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F2(t) and dispersion relations
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HLbL contribution to (g-2)µ

projection technique

(�ie)�1⇢(p
0, p) =

Z
d4q1
(2⇡)4

Z
d4q2
(2⇡)4

(�i)3

q21q
2
2(k � q1 � q2)2

i2

[(p+ q1)2 �m2] [(p+ k � q2)2 �m2]

⇥ (�ie)3��(/p+ /k � q/2 +m)�⌫(/p+ q/1 +m)�µ(ie)4⇧µ⌫�⇢(q1, k � q1 � q2, q2, k)

F2(k
2) = Tr [(/p+m)⇤⌫(p

0, p)(/p0 +m)�⌫(p0, p)]
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Meson pole contributions to (g-2)µ
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Pole contributions
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2-particle discontinuities
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Scalar two-loop amplitudes 
in the dispersive approach
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2-particle cuts
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2-particle cuts
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3-particle cuts
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Angular parametrization
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3-particle cuts
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3-particle cuts
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3-particle cut integration domain
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Discontinuity: imaginary parts
14

M/m = 5
R1/m = 1
R2/m = 0
R3/m = 3

t/m2

-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

25 50 75 100 125 150 175 200 225 250

M/m = 5
R1/m = 1
R2/m = 0
R3/m = 3

t/m2

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

25 50 75 100 125 150 175 200 225 250



Discontinuity: imaginary parts

2-body cut
(π0𝝲)

3-body cut
(3𝝲)
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Discontinuity: imaginary parts

2-body cut
(π0𝝲)

3-body cut
(3𝝲)

Imaginary parts cancel: Im
⇥
Disc2F (q02)
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= 0
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Discontinuity: results
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Discontinuity: results

3-body cut
(3𝝲)
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Discontinuity: results

2-body cut
(π0𝝲)

3-body cut
(3𝝲)
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Real parts
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Real parts

2-body cut
(π0𝝲)
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Real parts

3-body cut
(3𝝲)

2-body cut
(π0𝝲)
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Real parts

direct
integration

(sum of two cuts)

3-body cut
(3𝝲)

2-body cut
(π0𝝲)
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Real parts

direct
integration

(sum of two cuts)

3-body cut
(3𝝲)

2-body cut
(π0𝝲)

complete 
agreement!
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Meson pole contributions to (g-2)μ
in the dispersive approach



(g-2)µ: 2-particle cuts
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(g-2)µ: 2-particle cuts

Disc

2
tF

⇤1⇤2⇤3
1 (t) = �e6|F (0, 0,M2

)|2

8⇡
�1

Z
d cos ✓1

N (1)
(q21 ,m

2, t1, t, cos ✓1)

q21 + t1 � t� t�1� cos ✓1

17



(g-2)µ: 2-particle cuts
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(g-2)µ: 2-particle cuts
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Im F2(t)/t (in 10-10 GeV-2): /a cut, diagram a
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3-particle cuts

Im F2(t)/t (in 10-10 GeV-2): µµ/ cut, diagram c

m = 0.105 GeV
M = 0.135 GeV
Kaa = 0.0078 keV
R = 0.77 GeV
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3-particle cuts

Im F2(t)/t (in 10-10 GeV-2): 3a cut, diagram a

m = 0.105 GeV
M = 0.135 GeV
Kaa = 0.0078 keV
R = 0.77 GeV
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Real parts

aµ * M3/(_ Kaa)  (in GeV2): diagram a

R = 0.77 GeV
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(2001)
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LbL discontinuity

S

T T T

TTT

S S

T  - time-like 
information

S  - time-like 
information
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Conclusions

evaluation of the loop integrals via 
Wick rotation:

Euclidean correlation functions 
➜ space-like data

direct expression through 
the physical phase-space integrals

static external field:
limit k➜0

static external field:
evaluation of the dispersion integral at k2=0

phase-space and dispersive integrals:
different options ➜ space-, time-like and 

on-shell data)

Feynman integrals 
(old approach)

Dispersive evaluation 
(new approach)

off-shell correlation functions;
dispersive representation possible?

(see Colangelo’s talk)

limited range of parametrizations 
for the non-PT part

factorization and analytical evaluation
of the angular part of the phase space integral


