. Note that only the
sea quarks need to be charged under U(1); the lepton
vacuum polarization corresponds to higher order contri-
butions which we ignore. This approximation was cho-
sen to make this first calculation computationally easier,
even though it is incomplete. We can remove it to get
the complete physical result, as discussed at the end of
this letter. The first term, expanded in q-QED, can be
reorganized as in Fig. 3, according to the number of pho-
tons exchanged between the quark loop and the open
muon line. If the second term in Eq. (1) is subtracted,
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3	  photons	

F2(0) = aµ



QED only study 
[ Saumitra Chowdhury Ph.D. Uconn 2009 ]	

!  DWF, e=1, mµ / me = 40 
!  Continuum QED perturbation = 1.63x10-4 

 

!  a mµ = 0.4  ,  q = 2Π/L   
   F2(qmin

2) = [ 3.96 (70) ] x 10-4   on  (16)3  
                = [ 1.19 (32) ] x 10-4  on   (24)3 
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QED test [Chowdhury Ph. D. thesis, UConn, 2009]
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Fig. 5.31: Anomalous magnetic moment (F
2

) of muon as a function of time slices

of the external vertex (top) on lattice volume of 163⇥32⇥8 with loop

mass =0.01, line mass = 0.4, charge = 1 (for both electron and muon).

F

2

= (3.96±0.70)⇥10�4

I
mµ/me = 40

I
e = 1

I 163 ⇥ 32 lattice size

I lowest non-zero
momentum only
(|p|/mµ ⇡ 1)

I stat error only

I Expected size of enhancement (compared to mµ/me = 1)
I Continuum PT result: ⇡ 10(↵/⇡)3 = 1.63⇥ 10�4 (e = 1)
I roughly consistent with PT result, large finite volume e↵ect

Tom Blum (UConn / RIKEN BNL Research Center)Masashi Hayakawa (Nagoya) Taku Izubuchi (BNL/RBRC)Hadronic Light-by-Light contribution to the muon g-2 from lattice QCD

tsep=0,12	  ,	  Feynman	  &	  Columb	  gauge	



QCD+QED studies	

!  Nf=2+1 (u,d,s) chiral quark,  
    DWF QCD [ RBC/UKQCD ] 

!  a=0.114 fm, 243x64 (2.7 fm)3, mπ = 329 MeV, 
 ~300 QCD configuration (1 QED per 1 QCD) 

!  mµ =~ 190 MeV, e=1 
!  0.11 GeV2 <= Q2 <= 0.31 GeV2 

!  Use All Mode Averaging (AMA) 
•  63 = 216  source locations per one configration 
•  AMA approximation :  “sloppy CG” with r(stop) = 10-4 

•  ~ 700 configuration,   ~150 K measurements 

 
!   F2(qmin

2) = [ -2.2(8) ] x 10-5   on  (1.8 fm)3 , mπ = 420 MeV 
also checked  α3  scaling by changing e=0.84, 1.19 
       → subtraction works 

 
 



Domain Wall Quarks (for up, down, and strange)

[Kaplan, Shamir, Blum & Soni]

• 4D lattice quark utilizing an ‘‘extra dimension’’, Ls. (expensive)

• Almost perfect chiral symmetry

Small unphysical mixing for the Weak Matrix Elements

Error from discretization is small O(a2�2
QCD

) ⇥ a few %.

Chiral extrapolation is simpler, continuum like.

• Unitary theory (at long distance).

0 2 Ls/2-1 Ls-1... ...

q(L) q(R)

U(L) U(R)

mf

Ω

Taku Izubuchi, Nagoya, April 6, 2011 8
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3

the complete physical result, as discussed at the end of
this letter. The first term, expanded in q-QED, can be
reorganized as in Fig. 3, according to the number of pho-
tons exchanged between the quark loop and the open
muon line. If the second term in Eq. (1) is subtracted,
the connected diagram in Fig. 2, times 3 (the multiplic-
ity arises because two of the three internal photon lines
are generated three ways), emerges as the leading-order
contribution in ↵.

The main challenge in the non-perturbative method
is the subtraction of the leading, unwanted components
(↵ for the electric form factor and ↵2 for the magnetic).
Note that the two terms in Eq. (1) di↵er only by way of
averaging. For finite statistics, the delicate cancellation
between them is only realized because they are so highly
correlated with respect to the QCD and QED configu-
rations used in the averaging. We first test this point
by asking if the nonperturbative QED method applied
to leptons only reproduces the known value of the sixth-
order leptonic light-by-light scattering contribution [10],
which is given exactly by the counterpart of the con-
nected diagram in Fig. 2.

The test calculation was done in quenched 2 non-
compact QED, in the Feynman gauge, using domain wall
fermions (DWF) [13]. The lattice size is 163 ⇥ 32 with
L
s

= 8 sites in the extra 5th dimension. The muon
mass is relatively large, 0.4 in lattice units, and to en-
hance the signal the electric charge is set to e = 1.0,
which corresponds to ↵ = 1/4⇡ instead of 1/137. For
simplicity, we always use kinematics where the incom-
ing muon is at rest. Taking advantage of the loga-
rithmic enhancement due to the lighter electron mass,
ln(m

µ

/m
e

) [10], the mass of the lepton in the loop was
set to 0.01. The form factor F2 was computed only at
the lowest non-trivial momenta, 2⇡/16, and was not ex-
trapolated to zero. The renormalization factor of the
local vector current inserted at the external vertex is
not included as its e↵ect is O(↵) and should be small
compared to other uncertainties. The result is F2 =
3.96(70) ⇥ 10�4 = 24.4(4.3)(↵/⇡)3 while perturbation
theory gives about 10(↵/⇡)3 for F2(0). The calculation
is repeated on a larger 243⇥32 lattice, again, for the low-
est non-zero momentum. Then F2 = 1.19 (32)⇥ 10�4 =
7.32 (1.97)(↵/⇡)3, roughly consistent with perturbation
theory and indicating large finite volume e↵ects.

Notice that all contributions from one-photon ex-
change between the quark (lepton) loop and muon line
are canceled by the subtraction. However, two photon
exchange contributions, which vanish by Furry’s theorem
after averaging over gauge fields, cannot appear in the

2
In the pure QED case, quenching is not an approximation since

the neglected vacuum polarization contributions give higher or-

der corrections to the light-by-light scattering diagram.

subtraction term and are a potential source of large sta-
tistical errors. Fortunately these too can be completely
eliminated on each gauge configuration by switching the
sign of the external momentum. This is because the pro-
jected and traced correlation function in (1) obeys an ex-
act symmetry under simultaneous p ! �p and e ! �e,
where the latter is done on the muon line only. If e does
not flip sign, then the only change is to multiply all con-
tributions with an even number of photons connecting
the loop and line by �1.

QCD contribution

The inclusion of QCD into the light-by-light ampli-
tude is straightforward: simply multiply the U(1) gauge
links with SU(3) links to create a combined photon and
gluon configuration [14], and follow exactly the same
steps, using the same code, as described in the previ-
ous sub-section. We use one quenched QED configura-
tion per QCD configuration, though di↵erent numbers of
each could be beneficial and should be explored. In pure
QED m

e

⌧ m
µ

leads to a large enhancement of the sig-
nal to noise ratio. The same e↵ect is not expected here
since m

⇡

⇠ m
µ

.
Our main result is computed on a lattice of size 243⇥64

(L
s

= 16) with spacing a = 0.114 fm (a�1 = 1.73
GeV) and light quark mass 0.005 (m

⇡

= 329 MeV) (an
RBC/UKQCD collaboration 2+1 flavor, DWF+Iwasaki
ensemble [11, 12]). The muon mass is set, somewhat ar-
bitrarily, to m

µ

= 0.1 (190 MeV), and e = 1 as before.
The all mode averaging (AMA) technique [15] is used
to achieve large statistics at an a↵ordable cost. Besides
the exact part of the AMA calculation, which is done
using a single point source on 20 configurations, the ap-
proximation was computed using 400 low-modes of the
even-odd preconditioned Dirac operator and 216 point
sources (for the external vertex) computed with stop-
ping residual 10�4 on 375 configurations. On a di↵erent
subset of 190 configurations we tried 125 point sources
and found the 216 sources per configuration to be more
e↵ective at reducing the statistical error. The external
vertex is inserted on time slice top = 5 with the muon
created and destroyed at t = 0 and 10, respectively. To
investigate systematic errors and to enhance the statis-
tical signal, we have also computed the muon line for
smaller source-sink separations, 0-7, 1-8 and 2-9. While
the incoming muon is at rest, the three-momenta of the
outgoing muon in units of 2⇡/L are taken to be (±1, 0, 0),
(±1,±1, 0), (±1,±1,±1), (±2, 0, 0), and (±1,±2, 0) and
permutations. We also include the vector current renor-
malization in pure QCD from [12] at the external ver-
tex. We have computed the connected diagram shown
in Fig. 2 for a single quark with charge +1, so the fi-
nal result is multiplied by (2/3)4 +(�1/3)4 +(�1/3)4 to
account for (degenerate) u, d, and s quark contributions.

mul-ply	
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!  Statistically resolved 
!  Roughly same order to 

the model calculation 
!  heavier pion leads 

negative F2 
 
!  Significant excited 

state contamination 
µ, µ+γ, µ+µ~µ, .... ? 

model	  @	  physical	



Summary of HLBL	

!  Statistically significant signal may be starting to show up.  
Very encouraging ! 

!  Still various source of systematic error 
•  Excited state contamination  (ROM123 method) 
•  Finite volume effect (mass less photon) 
•  heavier mass : mπ=330 MeV, mµ=190 MeV 
•  (2.7 fm)3, 1/a= 1.7 GeV 
•  Q2 → 0 extrapolation 
•  Lack of disconnected diagrams 
→  three ways 

#  Add another valence loops 
#  Re-weight in α(sea)  [ T. Ishikawa ] 
#  Dynamical QCD+QED 

 

!  Current plans (2014-15) :   
 
•   More scrutinizing current data, especially the excited state  
•   Mpi=170 MeV, L=5fm connected LbL 
•   and dynamical QED or reweighting 
 

Introduction
The hadronic vacuum polarization (HVP) contribution (O(�2))

The hadronic light-by-light (HLbL) contribution (O(�3))
aµ(HLbL) Summary/Outlook

aµ(HLbL)“Disconnected” diagrams (quark loops
connected by gluons)

not calculated yet (not suppressed)
Several possibilities,

1. Use multiple valence quark loops (qQED)

2. Re-weight in � (T. Ishikawa) or dynamical QED in HMC, and
use same non-perturbative method as for quenched QED

3. “/A SeqSrc” (see Izubuchi’s talk) (no subtraction)

Tom Blum (UConn / RIKEN BNL Research Center) The muon anomalous magnetic moment



Disconnected diagrams	
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Disconnected quark loop diagrams

I. HADRONIC LIGHT-BY-LIGHT CONTRIBUTION

Thus far, we foused primarily on the hadronic light-by-light contribution involving a

quark loop with four electromagnetic (EM) verties, called LBL(4).

Below, I list up all diagrams containing more than one quark loop having EM vertices

(with no lattice-artifact interactions) 1.

The hadronic light-by-light scattering diagrams with two quark loops having EM vertices
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1 All figures are brought from M.H.’s slide used at Lattice 2005. Sorry for di↵erence of notations used in

Sec. II
2 Individual photon lines emanated from quark loops should be contracted with those attatched on the

muon lines in all possible ways.
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I call the contributions (1), (2) and (3) as LBL(1,3), LBL(2,2) and LBL(3,1), respectively

The hadronic light-by-light diagrams with three quark loops having EM vertices
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I call the contributions (4) and (5) as LBL(1,1,2) and LBL(2,1,1), respectively.

The hadronic light-by-light diagrams with four quark loops having EM vertices
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I call the contribution (6) as LBL(1,1,1,1).
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Disconnected quark loops in non-perturbative methodII. NONPERTURBATIVE QED METHOD WITH FULL QED SIMULATION

The main terms that we compute by lattice simulation are 3

MC =

* +

QCD+f-QED

, (7)

MC0 =

* +

QCD+f-QED

, (8)

MD =

* +

QCD+f-QED

. (9)

The subtraction term for the connected component with the internal vertices on the quark

loop di↵erent from the external vertex is

* +

QCD+f-QED

SC =

h i
f-QED

. (10)

The subtraction term for the connected component with photon emitted from the external

vertex is

* +

QCD+f-QED

SC0 =

h i
f-QED

. (11)

3 The second contribution (8) arises from the lattice-artifact interaction. It is necessary to guarantee the

gauge invariance at finite lattice spacing a.
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The subtraction term for the disconnected component with photon emitted from the external

vertex is

* +

QCD+f-QED

SD =

h i
f-QED

. (12)

Our new version of non-perturbative QED method, which incorporates all relevant

hadronic light-by-light scattering conitributions is

h-LBL +O(↵4) =
1

3
[MC +MC0 +MD � SC � SC0 � SD] . (13)

A new finding here is that although individuals arise from MC + MC0 and/or MD with

distinct degeneracies, as shown in Table I, all hadronic light-by-light diagrams arise with

triplicate degeneracy in MC +MC0 +MD.

TABLE I: Origin of degeneracy factor

MC +MC0 MD

LBL(4) 3 0

LBL(1,3) 0 3

LBL(2,2) 1 2

LBL(3,1) 2 1

LBL(1,1,2) 0 3

LBL(2,1,1) 1 2

LBL(1,1,1,1) 0 3

III. METHOD TO CALCULATE THE DISCONNECTED CONTRIBUTION (9)

AND (12)

The diagrams (9) and (12) contain the quark loop without the external vertex. How we

can calculate them ?
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Complementarity is crucial 	
!  I experiment                <->            [QCD corrections]                  [ Standard Model & Beyond ] 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

 
                                                    	

⊗

=	 ⊗

!  LHC / ILC, composite Higgs 
!  Flavor physics   K→ππ I=2 & I=0,ε’/

ε,  ΔM(KL-KS)  
    B physics  (Super-B) 
!  Nucleon Electric Dipole Moments  
!  Dark Matter Search , strangeness of 

Nucleons 
……                                         
                                                               



Examples of Covariant Approximations 
(contd.)	

!  All Mode Averaging 
AMA 
 Sloppy CG  or 
 Polynomial  
   approximations 
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Figure 3: Polynomial approximation of 1/�, Npoly = 10, the mini-max approximation for
the relative error, for � � [0.052, 1.672].
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accuracy	  control	  :	  
•  	  low	  mode	  part	  :	  #	  of	  eig-‐mode	  
•  	  mid-‐high	  mode	  :	  	  degree	  of	  poly.	If	  quark	  mass	  is	  heavy,	  e.g.	  	  ~	  strange,	  	  

low	  mode	  isola-on	  may	  be	  unneccesary	



AMA at work    	

!  Target :  V=323 x 64 =(4.6fm)3x9.6fm, Ls=32  Shamir-
DWF, a-1=1.37 GeV, Mpi = 170 MeV 

!  Use Ls=16  Mobius as the approximation 
      [Brower, Neff, Orginos, arXiv:1206.5214] 

 
!  quark propagator cost on SandyBridge 1024 cores 

(XSEDE gordon@SDSC) 
•  non-deflated  CG, r(stop)=1e-8 : ~9,800  iteration, 5.7 hours / prop 
•  Implicitly restarting Lanczos of Chebyshev polynomials of even-odd prec 

operator for 1000 eigenvectors 
 [Neff et al. PRD64, 114509 (2001)] :  12 hours 

•  deflated CG with 1000 eigenvectors : ~700 iteration, 20 min /prop 
•  deflation+sloppy CG, r(stop)=5e-3 :  ~125 iteration,  3.2 min /prop 

!  Multiplicative Cost reduction for General hadrons 
could combine with {EigCG | AMG} and Distillation:  
 x1.2 (Mobius) x 14 (deflation) x 7 (sloppy CG)  ~  x 110  
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Calculations with      AMA,  160 days
Calculations without AMA,  430 days

AMA at work   
[ M. Lin ]  	

!  F1(Q2) :  tsep = 9 a ~ 1.3 fm 
  1 forward +  2 (up and down) seq-props,  
contraction cost is ~15% of sloppy 
propagator 
 

!  Error bar  
  x 2 – 2.7 ~ sqrt(4400/600) 

!  Total cost reduction upto 
 ( 430 / 160 ) * (4400/600) 
~ x19.7 
 

!  Note this is still sub-optimal, 4 exact 
source and without deflation. (would 
be x30 for 2 exact sources)	
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!  non-deflated CG,  150 config x 4 sources = 600 measurements :  
   5.7 * 3 * 4 * 150 config = 10K hours, 430 days 

        
!  AMA :  39 config, 4 exact solves / config (perhaps overkill) , NG=112 sloppy solves  

  => 39 x 112 = 4400 AMA measurements :  
      ( 5.7 * 3 * 4 + 12 + 0.06 * 3  * 112) * 39 config = 3.9 K hours, 160 days 
        4-exact (68%) + Lanczos (12%) + sloppy CG (20%) 
 
 

t t’

!



HVP with time-like momentum 	

!   preliminary 	
tcut	  =	  9	  (243),	  10	  (323)	  
FiWng	  range	  at	  large	  t	  
[8,13]	  (243),	  [10,15]	  (323)	  
	  
• 	  	  Similar	  behavior	  with	  
results	  obtained	  in	  Euclid	  
momentum	  
	  
• 	  	  Slight	  discrepancy	  from	  
HVP	  in	  space-‐like	  
momentum,	  	  especially	  
for	  light	  mass.	  

More	  carefully	  
systema-c	  study	  is	  
necessary	  !	  
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Improving HVP statistics using AMA	

!  Staggered Fermion (MILC Asqtad, Mpi=300 MeV) 
2.6 --  20  times smaller error with same cost 
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Now	  geWng	  	  to	  
	  	  	  	  all	  stat	  error	  	  <	  2%	  
	  
qmin^2	  	  =	  	  1.5	  m(mu)	



Tau decay puzzle is resolved ? 	

!  Use isospin to relate tau decay data 
  ~ 10% discrepancy  between tau  vs e+e-. 
 
 
 
 
 
!  tau decay needs to fix ρ-γ mixing  

Jegerlehner Szafron	

� Good old idea: use isospin symmetry to include existing high quality �–data
(including isospin corrections)

� �

e� u, d

e+ ū, d̄

⇤+⇤�, · · · [I = 1]

⇥
isospin rotation

⇤

W W

⇥̄µ d

⌅�
ū

⇤0⇤�, · · ·

Corrected data: large discrepancy [⇥ 10%] persists! � vs. e+e� problem! [manifest
since 2002]
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Recent: ⇤ (charged channel) vs. e+e� (neutral channel) puzzle resolved
F.J.& R. Szafron, ⇥ � � interference
(absent in charged channel):

⌅

⇤

�

⇥
30(s) = r⇥�(s) RIB(s) 3�(s)

�i �µ⇥ (⇤)
�⌅ (q) = + .

� ⇤ require to be corrected for missing ⇥ � � mixing!

� results obtained from e+e� data is what goes into aµ
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aµ[��], I = 1, (0.592� 0.975) GeV ⇥10�10

⇥ decays

e+e�+CVC

380 390 400

ALEPH 1997

ALEPH 2005

OPAL 1999

CLEO 2000

Belle 2008

⇥ combined

390.75± 2.65± 1.94

388.74± 4.00± 2.07

380.25± 7.27± 5.06

391.59± 4.11± 6.27

394.67± 0.53± 3.66

391.06± 1.42± 2.06

CMD-2 2006

SND 2006

KLOE 2008

KLOE 2010

BABAR 2009

e+e� combined

386.58± 2.76± 2.59

383.99± 1.40± 4.99

380.21± 0.34± 3.27

377.35± 0.71± 3.50

389.35± 0.37± 2.00

385.12± 0.87± 2.18

I=1 part of ahad
µ [��]

F. Jegerlehner SFB/TR 09 Meeting, Aachen, November 14, 2011 76



aµ[��], I = 1, (0.592� 0.975) GeV ⇥10�10

⇥ decays

e+e�+CVC

380 390 400

ALEPH 1997

ALEPH 2005

OPAL 1999

CLEO 2000

Belle 2008

⇥ combined

385.63± 2.65± 1.94

383.54± 4.00± 2.07

375.39± 7.27± 5.06

386.61± 4.11± 6.27

389.62± 0.53± 3.66

385.96± 1.40± 2.10

CMD-2 2006

SND 2006

KLOE 2008

KLOE 2010

BABAR 2009

e+e� combined

386.58± 2.76± 2.59

383.99± 1.40± 4.99

380.21± 0.34± 3.27

377.35± 0.71± 3.50

389.35± 0.37± 2.00

385.12± 0.87± 2.18

I=1 part of ahad
µ [��]
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