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Hadronic vacuum polarization (HVP)

+
The blobs, which represent all possible intermediate hadronic
states, are not calculable in perturbation theory, but can be
calculated from

I dispersion relation + experimental cross-section for

e+e−(and τ)→ hadrons a
had(2)
µ = 1

4π2

∫∞
4m2

π
ds K (s)σtotal(s)

I first principles using lattice QCD,

a
(2)had
µ =

(
α
π

)2 ∫∞
0 dQ2 f (Q2) Π(Q2) [Lautrup and de Rafael 1969, Blum 2002]
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aµ(HVP) published lattice results

Lattice: ∼ 3-10% quoted errors, but incomplete, Experiment: 0.6% errors

Preliminary results for individual simulations

Warnings:

Neglect contribution from Q2 >∼ 2 GeV2 for the moment
No quark-disconnected contributions
No estimate of systematic errors yet
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∼ 3% stat. err. per point at physical Mπ

Can easily be improved with more sources

Laurent Lellouch MITP gµ − 2 workshop, April 1-5, 2014

Plot from Laurent Lellouch
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Talks this week

I Santi Peris: Fits and related systematics for the Hadronic
Vacuum Polarization

I Laurent Lellouch: Leading-order Hadronic Contribution to g-2

I Harvey Meyer: The Hadronic Vacuum Polarization from
Lattice QCD: the Role of Quark Disconnected Contributions

I Karl Jansen: The Hadronic Vacuum Polarization Contribution
Using Analytic Continuation

I Taku Izubuchi: Hadronic Light-by-Light: What can lattice
QCD achieve?

I plus afternoon contributions by E. Shintani and G. Herdoiza
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S. Peris (fitting systematics)

Fits and Related Systematics for the
.

Hadronic Vacuum Polarization on the Lattice
Santi Peris (U.A. Barcelona)

Based on coll. with Christopher Aubin (Fordham U.), Tom Blum (Connecticut U.),

Maarten Golterman (SFSU) & Kim Maltman (York U. & U. Adelaide)

Fits and Related Systematics for the.Hadronic Vacuum Polarization on the Lattice – p.1/16
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S. Peris (fitting systematics)

Introduction Lautrup-de Rafael ’69
Blum ’02

(g − 2)HV P
µ ∼

∫∞
0 dQ2 f(Q2)︸ ︷︷ ︸

known

[
Π(Q2) − Π(0)

]

Π(Q2) − Π(0) =⇒ (g − 2)HV P
µ

(g-2) integrand

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

0.000
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0.010
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Q2

⋆ integrand strongly peaked at Q2 ∼ m2
µ/4 ∼ 0.003 GeV2

if no good data in region of curvature =⇒ possibly wrong results !

(even with good χ2)

Need reliable fitting function !

how to test this theoretical error?

Fits and Related Systematics for the.Hadronic Vacuum Polarization on the Lattice – p.3/16
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S. Peris (fitting systematics)

Fitting functions
Aubin, Blum, Golterman, SP ’12

⋆ Padés, model independent, they enjoy a convergence theorem for N → ∞:

Π(Q2) = Π(0) +Q2

(
a0 +

N∑

r=1

ar

Q2 + br

)

︸ ︷︷ ︸
Pade

Π(0), a′s and b′s are fitting parameters.

⋆ VMD is not a Pade, since you fix b1 = M2
ρ . ( true Π(Q2) has cut starting at 4m2

π ...)

We have: a0 6= 0 =⇒ [N,N ] Pade; a0 = 0 =⇒ [N − 1, N ] Pade.

For instance:

• a1
Q2+b1

is a [0,1] Pade =⇒ Π(Q2) = Π(0) +Q2
(

a1
Q2+b1

)

• a0 + a1
Q2+b1

is a [1,1] Pade =⇒ Π(Q2) = Π(0) +Q2
(
a0 + a1

Q2+b1

)

etc...

Fits and Related Systematics for the.Hadronic Vacuum Polarization on the Lattice – p.5/16
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S. Peris (fitting systematics)

Model Fits
Golterman, Maltman, SP ’13

“Exact result”: (g − 2)HV P
µ |Q2≤1 GeV2 = 1.2059 × 10−7.

Fit interval 0 < Q2 ≤ 1 GeV2 , (49 points).

Pull = (exact - fit) / error

(g − 2)µ × 107 Error×107 χ2/dof Pull
VMD 1.3201 0.0052 2189/47 -

VMD+ 1.0658 0.0076 67.4/46 18
[0, 1] 0.8703 0.0095 285/46 -
[1, 1] 1.116 0.022 61.4/45 4
[1, 2] 1.182 0.043 55.0/44 0.5
[2, 2] 1.177 0.058 54.6/43 0.5

• VMD has a bad χ2 and (g − 2).

• VMD+ also gets it wrong although the χ2 is good =⇒ DANGER !

• Pades [1,2] and [2,2] get it right, but the error is ∼ 4%.

Fits and Related Systematics for the.Hadronic Vacuum Polarization on the Lattice – p.7/16

Tom Blum (UConn / RIKEN BNL Research Center) Lattice QCD: Summary and Perspective



Hadronic Vacuum Polarization
Hadronic Light-by-Light

Summary/Outlook

L. Lellouch

Leading hadronic contribution to gµ − 2 and lattice QCD

Laurent Lellouch

CPT Marseille
CNRS/INP & Aix-Marseille U.

Budapest-Marseille-Wuppertal collaboration (BMWc)
Special thanks to E. Gregory, R. Malak & C. McNeile

(work in progress)

Laurent Lellouch MITP gµ − 2 workshop, April 1-5, 2014
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L. Lellouch

Zero-momentum moments and Padé’s of Π̂(Q2)

HPQCD propose to compute on lattice (arXiv:1403.1778):

G2n = a4
∑

xµ

x2n
0 〈JEM

i (x)JEM
i (0)〉

which give coefficients of Taylor expansion

Π̂(Q2) =
∞∑

n=1

ΠnQ2n, Πn ≡ (−1)n+1 G2n+2

(2n + 2)!

Use to obtain Padé

Π̂[N/D](Q2) ≡
∑N

n=0 anQ2n

1 +
∑D

n=1 bnQ2n

by matching term-by-term to Taylor expansion up to order N + D

Perform calculation for connected s and c quark contributions

Laurent Lellouch MITP gµ − 2 workshop, April 1-5, 2014
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L. Lellouch

Convergence and residual errors of Padé’s (cont’d)
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Μ ∆aµ/aµ <∼ 0.003 from Π̂[2,2](Q2)

Requires G10, i.e. 10th moment of Πµν !
⇒ statistics and systematics?
⇒ unphysical poles, . . . ?

Laurent Lellouch MITP gµ − 2 workshop, April 1-5, 2014
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Working Group Discussion (fitting systematics)

I Many methods to get to small q2/large Euclidean time. No
clear best approach, should pursue all for now

I Large volume, twisted b.c.’s, analytic continuation, mixed
(time-mom) representation

I Model independent (e.g ., Padé) fits desirable

I Good chi-sq is not enough if extrapolating to q = 0

I Covariance matrix can be ill-conditioned

Tom Blum (UConn / RIKEN BNL Research Center) Lattice QCD: Summary and Perspective
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Working Group Discussion (fitting systematics)
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Plots from Maarten Golterman. Huge improvement from AMA and
twisting, but still an extrapolation!
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Working Group Discussion

I Lowest moments useful for Π(0)

I How does it compare to Rome method for Π(0) (formally
based on twisting)? In practice need 4 point function

I HPQCD used successfully for strange, charm, but higher
moments very noisy for light quarks

I Error reduction: subtract Nn
t contribution?

Tom Blum (UConn / RIKEN BNL Research Center) Lattice QCD: Summary and Perspective
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H. Meyer (disconnected quark diagrams)

On the disconnected diagram contribution to aHLO
µ

Harvey Meyer

SRFN

MITP “g-2” workshop, Mainz April 4, 2014

Thanks to members of Mainz lattice group, Anthony Francis, Vera Gülpers,
Gregorio Herdoiza, Georg von Hippel, Hanno Horch, Benjamin Jäger,
Hartmut Wittig

Harvey Meyer

Tom Blum (UConn / RIKEN BNL Research Center) Lattice QCD: Summary and Perspective
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H. Meyer (disconnected quark diagrams)

Lattice data (Vera Gülpers et al.)
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NB. ∼1000 configurations, time-diluted stochastic sources, 3 per time-slice

Harvey Meyer
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H. Meyer (disconnected quark diagrams)

Estimate of the disconnected diagram contribution to aHLO
µ

aHLO
µ,disc ' 4α2mµ

∫ ∞

tmin

dt K̃(t) t3
[
Gρρ(t)

(Gγγ(t)−Gρρ(t)
Gρρ(t)

−1

9

)
pheno

−1

9
Gsconn(t)

]

Harvey Meyer

Tom Blum (UConn / RIKEN BNL Research Center) Lattice QCD: Summary and Perspective
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H. Meyer (disconnected quark diagrams)

Outlook

I disconnected diagram contributions are very small compared to
the connected diagrams up to fairly long distances

I however, the ratio becomes −1/9 of the isovector part at long
distances.

I for the time being, the transition between the two regimes can
be studied by combining lattice and experimental data

I it appears very unlikely that the disconnected diagram
contribution to aHLO

µ is more than 3%.

Harvey Meyer

Tom Blum (UConn / RIKEN BNL Research Center) Lattice QCD: Summary and Perspective
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Working Group Discussion (disconnected diagrams)

I Difficult! Mainz group: 1000 configs * 64 time slices * 3 hits
≈ 200,000 measurements, no signal, but (absolute) error is
also very small.

I Contribution is small. HM: conservatively less than 3%. We
are comfortable with this estimate

I Discussion of noise reduction ideas: link smearing?

Tom Blum (UConn / RIKEN BNL Research Center) Lattice QCD: Summary and Perspective
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K. Jansen (analytic continuation)

Using analytical continuation for ahvp
µ

Karl Jansen
            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

in collaboration with

Xu Feng, Shoji Hashimoto, Grit Hotzel, Marcus Petschlies, Dru Renner

• Status of standard ahvp
µ calculation

• Analytical continuation

• Example of ahvp
µ

• Conclusion

Tom Blum (UConn / RIKEN BNL Research Center) Lattice QCD: Summary and Perspective
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K. Jansen (analytic continuation)

Alternative method: analytic continuation

Compute HVP function via analytic continuation

Π̄(K2)(KµKν − δµνK2) =
∫
dt eωt

∫
d3~x ei

~k~x 〈Ω|T{JEµ (~x, t)JEν (~0, 0)}|Ω〉

• JEµ (X) electromagentic current

• K = (~k,−iω), ~k spatial momentum, ω the photon energy (input)

Advantage

• vary ω → smooth values for K2 = −ω2 + ~k2

• can cover space-like and time-like momentum regions

• can reach small momenta and even zero momentum

• important condition:

−K2 = ω2 − ~k2 < M2
V , or ω < Evector

• make use of ideas: (Ji; Meyer; X. Feng, S. Aoki, H. Fukaya, S. Hashimoto, T. Kaneko,

J. Noaki, E. Shintani; G. de Divitiis, R. Petronzio, N. Tantalo)

5
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K. Jansen (analytic continuation)

HVP from analytical continuation

-0.25
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• different ~n lead to consistent results

• agreement with standard calculation

• however, larger errors for |~n| > 0

10
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Working Group Discussion (analytic continuation)

I Difficulty: must integrate time to ∞ but correlator at large
time is noisy

I impose cut-off, leads to model dependence (small q2 problem
again)

I Analytic continuation problematic for a 6= 0?

Tom Blum (UConn / RIKEN BNL Research Center) Lattice QCD: Summary and Perspective
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Working Group Discussion (compare intermediate results)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Q2 [GeV2]

0.05

0.1

0.15

0.2

0.25

0.3
AsqTad, Mpi=315MeV, 1/a=3.36GeV,V=2.8fm x 8.4fm
DWF Mpi=330MeV, 1/a=1.74GeV, V=2.7fm x 5.4fm
DWF Mpi=330MeV, 1/a=2.33 GeV, V=2.8fmx5.6fm
ETMC  Mpi=370MeV, 1/a=2.4GeV, V=2.6fmx5.2fm
DWF Mpi=280MeV, 1/a=2.33GeV, V=2.8fmx5.6fm
DWF Mpi=420MeV, 1/a=1.74GeV, V=2.7fmx5.4fm

Pi(Q2) - Pi(Q2~0.25 GeV2)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

-0.04

-0.02

0

0.02
AsqTad, Mpi=315MeV, 1/a=3.36GeV,V=2.8fm x 8.4fm
DWF Mpi=330MeV, 1/a=1.74GeV, V=2.7fm x 5.4fm
DWF Mpi=330MeV, 1/a=2.33 GeV, V=2.8fmx5.6fm
ETMC  Mpi=370MeV, 1/a=2.4GeV, V=2.6fmx5.2fm
DWF Mpi=280MeV, 1/a=2.33GeV, V=2.8fmx5.6fm
DWF Mpi=420MeV, 1/a=1.74GeV, V=2.7fmx5.4fm

Pi(Q2) - Pi(Q2~0.25 GeV2)

0.01 0.1 1
Q2 [GeV2]

0.0001

0.001

Asqtad Mpi=315 MeV, 1/a=3.36 GeV
DWF Mpi=330 MeV, 1/a=1.74 GeV
DWF Mpi=330 MeV, 1/a=2.33 GeV
ETMC Mpi=370 MeV, 1/a=2.4 GeV

Absolute error Pi(Q2)

Plots from T. Izubuchi

Talk by Gregorio Herdoiza: Adler
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Hadronic Light-by-Light
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HLbL

+ + ...
Blobs: all possible hadronic states

Model estimates put this O(α3) contribution at about
(10− 12) × 10−10 with a 25-40% uncertainty

“No dispersion relation” a’la vacuum polarization (but
see talk by G. Colangelo!)

Dominated by pion pole

Lattice regulator: model independent, approximations
systematically improvable

Tom Blum (UConn / RIKEN BNL Research Center) Lattice QCD: Summary and Perspective
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T. Izubuchi (hadronic light-by-light)

Hadronic Light-by-Light: 
What can Lattice QCD achieve ?	


Taku Izubuchi 
 
 

Tom Blum,  Masashi Hayakawa 

RIKEN BNL
Research Center

Hadronic	
  contribu-ons	
  to	
  the	
  muon	
  anomalous	
  magne-c	
  moment:	
  
strategies	
  for	
  improvements	
  of	
  the	
  accuracy	
  of	
  the	
  theore-cal	
  
predic-on,	
  April	
  02,	
  2014,	
  Waldthausen	
  Castle	
  near	
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T. Izubuchi (hadronic light-by-light)

Unwanted diagrams	


Introduction
The hadronic vacuum polarization (HVP) contribution (O(�2))

The hadronic light-by-light (HLbL) contribution (O(�3))
aµ Implications for new physics

Summary/Outlook

New approach: Formally expand in �

The leading and next-to-leading contributions in � to magnetic
part of correlation function come from

Tom Blum (UConn and RIKEN BNL Research Center) The muon anomalous magnetic moment

Introduction
The hadronic vacuum polarization (HVP) contribution (O(�2))

The hadronic light-by-light (HLbL) contribution (O(�3))
aµ Implications for new physics

Summary/Outlook

New approach (QCD+QED on the lattice)

Attach one photon by hand (see
why in a minute)

Correlation of hadronic loop
and muon line

[hep-lat/0509016;

Chowdhury et al. (2008);

Chowdhury Ph. D. thesis (2009)]

Tom Blum (UConn and RIKEN BNL Research Center) The muon anomalous magnetic moment

=

The	
  subtrac-on	
  works	
  for	
  diagram	
  by	
  
diagram	
  	
  and	
  config-­‐by-­‐config.	
  This	
  is	
  also	
  
important	
  for	
  noise	
  reduc-on.	
  	


α	
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T. Izubuchi (hadronic light-by-light)

Subtraction	


2

FIG. 2. Two classes of diagrams contributing to aµ(HLbL).
On the left, all QED vertices lie on a single quark loop, The
right diagram is one of six diagrams where QED vertices are
distributed over two (or three) quark loops.

the vacuum expectation value of an operator involving
quark fields requires the inversion of the quark Dirac op-
erator Dmq

[
UQCD

]
for each gluon field (QCD configu-

ration), UQCD. The cost of inversion of this operator
for every pair of source and sink points on the lattice
is prohibitive since it requires solving the linear equa-
tion Dmq

[
UQCD

]
xr = br for Nsites number of sources,

br, where Nsites is the total number of lattice points. In
most problems, such as hadron spectroscopy, all of these
inversions are not necessary. For our problem, the corre-
lation of four electromagnetic currents must be computed
for all possible values of two independent four-momenta.
This implies (3 × 4 × Nsites)

2 separate inversions, per
QCD configuration, quark species, and four-momentum
of the external photon to calculate the connected diagram
in Fig. 2, which is astronomical. Therefore, a practical
method with substantially less computational cost is in-
dispensable.

A non-perturbative QCD+QED method which treats
the photons and muon on the lattice along with the
quarks and gluons has been proposed as such a candi-
date by us. To obtain the result for the diagram in Fig. 2
the following quantity is computed [9],

⟨ψ(t′,p′) jµ(top,q)ψ(0,p)⟩HLbL

= −
∑
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〉
QCD+QED
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k̂2
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}
, (1)

where ψ annihilates the state with muon quantum num-
bers, and jµ is the electromagnetic current 1 for the
quarks. k is a Euclidean four-momentum, p is a three-
momentum, each quantized in units of 2π/L. δµν/k̂2

(k̂µ ≡ 2 sin(kµ/2)) is the lattice photon propagator in

1 The point-split, exactly conserved, lattice current is used for the
internal vertices while the local current is inserted at the external
vertex.

FIG. 3. Perturbative expansion of the first term in Eq. (1)
with respect to QED. The symbols ⟨, ⟩QCD+q-QED and

⟨, ⟩q-QED represent the average over QCD+QED configura-

tions (UQCD, AQED) and that over AQED, respectively. Terms
represented by the ellipsis contain four or more internal pho-
tons and so their orders are higher than α3.

Feynman gauge. Sq and G denote Fourier transforma-
tion of D−1
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and D−1
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, respectively, and spin and color

indices have been suppressed. One takes t′ ≫ top ≫ 0 to
project onto the muon ground state
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where the matrix element of interest is parametrized as

⟨p′, s′|Γµ|p, s⟩ ≡
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2)γµ + i
F2(q
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2mµ
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)
u(p, s). (3)

u(p, s) is a Dirac spinor, and q = p′ − p is the space-like
four-momentum transferred by the photon. To extract
the form factors F1 and F2, Eq. (1) is traced over spins
after multiplication by one of the projectors, (1 + γt)/4
or i (1 + γt)γjγk/4, where j, k = x, y, z and k ̸= j. The
contribution to the anomaly is then found from aµ ≡
(gµ − 2)/2 = F2(0).

For now quenched QED (q-QED) is used for the QED
average in (1), implying no fermion-antifermion pair cre-
ation/annihilation via the photon. Note that only the
sea quarks need to be charged under U(1); the lepton
vacuum polarization corresponds to higher order contri-
butions which we ignore. This approximation was cho-
sen to make this first calculation computationally easier,
even though it is incomplete. We can remove it to get
the complete physical result, as discussed at the end of
this letter. The first term, expanded in q-QED, can be
reorganized as in Fig. 3, according to the number of pho-
tons exchanged between the quark loop and the open
muon line. If the second term in Eq. (1) is subtracted,
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FIG. 2. Two classes of diagrams contributing to aµ(HLbL).
On the left, all QED vertices lie on a single quark loop, The
right diagram is one of six diagrams where QED vertices are
distributed over two (or three) quark loops.
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contribution to the anomaly is then found from aµ ≡
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average in (1), implying no fermion-antifermion pair cre-
ation/annihilation via the photon. Note that only the
sea quarks need to be charged under U(1); the lepton
vacuum polarization corresponds to higher order contri-
butions which we ignore. This approximation was cho-
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even though it is incomplete. We can remove it to get
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the complete physical result, as discussed at the end of
this letter. The first term, expanded in q-QED, can be
reorganized as in Fig. 3, according to the number of pho-
tons exchanged between the quark loop and the open
muon line. If the second term in Eq. (1) is subtracted,
the connected diagram in Fig. 2, times 3 (the multiplic-
ity arises because two of the three internal photon lines
are generated three ways), emerges as the leading-order
contribution in ↵.

The main challenge in the non-perturbative method
is the subtraction of the leading, unwanted components
(↵ for the electric form factor and ↵2 for the magnetic).
Note that the two terms in Eq. (1) di↵er only by way of
averaging. For finite statistics, the delicate cancellation
between them is only realized because they are so highly
correlated with respect to the QCD and QED configu-
rations used in the averaging. We first test this point
by asking if the nonperturbative QED method applied
to leptons only reproduces the known value of the sixth-
order leptonic light-by-light scattering contribution [10],
which is given exactly by the counterpart of the con-
nected diagram in Fig. 2.

The test calculation was done in quenched 2 non-
compact QED, in the Feynman gauge, using domain wall
fermions (DWF) [13]. The lattice size is 163 ⇥ 32 with
Ls = 8 sites in the extra 5th dimension. The muon
mass is relatively large, 0.4 in lattice units, and to en-
hance the signal the electric charge is set to e = 1.0,
which corresponds to ↵ = 1/4⇡ instead of 1/137. For
simplicity, we always use kinematics where the incom-
ing muon is at rest. Taking advantage of the loga-
rithmic enhancement due to the lighter electron mass,
ln(mµ/me) [10], the mass of the lepton in the loop was
set to 0.01. The form factor F2 was computed only at
the lowest non-trivial momenta, 2⇡/16, and was not ex-
trapolated to zero. The renormalization factor of the
local vector current inserted at the external vertex is
not included as its e↵ect is O(↵) and should be small
compared to other uncertainties. The result is F2 =
3.96(70) ⇥ 10�4 = 24.4(4.3)(↵/⇡)3 while perturbation
theory gives about 10(↵/⇡)3 for F2(0). The calculation
is repeated on a larger 243⇥32 lattice, again, for the low-
est non-zero momentum. Then F2 = 1.19 (32) ⇥ 10�4 =
7.32 (1.97)(↵/⇡)3, roughly consistent with perturbation
theory and indicating large finite volume e↵ects.

Notice that all contributions from one-photon ex-
change between the quark (lepton) loop and muon line
are canceled by the subtraction. However, two photon
exchange contributions, which vanish by Furry’s theorem
after averaging over gauge fields, cannot appear in the

2 In the pure QED case, quenching is not an approximation since
the neglected vacuum polarization contributions give higher or-
der corrections to the light-by-light scattering diagram.

subtraction term and are a potential source of large sta-
tistical errors. Fortunately these too can be completely
eliminated on each gauge configuration by switching the
sign of the external momentum. This is because the pro-
jected and traced correlation function in (1) obeys an ex-
act symmetry under simultaneous p ! �p and e ! �e,
where the latter is done on the muon line only. If e does
not flip sign, then the only change is to multiply all con-
tributions with an even number of photons connecting
the loop and line by �1.

QCD contribution

The inclusion of QCD into the light-by-light ampli-
tude is straightforward: simply multiply the U(1) gauge
links with SU(3) links to create a combined photon and
gluon configuration [14], and follow exactly the same
steps, using the same code, as described in the previ-
ous sub-section. We use one quenched QED configura-
tion per QCD configuration, though di↵erent numbers of
each could be beneficial and should be explored. In pure
QED me ⌧ mµ leads to a large enhancement of the sig-
nal to noise ratio. The same e↵ect is not expected here
since m⇡ ⇠ mµ.

Our main result is computed on a lattice of size 243⇥64
(Ls = 16) with spacing a = 0.114 fm (a�1 = 1.73
GeV) and light quark mass 0.005 (m⇡ = 329 MeV) (an
RBC/UKQCD collaboration 2+1 flavor, DWF+Iwasaki
ensemble [11, 12]). The muon mass is set, somewhat ar-
bitrarily, to mµ = 0.1 (190 MeV), and e = 1 as before.
The all mode averaging (AMA) technique [15] is used
to achieve large statistics at an a↵ordable cost. Besides
the exact part of the AMA calculation, which is done
using a single point source on 20 configurations, the ap-
proximation was computed using 400 low-modes of the
even-odd preconditioned Dirac operator and 216 point
sources (for the external vertex) computed with stop-
ping residual 10�4 on 375 configurations. On a di↵erent
subset of 190 configurations we tried 125 point sources
and found the 216 sources per configuration to be more
e↵ective at reducing the statistical error. The external
vertex is inserted on time slice top = 5 with the muon
created and destroyed at t = 0 and 10, respectively. To
investigate systematic errors and to enhance the statis-
tical signal, we have also computed the muon line for
smaller source-sink separations, 0-7, 1-8 and 2-9. While
the incoming muon is at rest, the three-momenta of the
outgoing muon in units of 2⇡/L are taken to be (±1, 0, 0),
(±1, ±1, 0), (±1, ±1, ±1), (±2, 0, 0), and (±1, ±2, 0) and
permutations. We also include the vector current renor-
malization in pure QCD from [12] at the external ver-
tex. We have computed the connected diagram shown
in Fig. 2 for a single quark with charge +1, so the fi-
nal result is multiplied by (2/3)4 +(�1/3)4 +(�1/3)4 to
account for (degenerate) u, d, and s quark contributions.

mul-ply	
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Disconnected quark loop diagrams

I. HADRONIC LIGHT-BY-LIGHT CONTRIBUTION

Thus far, we foused primarily on the hadronic light-by-light contribution involving a

quark loop with four electromagnetic (EM) verties, called LBL(4).

Below, I list up all diagrams containing more than one quark loop having EM vertices

(with no lattice-artifact interactions) 1.

The hadronic light-by-light scattering diagrams with two quark loops having EM vertices

2

* +

QCD

, (1)

* +

QCD

, (2)

* +

QCD

. (3)

1 All figures are brought from M.H.’s slide used at Lattice 2005. Sorry for di↵erence of notations used in

Sec. II
2 Individual photon lines emanated from quark loops should be contracted with those attatched on the

muon lines in all possible ways.

2

I call the contributions (1), (2) and (3) as LBL(1,3), LBL(2,2) and LBL(3,1), respectively

The hadronic light-by-light diagrams with three quark loops having EM vertices

* +

QCD

, (4)

* +

QCD

. (5)

I call the contributions (4) and (5) as LBL(1,1,2) and LBL(2,1,1), respectively.

The hadronic light-by-light diagrams with four quark loops having EM vertices

* +

QCD

, (6)

I call the contribution (6) as LBL(1,1,1,1).

3

I call the contributions (1), (2) and (3) as LBL(1,3), LBL(2,2) and LBL(3,1), respectively

The hadronic light-by-light diagrams with three quark loops having EM vertices
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QCD
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* +

QCD

. (5)

I call the contributions (4) and (5) as LBL(1,1,2) and LBL(2,1,1), respectively.

The hadronic light-by-light diagrams with four quark loops having EM vertices

* +

QCD

, (6)

I call the contribution (6) as LBL(1,1,1,1).
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The main terms that we compute by lattice simulation are 3

MC =

* +

QCD+f-QED

, (7)

MC0 =

* +

QCD+f-QED

, (8)

MD =

* +

QCD+f-QED

. (9)

The subtraction term for the connected component with the internal vertices on the quark

loop di↵erent from the external vertex is

* +

QCD+f-QED

SC =

h if-QED . (10)

The subtraction term for the connected component with photon emitted from the external

vertex is

* +

QCD+f-QED

SC0 =

h if-QED . (11)

3 The second contribution (8) arises from the lattice-artifact interaction. It is necessary to guarantee the

gauge invariance at finite lattice spacing a.
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The subtraction term for the disconnected component with photon emitted from the external

vertex is

* +

QCD+f-QED

SD =

h if-QED . (12)

Our new version of non-perturbative QED method, which incorporates all relevant

hadronic light-by-light scattering conitributions is

h-LBL + O(↵4) =
1

3
[MC + MC0 + MD � SC � SC0 � SD] . (13)

A new finding here is that although individuals arise from MC + MC0 and/or MD with

distinct degeneracies, as shown in Table I, all hadronic light-by-light diagrams arise with

triplicate degeneracy in MC + MC0 + MD.

TABLE I: Origin of degeneracy factor

MC + MC0 MD

LBL(4) 3 0

LBL(1,3) 0 3

LBL(2,2) 1 2

LBL(3,1) 2 1

LBL(1,1,2) 0 3

LBL(2,1,1) 1 2

LBL(1,1,1,1) 0 3

III. METHOD TO CALCULATE THE DISCONNECTED CONTRIBUTION (9)

AND (12)

The diagrams (9) and (12) contain the quark loop without the external vertex. How we

can calculate them ?

5
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Working Group Discussion (hadronic light-by-light)

I Still only one group calculating (FNAL, ...?)

I Potentially large finite volume effects for QCD+QED
(massless photon) of concern

I Calculate 4 point function in QCD

I Calculate simpler quantities to check models (E. Shintani)
and QCD+QED lattice calculations (VVA diagram (M.
Knecht and others), mass splittings,...)
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I Lots of interest, work on hadronic contributions, esp. HVP
I Statistical errors (sub) 1%
I Several groups done/doing physical mπ (mquark) simulations
I Much effort on understanding systematics
I Workshop very helpful, encouraging cooperation!
I 2-3% total error on connected HVP in 2 years possible (my

opinion)
I May be achievable for disconnected too

I HLbL: QCD+QED promising (my opinion), but significant
systematics. We are now running with mπ = 170 MeV and
investigating excited state contamination

I Dynamical QED+QCD is coming too

I need more groups working on it (FNAL, ...)!

I Interest in 4pt function, π → γ∗γ∗, other simpler quantities
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