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Introduction to exclusive Vub
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Obtaining the form factor in Light-cone sum rules:

• Uncertainty on |Vub|incl ⇠ 7% (< 2% on |Vcb|incl) due to large b ! c`⌫
background

• Competitive |Vub|excl from B ! ⇡`⌫, depends on f+(q2) (as ml ! 0) from

Lattice QCD (q2 & 15GeV

2
) or QCD sum rules on the light-cone (LCSR)

(q2 . 6� 7GeV

2
)

• Also possible via other B decays, e.g. recent progress in B ! ⇢`⌫, ⇤b !
p`⌫, Bs ! K`⌫
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Leading to:

On the other
 hand:

• 1997: NLO twist-2 corrections were calculated (A. Khodjamirian et al, [arXiv:hep-

ph/9706303]; E. Bagan, P. Ball and V. M. Braun, [arXiv:hep-ph/9709243])

• 2000: LO corrections up to twist-4 were calculated (A. Khodjamirian et al,

[arXiv:hep-ph/0001297])

• 2004: NLO twist-3 corrections (P. Ball and R. Zwicky, [arXiv:hep-ph/0406232])

• 2008: MS mb is used in place of the pole mass (G. Duplancic et al, 2008)

• 2011: Use a2, a4 from F⇡, LCSR+new JLab, Extrapolate by fitting to BCL
q2 parameterisation (A. Khodjamirian, T. .Mannel, N. Offen, Y. -M. Wang, [arXiv:1103.2655])

Status of 
f+(q2) for 

B→𝝅
< 2012



Summary of exclusive Vub

!4

B →π l ν

B → ρ l ν

B →ω l ν

Λb → p l ν

Indirect Fits

HFLAV 2016 (FLAG+Bharucha 2012,BCL)

FLAG 2016

Fermilab/MILC 2015

RBC/UKQCD 2015

Bharucha et al. 2016

Bharucha et al. 2016

Detmold et al, 2015

HFLAV 2016 (combined fit excl B)

UTfit (2017)

CKMfitter (2016,3σ)
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|Vub|×103

In this talk:
2012 NNLO calculation B → π (AB)

2014 Bayesian uncertainty analysis for 
the B → π form factor (Imsong, 
Khodjamirian, Mannel van Dyk)

2015 Update for B to V form factors 
(AB, Straub, Zwicky)

2017 Calculation of f+ and fT for B(s) to 
K form factors (Khodjamirian and 
Rusov)



Two-loop corrections 
(AB 1203.1359)
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Higher order expansion in e

• Test argument that radiative corrections to f+fB and fB should cancel

when both calculated in sum rules (2-loop contribution to fB in QCDSR

sizeable) ) Calculate subset of two-loop radiative corrections for twist-2

contribution to f+(0) / �0

• f+(0) (0.262+0.020
�0.023) at O(↵2

s�0) (solid) with uncertainties. 9% (dotted),

compared to O(↵s) result (dashed), as a function of Borel parameter M2

• Despite ⇠ 9% O(↵2
s�0) corrections to fB , change in f+(0), only ⇠ 2%
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Extrapolation and unitarity bounds for the B → π form factor  
(I. S. Imsong, A. Khodjamirian, T. Mannel, D. van Dyk, 1409.7816) 

✤ Use Bayesian analysis: prior distributions for inputs, construct likelihood function 
based on SR fulfilling mB to 1%, obtain posterior distributions using Bayes theorem

✤ Posterior distributions of inputs only different for s0  : (41±4) GeV2(~gaussian)

✤ Fit to BCl exp, find central value of f+(0) = 0.31±0.02: raised due to value mb, s0, 𝜇

✤ Obtaining f+(q
2
) and first two derivatives at 0 and 10 GeV2 allowed extrapolation to 

high q2 using improved unitarity bounds
!6

2.00 2.50 3.00 3.50 4.00 4.50
f+

B⇡(0) [10�1]

�4

�3

�2

�1

0

1

b+ 1

2.00 2.50 3.00 3.50 4.00 4.50
f+

B⇡(0) [10�1]

�3

�2

�1

0

1

b+ 2

�4 �3 �2 �1 0 1
b+
1

�3

�2

�1

0

1

b+ 2

Figure 1. The regions with 68% prob-
ability (red) and 95% probability (or-
ange) for all two-dimensional marginal-
isations of the posterior P (~�|LCSR).
The cross marks the best-fit point.

In what follows, we use the K = 3 form of the z-series expansion [12], modified to use

the form factor at q2 = 0 as one of the parameters. Is it given by the three-parameter

expression:
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The form factor is parametrized in terms of f+
B⇡(0), as well as the two shape parameters

b+1 and b+2 . An analogous but somewhat simpler expression with only one shape parameter

was used in previous works [10, 23].

We fit the parametrization eq. (3.4) to our LCSR results, which are incorporated in

the likelihood

P (LCSR|~�) ⌘ N6(~µ
F ,⌃F ; ~F (~�)) , (3.5)

with ~µF and ⌃F as determined in section 2; see eqs. (2.17)–(2.19). We choose the prior

P0(~�) as uniform for all three BCL parameters ~� = (f+
B⇡(0), b

+
1 , b

+
2 ), with the respective
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Figure 2. Form factor f+

B⇡(q
2) obtained at q2 < 12GeV2 from the statistical analysis of LCSR,

fitted to z-series representation and extrapolated to large q2. The solid lines correspond to the
68% probability envelope and the best fit curve. The green (magenta) points are HPQCD [7]
(Fermilab-MILC [8]) lattice QCD results.

support intervals

0  f+
B⇡(0)  1 , �10  b+1  +10 , �10  b+2  +10 . (3.6)

From this follows the posterior distribution P (~�|LCSR), which turns out to be gaussian

to very good approximation. This is evidenced by very small skewness | Skew | < 0.2, and

kurtosis |Kurt | < 0.2. We therefore choose to approximate the posterior as

P (~�|LCSR) ' N3(µ
BCL,⌃BCL;~�) , (3.7)

where

~µBCL = (0.307,�1.31,�0.904) , (3.8)

~�BCL = (0.020, 0.42, 0.444) , (3.9)

⇢BCL =

0

B@
1.000 0.503 �0.391

0.503 1.000 �0.824

�0.391 �0.824 1.000

1

CA , (3.10)

and with ⌃BCL ⌘ �BCL
i �BCL

j ⇢BCL
ij . 2 For the best-fit point we obtain

~�⇤
LCSR ⌘ argmaxP (~�|LCSR) = (0.310,�1.25,�0.962) . (3.11)

The goodness of fit is excellent, with �2 = 1 · 10�7. For this fit we count our predictions as

six observations. Our three fit parameters thus reduce the number of degrees of freedom

2
In addition, a data file containing 10

5
weighted variates of the posterior can be obtained from the

authors upon request.
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✤ Perform Bayesian analysis 
including experimental 
results to obtain |Vub|

✤ Theory uncertainty on      
|Vub| obtained from 
analysis comparable to 
that of most accurate 
determinations from 
inclusive b → u transitions

✤ 2010 data set agrees better 
with inclusive than 2013 

✤ Tension wrt GGOU 
determination seen 
beyond 99% C.L. 
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Figure 4. The two-dimensional marginal pos-
teriors for |Vub| versus the BCL parameters (a)
f+

B⇡(0), (b) b+
1

, and (c) b+
2

. The dark orange,
orange, and light orange regions show, respec-
tively, the 68%, 95% and 99% probability re-
gions when using the “2013” data set. The blue
contours delineate the corresponding probabil-
ity regions of the “2010” data set. The green
and light green vertical bands denote the cen-
tral value and 68% CL interval of the HFAG
world average [39] of the |Vub| determinations
from inclusive decays B ! Xu`⌫̄ according to
the GGOU method [40].

The hypothesis “LCSR results are in agreement with 2010 data” is therefore decisively

favoured over the hypothesis “LCSR results are in agreement with 2013 data”. The re-

mainder of the goodness-of-fit values for both data sets is displayed in table 3.

We show the 68%, 95% and 99% probability regions of those two-dimensional marginal

distribution that involve |Vub| for both data sets in figure 4. There we also compare our

determination of |Vub| from B0 ! ⇡+`⌫̄` with the HFAG world average of the inclusive

determination according to GGOU [40],

|Vub|HFAG,GGOU = (4.39 ± 0.15+0.12
�0.14) · 10�3 . (6.5)

We find that the “2010” data set is compatible with the inclusive determination at the 3�

level. However, the “2013” data set moves even further away from the inclusive values.
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(I. S. Imsong, A. Khodjamirian, T. Mannel, D. van Dyk, 1409.7816)



Update for B to V form factors 
(AB, D. Straub and R. Zwicky 1503.05534)
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• Largest uncertainty in calculation is from form factors

• Best coverage in q2: fit to LCSR/Lattice using series expansion, coe�-

cients satisfy dispersive bounds.(AB, T. Feldmann, M. Wick, arXiv:1004.3249)

• Our Aim: improve uncertainty by making correlations available

• We obtain the four equation of motion relations:

e.g. T1(q2) + (mb +ms)V1(q2) +D1(q2) = 0

• Isgur-Wise relations at low recoil follow fromD◆/(V◆ or T◆) ⇠ O(⇤QCD/mb),

D◆ is derivative FF, breaking of I-W relations.

• Certain combinations of D◆’s may be small at large recoil: ◆ = 1, 2 are

direct candidates, and combinations of ◆ = 3, P result in potentially small

ratio of D/T
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Figure 1: Plots of r?, rk and r0+t Eq. (11) (for the B ! K⇤-transition) as a function of q2. The
deviation from unity measures the relative size of the derivative form factor with respect
to the tensor and vector FFs. The mass used in (11) is the pole mass, an issue discussed
in appendix A.5. For the explicit mb mass we use the central value and do not include
an error since in the B ! V `` helicity amplitudes the mb-pole is not present. The fact
that the quantities tend towards one for very high q2 is expected from the viewpoint of the
Isgur-Wise relations and proves a certain robustness of the LCSR-results for high q2. Similar
ratios have been plotted in previous work in the context of Isgur-Wise relations [21] and LEL
relations [68] but the observation that this might be useful for the correlating the continuum
thresholds was not made. In particular the derivative form factor were not identified as a
independent objects.

where X0 = X2 � c23X3 for X = T,V with c23(q2) being a kinematic function defined in(D.3).
The deviations of these quantities from one measure the relative size of the derivative FFs with
respect to vector and tensor FFs,

r? = 1 +
D?
T1

, rk = 1 +
Dk
T2

, r0+t = 1 +
D0+t

T0
, (12)

where D? = D1, Dk = D2 and D0+t = D2 � c23(D3 + DP ). In Fig. 1 we show plots of these

ratios from 0 < q2 < 14GeV2. The quantities r?,k and, somewhat less, r0+t are found to be
very close to unity over this range. The basic idea is that if the Di are considered as regular
FFs with controlled uncertainty5 then this implies a high degree of correlation between vector
and tensor FFs of a given polarisation. This is partly reflected in the controlled error bands.
The aspect of the correlation between the continuum thresholds is discussed in some more

detail in appendix A.2. Here we just summarise the main argument and result. Based on the
EOM we argue, conservatively, that the continuum thresholds for tensor and vector FF cannot

5For the B ! K

⇤ channel at q

2 = 1GeV2 the corrections due to twist-4 and ↵s-correction for
{(T1,D?), (T0,D0+t)} are {(4, 6), (7, 28)}% and {(12, 27), (11, 31)}% respectively indicating regularity of Di

with regard to the twist- and the ↵s- expansion.

7

In order to fulfil EOM, V1, T1 and D1 should have same s0. As D1 small, difficult to compensate 
different s0T1 and s0V1  via s0D1. For s0T1 = s0V1 ±0.5 GeV2, a 5 GeV2 change in s0D1 is required. 

Therefore correlation between s0V1 and s0T1 seems reasonable, ensuring s0V1-s0T1<1 GeV2. Apply 
same sum rules parameters for related FFs +correlations (7/8), less correlated for 0+t case (1/2)



Update for B to V form factors 
(AB, D. Straub and R. Zwicky 1503.05534)
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We carefully choose the sum rules parameters using the following:

• SR depends little on, but is clear extremum as fn of s0, M
2, SR for mB fulfilled;

• the continuum and higher twist contributions should be under control. 30%, 10%
respectively;

• Correlate s0 for EOM related FFs, and M2 for FF ⇥ fB and fB 50%.

Other improvements in the calculation:

• computation of full twist-4 (+partial twist-5) 2-particle DA contribution to FFs,
plus determination of certain so-far unknown twist-5 DAs in the asymptotic limit

• discussion of non-resonant background for vector meson final states,

• determination and usage of updated hadronic parameters, specifically the decay
constants

• fits with full error correlation matrix for the z-expansion coe�cients, as well as
an interpolation to the most recent lattice computation.



Update for the B(s) to K form factors 
B(s) to K ll and B to π ll decays at large recoil and CKM matrix elements, Alexander 
Khodjamirian, Aleksey V. Rusov, arXiv:1703.04765 [hep-ph],  JHEP 1708 (2017) 112.

Additional improvements:

✤ Corrected subheading twist 3/4 contributions

✤ Use updated (smaller) QCDSR result for fB(s) 
from 2013

✤ Important update from LCSR for Bs to K
!10

The OPE result, schematically:

F (T )
BsK

(q2)
OPE

= (T (2)
0 + (↵s/⇡)T1(2))⌦ �(2) +

µK

mb
(T (3)

0 + (↵s/⇡)T
(3)
1 )⌦ �(3)

K

+ T (4)
0 ⌦ �(4)

K + hq̄qi
✓
T (5)
0 ⌦ �(2)

k +
µK

mb
T (6)
0 ⌦ �(3)

K

◆

where �K(2, 3, 4) = {kaon DAs with non-asympt.terms}, µK =
m2

K

ms +mq

Include factorizable twist 5,6 contributions (Rusov 1705.01929) , find very small contribution



Results for Bs →K and B→K 
form factors and observables  

Alexander Khodjamirian, Aleksey V. Rusov, arXiv:
1703.04765 [hep-ph],  JHEP 1708 (2017) 112.

The vector (tensor) form factors of     
Bs →K and B →K from LCSRs with the 
dark-shaded (green) bands. 
Extrapolations of the lattice QCD 
results for Bs →K (HPQCD) and B →K 
(FermiLAB/MILC) form factors are 
shown with the light-shaded (orange) 
bands.
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 Binned branching 
fractions in units of 10-8 
GeV2 for the 1-6 GeV2 bin. 
The first (second) error is 
due to the uncertainty of 
the input (only of the 
CKM parameters).



Summary and Future Prospects

Future Prospects:

✤ Find higher twist (i.e. 5,6) terms in the factorizable 
approximation are small, but still would be good to 
check the full NNLO twist 2 and twist 3 contributions

✤ Bayesian uncertainty analysis of all B → P, D → P LCSRs 
( for B → π in [Imsong,AK,Mannel,van Dyk (2013)]) 

✤ Bs→Kl𝜈 measurement at LHCb/Belle II

✤ π, K DAs from LCSRs: BESS and Belle-2 data on γ∗γ → 
π0; JLab data on Fπ/K 

✤ Future Belle-2 data on the q2-shape of B → πlν will 
provide additional constraints on the DA parameters 
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B →π l ν

B → ρ l ν

B →ω l ν

Λb → p l ν

Indirect Fits

HFLAV 2016 (FLAG+Bharucha 2012,BCL)

FLAG 2016

Fermilab/MILC 2015

RBC/UKQCD 2015

Bharucha et al. 2016

Bharucha et al. 2016

Detmold et al, 2015

HFLAV 2016 (combined fit excl B)

UTfit (2017)

CKMfitter (2016,3σ)
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Back up slides
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Form factors for B to V: Definitions
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Results for the B to K* form factors


