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Introduction and Motivation

Two main purposes: 
combine experimental measurements with 
LQCD results to determine CKM parameters. 
confront experimental measurements of rare 
processes or lepton flavor (universality) 
violating observables with SM theory using 
LQCD inputs. 
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⇡�

W

µ+

⌫µ

Vub
B0 ! ⇡�`+⌫`



A. El-Khadra Challenges in Semileptonic B Decays, 09-13 April 2018

★ calculate the form factors in the low recoil (high q2) range.  
★ use model-independent parameterization of q2 dependence.  

★ calculate the complete set of form factors,                    and           . 

★ for            compare shape between experiment and lattice. 

f+(q
2), f0(q

2) fT (q
2)
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Lattice QCD calculations of simple quantities (with at most one stable meson 
in initial/final state) that quantitatively account for all systematic  effects 
(discretization, finite volume, renormalization,…) , in some cases with  

• sub percent precision.   
• total errors that are commensurate (or smaller) than the corresponding 

experimental uncertainties. 
Scope of LQCD calculations is increasing due to continual development of 
new methods:  

• baryons     
• nonleptonic decays (K → 𝜋𝜋, …) 
• resonances, scattering, long-distance effects,  
• QED effects  
• …

!6

The State of the Art
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Complexity✓

[inspired by 
A. Kronfeld]
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When   
               mlight  ≶ 1/2 (mu + md)phys  
  

𝜒PT guides the interpolation/extrapolation to the physical point. 

 combined chiral-continuum interpolation/extrapolation 
 include (light quark) discretization effects (for example, staggered 𝜒PT)

 can also add HQ discretization terms to chiral-continuum fits 
  

 for B,D meson processes use Heavy Meson 𝜒PT:   𝜒PT + 1/M expansion

!8
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Growing number of collaborations have generated sets of ensembles that include 
sea quarks with physical light-quark masses:  PACS-CS, BMW, MILC, RBC/UKQCD, 
ETM,…

L 

a 

x Lattice QCD Introduction

combined chiral-continuum interpolation/extrapolation

FIG. 6. Distribution of four-flavor QCD gauge-field ensembles used in this work. Ensembles that
are new with respect our previous analysis [23] are indicated with black outlines. Ensembles with
unphysical strange-quark masses are shown as gold disks with orange outlines. The area of each
disk is proportional to the statistical sample size Nconf ⇥ Nsrc. The physical, continuum limit is
located at (a = 0, M⇡ ⇡ 135 MeV).

charm and bottom quarks with controlled discretization errors. Figure 7 shows the range
of valence heavy-quark masses used in our analysis. On the coarsest a ⇡ 0.15 and 0.12 fm
ensembles, we have only two values mh = 0.9m0

c
and m

0
c
; on our finest a ⇡ 0.042 and 0.03 fm

ensembles, however, we have several heavy-quark masses between 0.9m0
c

 mh  5m0
c
,

reaching just above the physical b-quark mass. Second, as discussed in Sec. III, we have
large statistical sample sizes, with about 4,000 samples on most ensembles and large lattice
volumes; the resulting errors on the decay constants range from 0.04% to 1.4%.

Because of the breadth and precision of the data set, it is a challenge to find a theo-
retically well-motivated functional form that is sophisticated enough to describe the whole
data set. We therefore rely on several EFTs to parameterize the dependence of our data
on each of the independent variables just described: Symanzik e↵ective field theory for lat-
tice spacing dependence [37], chiral perturbation theory for light- and strange-quark mass
dependence, and heavy-quark e↵ective theory for the heavy-quark mass dependence. These
EFTs are linked together within heavy-meson rooted all-staggered chiral perturbation the-
ory (HMrAS�PT) [64]. Here we use the one-loop HMrAS�PT expression to describe the
nonanalytic behavior of the interaction between pion (and other pseudo-Goldstone bosons)
and the heavy-light meson, and supplement it with higher-order analytic functions in the
light- and heavy-quark masses and lattice spacing to enable a good correlated fit.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

20

MILC nf = 2+1+1
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combined chiral-continuum extrapolation

Not all LQCD calculations include physical mass ensembles …
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MILC asqtad Nf=2+1

…especially for B,D meson quantities.

Example:
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• For light quarks (                      ), leading discretization errors ~  
   

• For heavy quarks, leading discretization errors  ~       
for b quarks:  need  a ≲ 0.04fm  so that  amb ≲ 1  
not a problem for charm with improved action:   a ≲ 0.12 fm    

     ➠    need effective field theory methods for b quarks    
            for charm can use light quark methods, with improved action 
  

• avoid errors of  (amb)n  in the action by using EFT: 
✦ relativistic HQ actions (Fermilab, Columbia [aka RHQ],…) 
✦ HQET 
✦ NRQCD 

  

or  
• use an improved light quark action (HISQ, tmWilson, DWF, NP imp. Wilson,….)    

✦ use same LQ action for heavy quarks, but keep  amh  < 1 
✦ use HQET to extrapolate/interpolate to b quark mass

m` < ⇤QCD ↵k
s (a⇤QCD)n

↵k
s (amh)n

!11

Heavy Quark Treatment
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HPQCD:  
NRQCD b quarks+ HISQ light valence 

1. B → K form factors (rare decay) on MILC asqtad (2+1) ensembles  
[arXiv:1306.0434, PRL 2013; arXiv:1306.2384, PRD 2013]  
5 ensembles, a ≈ 0.09, 0.12 fm, mπ = 270-400 MeV, 1-loop PT matching 

2. Bs → K form factors on MILC asqtad (2+1) ensembles  
[arXiv:1406.2279, PRD 2014] 
5 ensembles, a ≈ 0.09, 0.12 fm, mπ = 175-300 MeV, 1-loop PT matching 

3. B → π form factor at zero recoil on MILC HISQ (2+1+1) ensembles  
[arXiv:1510.07446, PRD 2016]  
8 ensembles, a ≈ 0.09, 0.12,0.15 fm, mπ = 135-300 MeV, 1-loop PT matching 
soft pion theorem confirmed

!12

Existing/ongoing/planned form factor calculations

Semileptonic B decays to light pseudo scalars
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RBC/UKQCD:   
RHQ action for b quark + DWF light on DWF (2+1) ensembles  
   Bs → K and B → π form factors  
   [arXiv:1501.05373, PRD 2015] 
    5 ensembles, a ≈ 0.09, 0.11 fm, mπ = 290-420 MeV,  
   mostly nonperturbative renormalization, aka mNPR (with 1-loop PT matching)  
   ongoing effort to add more ensembles, including at physical mass

!13

Existing/ongoing/planned form factor calculations
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FNAL/MILC:   
1. Fermilab b quark +  

(a) asqtad light on MILC asqtad (2+1) ensembles  
form factors for 
B → π  [arXiv:1503.07839, PRD 2015; arXiv:1507.01618, PRL 2015]  and  
B → K [arXiv:1509.06235, PRD 2016] 
- 12 ensembles, a ≈ 0.045, 0.06, 0.09, 0.12 fm, mπ = 175-420 MeV  
- mNPR (with 1-loop PT matching)  
Bs → K [Y. Liu et al, Lattice 2017, arXiv:1711.08085] preliminary, blinded 
- 6 ensembles, a ≈ 0.06, 0.09, 0.12 fm, mπ = 175-350 MeV  
- mNPR (with 1-loop PT matching)  

(b) HISQ light on MILC HISQ (2+1+1) ensembles  
B → π, Bs → K, B → K [Z. Gelzer et al, Lattice 2017, arXiv:1710.09442] 
5 ensembles, a ≈ 0.09, 0.12, 0.15 fm, mπ = 135-300 MeV  
 mNPR (with 1-loop PT matching), preliminary 

2. HISQ b quark + HISQ light (currently testing set-up)  
  plan: a ≈ 0.03, 0.045, 0.06, 0.09, 0.12 fm,  mπ = 135-300 MeV  
  nonperturbative renormalization (see Kronfeld talk on decay constants)

!14

Existing/ongoing/planned form factor calculations
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ALPHA:  
HQET b quark + NP imp. Wilson on CLS NP imp. Wilson (2) ensembles  
Bs → K form factors   
[arXiv:1601.04277, PLB 2016] 
static limit, nonperturbative renormalization, aka NPR  
3 ensembles, a ≈ 0.05, 0.065, 0.075 fm, mπ = 310-330 MeV  
  

preliminary results for the 1/m terms  
[M. Koren, Lattice 2017, arXiv:1711.01158 ]  
   
JLQCD:  
DWF b quark+ DWF light on DWF (2+1) ensembles  
B → π form factors 
[B. Colquhoun, Lattice 2017, arXiv:1710.07094]  
5 ensembles, a ≈ 0.044, 0.055, 0.08 fm, mπ = 300-500 MeV  
use heavy quark mass mcharm ≤ mheavy  ≤ 2.44 × mcharm  

and extrapolate to b quark mass  
preliminary results 

Existing/ongoing/planned form factor calculations
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Figure 11. Chiral-continuum extrapolation of lattice form factors f? (upper left), fk (lower left)

and fT (lower right) as functions of E⇡, where all quantities are in r1 units. The colors denote the

lattice spacings: 0.12 fm (gold), 0.09 fm (green), 0.06 fm (blue) and 0.045 fm (violet). The symbols

denote the light-quark masses m
0
l
/m

0
h
: 0.05 (diamond), 0.1 (circle), 0.15 (square), 0.2 (downward-

pointing triangle), and 0.4 (upward-pointing triangle). The colored lines correspond to the fit results

evaluated at the parameters of the ensembles. The physical-mass continuum-limit curve is shown

as a black curve with cyan error band.

on gB⇤B⇡. We now discuss other sources of systematic uncertainty. We tabulate systematic

error budgets for f+ and f0 at a representative kinematic point q
2
= 20 GeV2 within the

range of lattice data in Table X. We also present the error budget for the full simulated

lattice momentum range in Fig. 17.

31

FNAL/MILC 
[arXiv:1503.07839,  
PRD 2015]

form factors for B ! ⇡ ` ⌫ & Vub
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FNAL/MILC 
[arXiv:1503.07839, PRD 2015]

form factors for B ! ⇡ ` ⌫ & VubTable X. Error budgets of form factors f+ and f0 at q
2 = 20GeV2.

Uncertainty �f+ �f0

Statistical+�PT+HQ+gB⇤B⇡ 3.1 3.8

Scale r1 0.5 0.7

Non-perturbative Z
V

4
bb

0.4 0.6

Non-perturbative Z
V

4
ll

0.4 0.4

Perturbative ⇢ 1.0 1.0

Heavy-quark mass mistuning 0.4 0.4

Light-quark mass tuning 0.4 0.2

Total 3.4 4.1
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Figure 17. The distribution of the errors for f+ (left) and f0 (right) as a function of q
2. The

different bands in the plot show the contribution of the error source to the sum of squared errors

(left y axis). The corresponding error can be read off from the right y axis.

full kinematic range using the model-independent z expansion. The form factors resulting

from the chiral-continuum extrapolation are functions specified by a set of parameters. One

could, in principle, incorporate the z expansion with the �PT expansion from the outset

(see, e.g., Ref. [56]). With such an approach, however, the coefficients of the z expansion will

have a nontrivial dependence on ml and a that must be derived from the underlying chiral

effective theory. Because the dependence of the coefficients on a and ml is unknown, we
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from the chiral-continuum extrapolation are functions specified by a set of parameters. One
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(see, e.g., Ref. [56]). With such an approach, however, the coefficients of the z expansion will

have a nontrivial dependence on ml and a that must be derived from the underlying chiral

effective theory. Because the dependence of the coefficients on a and ml is unknown, we
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full kinematic range using the model-independent z expansion. The form factors resulting

from the chiral-continuum extrapolation are functions specified by a set of parameters. One

could, in principle, incorporate the z expansion with the �PT expansion from the outset

(see, e.g., Ref. [56]). With such an approach, however, the coefficients of the z expansion will

have a nontrivial dependence on ml and a that must be derived from the underlying chiral

effective theory. Because the dependence of the coefficients on a and ml is unknown, we
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FNAL/MILC [arXiv:1503.07839, PRD 2015]

form factors for B ! ⇡ ` ⌫ & Vub

Table XIV. Central values, errors, and correlation matrix of the coefficients of f+ and f0 from the

Nz = 4 lattice-only z-fit with the kinematic constraint.

b
+
0 b

+
1 b

+
2 b

+
3 b

0
0 b

0
1 b

0
2 b

0
3

0.407(15) �0.65(16) �0.46(88) 0.4(1.3) 0.507(22) �1.77(18) 1.27(81) 4.2(1.4)

b
+
0 1 0.451 0.161 0.102 0.331 0.346 0.292 0.216

b
+
1 1 0.757 0.665 0.430 0.817 0.854 0.699

b
+
2 1 0.988 0.482 0.847 0.951 0.795

b
+
3 1 0.484 0.833 0.913 0.714

b
0
0 1 0.447 0.359 0.189

b
0
1 1 0.827 0.500

b
0
2 1 0.838

b
0
3 1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

-0.3 -0.2 -0.1  0  0.1  0.2  0.3

Pφ
 f i

z

f0 z �t
f+ z �t

f0 chiral �t
f+ chiral �t

Figure 23. z-fit results for the form factors f0 and f+ as functions of z.

up to corrections of O(1/m
2
b
). This expression updates the leading-order result of Ref. [64]

to include the 1/mb correction, which turns out to be simply the additional multiplicative

factor (fB⇤/fB)
�1 in the soft-pion limit. In Fig. 25 we plot the ratio of (f0/f+)/(1�q

2
/M

2
B⇤)

obtained using the coefficients of our preferred z-expansion in Table XIV. We also show the
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Two independent LQCD predictions for Bs →Kℓν form factors  
[HPQCD, arXiv:1406.2279, PRD 2014; RBC, arXiv:1501.05373, PRD 2015] 

ongoing work by: 
FNAL/MILC [Y. Liu (S. Gottlieb), Z. Gelzer (A. Kronfeld) @ Lattice 2017] 
RBC/UKQCD [O. Witzel @ Lattice 2017], ALPHA [M. Koren @ Lattice 2017],  
JLQCD [B. Colquhoun @ Lattice 2017]

form factors for B ! ⇡ ` ⌫ & Vub

FNAL/MILC & RBC/UKQCD 

form factors are in good 

agreement. 
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plot by R. Van de Water

z extrapolation
lattice data

|Vub| = 3.72 (16) 10-3

shape of f+  agrees with experiment and uncertainties are commensurate 
fit lattice form factors together with experimental data to determine |Vub| and 
obtain form factors (f+, f0 ) with improved precision… 
determination of |Vub/Vcb| from 𝛬b decay with LHCb [arXiv:1503.01421, PRD 2015; 

arXiv:1504.01568, Nature 2015]: 

form factors for B ! ⇡ ` ⌫ & Vub

RFF =
|Vcb|2

|Vub|2

R q2max

15GeV2
d�(⇤b!pµ⌫)

dq2 dq2

R q2max

7GeV2
d�(⇤b!⇤cµ⌫)

dq2 dq2
= 1.471± 0.094± 0.109

RBC/UKQCD [arXiv:1501.05373, PRD 2015]

FNAL/MILC [arXiv:1503.07839, PRD 2015]
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plot by R. Van de Water

z extrapolation
lattice data

form factors for B ! ⇡ ` ⌫ & VubEur. Phys. J. C (2017) 77 :112 Page 111 of 228 112

(13-bin) and B− → π0 (7-bin ) [553]. In the previous
version of the FLAG review [2] we only used the 13-
bin Belle and 12-bin BaBar datasets, and performed sep-
arate fits to them due to the lack of information on sys-
tematic correlations between them. Now, however, we will
follow established practice and perform a combined fit to
all the experimental data. This is based on the existence
of new information as regards cross-correlations, which
allows us to obtain a meaningful final error estimate.58

The lattice input dataset will be the same as discussed in
Sect. 8.3.

We perform a constrained BCL fit of the vector and scalar
form factors (this is necessary in order to take into account
the f+(q 2 = 0) = f0(q 2) constraint) together with the com-
bined experimental datasets. We find that the error on Vub
stabilizes for (N+ = N 0 = 3). The result of the combined
fit is

B → πℓν (N f = 2 + 1)

Central values Correlation matrix

Vub × 103 3.73 (14) 1 0.852 0.345 −0.374 0.211 0.247

a+0 0.414 (12) 0.852 1 0.154 −0.456 0.259 0.144

a+1 −0.494 (44) 0.345 0.154 1 −0.797 −0.0995 0.223

a+2 −0.31 (16) −0.374 −0.456 −0.797 1 0.0160 −0.0994

a0
0 0.499 (19) 0.211 0.259 −0.0995 0.0160 1 −0.467

a0
1 −1.426 (46) 0.247 0.144 0.223 −0.0994 −0.467 1

Figure 28 shows both the lattice and the experimental data
for (1 − q 2/m2

B∗) f+(q 2) as a function of z(q 2), together
with our preferred fit; experimental data have been rescaled
by the resulting value for |Vub|2. It is worth noting the good
consistency between the form factor shapes from lattice and
experimental data. This can be quantified, e.g., by com-
puting the ratio of the two leading coefficients in the con-
strained BCL parameterization: the fit to lattice form fac-
tors yields a+1 /a+0 = −1.67(12) (cf. the results presented
in Sect. 8.3.2), while the above lattice+experiment fit yields
a+1 /a+0 = −1.193(16).

We plot the values of |Vub| we have obtained in Fig. 30,
where the determination through inclusive decays by the
Heavy Flavour Averaging Group (HFAG) [197], yielding
|Vub| = 4.62(20)(29) × 10−3, is also shown for compar-
ison. In this plot the tension between the BaBar and the
Belle measurements of B(B− → τ−ν̄) is manifest. As dis-
cussed above, it is for this reason that we do not extract |Vub|
through the average of results for this branching fraction from
these two collaborations. In fact this means that a reliable
determination of |Vub| using information from leptonic B-
meson decays is still absent; the situation will only clearly

58 See, e.g., Sect. V.D of [504] for a detailed discussion.

Fig. 28 Lattice and experimental data for (1−q 2/m2
B∗ ) f B→π

+ (q 2) and
f B→π
0 (q 2) versus z.Green symbols denote lattice-QCD points included

in the fit, while blue and indigo points show experimental data divided
by the value of |Vub| obtained from the fit. The grey and orange bands
display the preferred N+ = N 0 = 3 BCL fit (six parameters) to the
lattice-QCD and experimental data with errors

improve with the more precise experimental data expected
from Belle II. The value for |Vub| obtained from semileptonic
B decays for N f = 2 + 1, on the other hand, is significantly
more precise than both the leptonic and the inclusive deter-
minations, and exhibits the well-known ∼ 3σ tension with
the latter.

8.7 Determination of |Vcb|

We will now use the lattice QCD results for the B → D(∗)ℓν
form factors in order to obtain determinations of the CKM
matrix element |Vcb| in the Standard Model. The relevant
formulae are given in Eq. (189).

Let us summarize the lattice input that satisfies FLAG
requirements for the control of systematic uncertainties, dis-
cussed in Sect. 8.4. In the (experimentally more precise)
B → D∗ℓν channel, there is only one N f = 2 + 1 lat-
tice computation of the relevant form factor F B→D∗

at zero
recoil. Concerning the B → Dℓν channel, for N f = 2 there
is one determination of the relevant form factorGB→D at zero
recoil;59 while for N f = 2 + 1 there are two determinations

59 The same work provides GBs→Ds , for which there are, however, no
experimental data.

123

RFF =
|Vcb|2

|Vub|2

R q2max

15GeV2
d�(⇤b!pµ⌫)

dq2 dq2

R q2max

7GeV2
d�(⇤b!⇤cµ⌫)

dq2 dq2
= 1.471± 0.094± 0.109

S. Aoki et al [FLAG-3 review, 
arXiv:1607.00299, EPJC 17, 
web update]

shape of f+  agrees with experiment and uncertainties are commensurate 
fit lattice form factors together with experimental data to determine |Vub| and 
obtain form factors (f+, f0 ) with improved precision… 
determination of |Vub/Vcb| from 𝛬b decay with LHCb [arXiv:1503.01421, PRD 2015; 

arXiv:1504.01568, Nature 2015]: 

http://arxiv.org/abs/arXiv:1607.00299
http://itpwiki.unibe.ch/flag/index.php/Review_of_lattice_results_concerning_low_energy_particle_physics
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32

TABLE XIV. Determinations of |Vub|. Top panel: results from inclusive B ! Xu`⌫ decay [66] and B ! ⌧⌫ leptonic decay [11].
Middle panel: predictions from CKM unitarity [71, 72]. Bottom panel: results from exclusive B ! ⇡`⌫ decay using form factors
from (2+1)-flavor lattice QCD [26, 27, 66]. Errors shown are either the total uncertainty or the experimental and theoretical
uncertainties, respectively.

From |Vub|⇥ 103

HFAG inclusive average [56] B ! Xu`⌫ 4.40(15)(20)
FLAG (Nf = 2 + 1) [11] B ! ⌧⌫ 4.18(52)(9)

CKMfitter Group [71] CKM unitarity 3.435(+250
�84 )

UTfit collaboration [72] CKM unitarity 3.63(12)

HPQCD (HFAG q2 > 16GeV2) [26, 66] B ! ⇡`⌫ 3.52(8)(+61
�40)

FNAL/MILC (HFAG BCL z-fit) [27, 66] B ! ⇡`⌫ 3.28(29)
This work B ! ⇡`⌫ 3.61(32)
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FIG. 23. Top: theoretical calculations of the B ! ⇡`⌫ form factors from light-cone sum rules [68, 69], NLO perturbative
QCD [70], and (2+1)-flavor lattice QCD [26, 27]. Bottom: theoretical calculations of the Bs ! K`⌫ form factors from QCD
models [73–75] and (2+1)-flavor lattice QCD [30]. In all plots, the predictions for f+(q

2 = 0) are displayed with a slight
horizontal o↵set for clarity.
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Two LQCD calculations (on overlapping ensemble sets, different valence actions):  
   HPQCD (NRQCD b + HISQ), FNAL/MILC (Fermilab b + asqtad) 
consistent results for all three form factors  
consistent with LCSR [Khodjamarian et al, arXiv:1006.4945, JHEP 2010] 
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 Take f+, f0  from combined fit of lattice form factors + experimental data for  
 dℬ(B →πℓν)/dq2 
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Eur. Phys. J. C (2017) 77 :112 Page 111 of 228 112

(13-bin) and B− → π0 (7-bin ) [553]. In the previous
version of the FLAG review [2] we only used the 13-
bin Belle and 12-bin BaBar datasets, and performed sep-
arate fits to them due to the lack of information on sys-
tematic correlations between them. Now, however, we will
follow established practice and perform a combined fit to
all the experimental data. This is based on the existence
of new information as regards cross-correlations, which
allows us to obtain a meaningful final error estimate.58

The lattice input dataset will be the same as discussed in
Sect. 8.3.

We perform a constrained BCL fit of the vector and scalar
form factors (this is necessary in order to take into account
the f+(q 2 = 0) = f0(q 2) constraint) together with the com-
bined experimental datasets. We find that the error on Vub
stabilizes for (N+ = N 0 = 3). The result of the combined
fit is

B → πℓν (N f = 2 + 1)

Central values Correlation matrix

Vub × 103 3.73 (14) 1 0.852 0.345 −0.374 0.211 0.247

a+0 0.414 (12) 0.852 1 0.154 −0.456 0.259 0.144

a+1 −0.494 (44) 0.345 0.154 1 −0.797 −0.0995 0.223

a+2 −0.31 (16) −0.374 −0.456 −0.797 1 0.0160 −0.0994

a0
0 0.499 (19) 0.211 0.259 −0.0995 0.0160 1 −0.467

a0
1 −1.426 (46) 0.247 0.144 0.223 −0.0994 −0.467 1

Figure 28 shows both the lattice and the experimental data
for (1 − q 2/m2

B∗) f+(q 2) as a function of z(q 2), together
with our preferred fit; experimental data have been rescaled
by the resulting value for |Vub|2. It is worth noting the good
consistency between the form factor shapes from lattice and
experimental data. This can be quantified, e.g., by com-
puting the ratio of the two leading coefficients in the con-
strained BCL parameterization: the fit to lattice form fac-
tors yields a+1 /a+0 = −1.67(12) (cf. the results presented
in Sect. 8.3.2), while the above lattice+experiment fit yields
a+1 /a+0 = −1.193(16).

We plot the values of |Vub| we have obtained in Fig. 30,
where the determination through inclusive decays by the
Heavy Flavour Averaging Group (HFAG) [197], yielding
|Vub| = 4.62(20)(29) × 10−3, is also shown for compar-
ison. In this plot the tension between the BaBar and the
Belle measurements of B(B− → τ−ν̄) is manifest. As dis-
cussed above, it is for this reason that we do not extract |Vub|
through the average of results for this branching fraction from
these two collaborations. In fact this means that a reliable
determination of |Vub| using information from leptonic B-
meson decays is still absent; the situation will only clearly

58 See, e.g., Sect. V.D of [504] for a detailed discussion.

Fig. 28 Lattice and experimental data for (1−q 2/m2
B∗ ) f B→π

+ (q 2) and
f B→π
0 (q 2) versus z.Green symbols denote lattice-QCD points included

in the fit, while blue and indigo points show experimental data divided
by the value of |Vub| obtained from the fit. The grey and orange bands
display the preferred N+ = N 0 = 3 BCL fit (six parameters) to the
lattice-QCD and experimental data with errors

improve with the more precise experimental data expected
from Belle II. The value for |Vub| obtained from semileptonic
B decays for N f = 2 + 1, on the other hand, is significantly
more precise than both the leptonic and the inclusive deter-
minations, and exhibits the well-known ∼ 3σ tension with
the latter.

8.7 Determination of |Vcb|

We will now use the lattice QCD results for the B → D(∗)ℓν
form factors in order to obtain determinations of the CKM
matrix element |Vcb| in the Standard Model. The relevant
formulae are given in Eq. (189).

Let us summarize the lattice input that satisfies FLAG
requirements for the control of systematic uncertainties, dis-
cussed in Sect. 8.4. In the (experimentally more precise)
B → D∗ℓν channel, there is only one N f = 2 + 1 lat-
tice computation of the relevant form factor F B→D∗

at zero
recoil. Concerning the B → Dℓν channel, for N f = 2 there
is one determination of the relevant form factorGB→D at zero
recoil;59 while for N f = 2 + 1 there are two determinations

59 The same work provides GBs→Ds , for which there are, however, no
experimental data.
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Figure 3. Preliminary results for form factors f? (top), fk (middle), and fT (bottom), in B ! ⇡ (left), Bs ! K
(center), and B! K (right), without ⇢J .

scale, dynamical quark masses, and current renormalization, as well as e↵ects from finite volume
and the discretization of quarks and gluons. Lastly, we will extrapolate to the full kinematic range
accessible in experiment by applying the model-independent z expansion [16, 17]. It is then that the
form factors will be unblinded and direct comparisons with experiment can be made.

5 Summary and outlook

We have presented preliminary results for the lattice-QCD calculation of the form factors f?, fk, and
fT in the charged-current decays B(s) ! ⇡(K)`⌫` and neutral-current decays B ! ⇡(K)`+`�. These

Figure 3. Preliminary results for form factors f? (top), fk (middle), and fT (bottom), in B ! ⇡ (left), Bs ! K
(center), and B! K (right), without ⇢J .

scale, dynamical quark masses, and current renormalization, as well as e↵ects from finite volume
and the discretization of quarks and gluons. Lastly, we will extrapolate to the full kinematic range
accessible in experiment by applying the model-independent z expansion [16, 17]. It is then that the
form factors will be unblinded and direct comparisons with experiment can be made.

5 Summary and outlook

We have presented preliminary results for the lattice-QCD calculation of the form factors f?, fk, and
fT in the charged-current decays B(s) ! ⇡(K)`⌫` and neutral-current decays B ! ⇡(K)`+`�. These

Z. Gelzer et al, 
[Lattice 2017, 
arXiv:1710.09442]

form factors for            ,             , Bs ! KB ! ⇡ B ! K

PRELIMINARY
BLIND
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Cambridge group (Horgan, Liu, Meinel, Wingate):  
NRQCD b quarks+ asqtad light valence 

 Bs  → K*, B → K*, Bs → 𝜙 form factors  
MILC asqtad (2+1) ensembles  
[arXiv:1310.3722, PRD 2014; arXiv:1310.3887, PRL 2014]  
3 ensembles, a ≈ 0.09, 0.12 fm, mπ = 270-400 MeV, 1-loop PT matching 

  

 RBC/UKQCD 
  RHQ action for b quark + DWF light on DWF (2+1) ensembles  
   Bs → 𝜙 form factors, preliminary results  
   [E. Lizarazo @ Lattice 2017; arXiv:1612.05112] 
    7 ensembles, a ≈ 0.07, 0.09, 0.11 fm, mπ = 139-430 MeV,  
   mostly nonperturbative renormalization, aka mNPR (with 1-loop PT matching)  
   ongoing effort to add more ensembles, including at physical mass

!30

Existing/ongoing/planned form factor calculations

Semileptonic B decays to light vector mesons

K*, 𝜙 are treated as stable mesons
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Rare semileptonic B(s) decay to vector states
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FIG. 1. Observables for the decays B0 ! K⇤0µ+µ� (upper two rows) and B0

s ! �µ+µ� (bottom row; untagged averages
over the B̄0

s and B0

s distributions). The solid curves show our theoretical results in the Standard Model; the shaded areas give
the corresponding total uncertainties (with and without binning). The dashed curves correspond to the new-physics fit result
C9 = CSM

9 � 1.0, C0
9 = 1.2 (the uncertainties of the dashed curves are not shown for clarity). We also show our averages of

results from the CDF, LHCb, CMS, and ATLAS experiments [14, 51–53, 55] (note that S(LHCb)

4
= �S4 and P 0(LHCb)

4
= �P 0

4).

dashed curves in Fig. 1 show the observables evaluated at
the best-fit values. To investigate how much the uncer-
tainties in Eq. (14) are influenced by the theoretical and
experimental uncertainties, we performed new fits where
we artificially eliminated or reduced di↵erent sources of
uncertainty. In particular, setting all form factor un-
certainties to zero results in C

NP
9 = �0.9 ± 0.4, C

0
9 =

0.7±0.5, and raises the statistical significance for nonzero
(CNP

9 , C
0
9) from 2� to 3�. Reducing instead the exper-

imental uncertainties can have a more dramatic e↵ect,
because some of the angular observables already have
very small theory uncertainties compared to the current
experimental uncertainties.

Our result (14) is in remarkable agreement with the
result (8) of the fit performed in Ref. [16], which did
not include the B

0
s ! � µ

+
µ

� data. Equation (14) is
also consistent with the value C

NP
9 ⇠ �1.5 obtained in

Ref. [15], and with the very recent Bayesian analysis of
Ref. [22]. As expected [16, 18], the new-physics scenario
(14) does not remove the tension seen in bin 1 for S4/P

0
4.

Nevertheless, the fit (14) significantly improves the over-
all agreement with the data, reducing the total �

2 by 5.7
and giving �

2
/d.o.f. = 0.96. We also performed a fit of

the experimental data for all observables in bin 2 only,
which gives

C
NP
9 = �0.9 ± 0.7, C

0
9 = 0.4 ± 0.7 (bin 2 only). (15)

Horgan et al 
[arXiv:1310.3722,  
PRD 2014]
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FIG. 2. The likelihood function of a fit to the B0 ! K⇤0µ+µ�

and B0

s ! �µ+µ� experimental data above q2 = 14.18GeV2,
with fit parameters CNP

9 and C0
9. The contours correspond to

��2 = 2.30, 6.18, 11.83.

A major concern about the calculations is the possi-
bility of larger-than-expected contributions from broad
charmonium resonances above the  (2S). In the B

+ !
K

+
µ

+
µ

� di↵erential decay rate, the LHCb Collabora-
tion recently reported sizable peaks associated with the
 (3770) and  (4160) [57]. Note that the OPE which
we use to include cc̄ e↵ects [Eq. (13)] is expected to
describe only q

2-integrated observables (in the high-q2

region) [43]. To test the robustness of our analysis,
we added Breit-Wigner amplitudes with the masses and
widths of the  (3770) and  (4160) [58] to T9(q2), and
included their complex-valued couplings as nuisance pa-
rameters. We constrained the magnitudes of these cou-
plings to allow the ratios of the purely resonant and non-
resonant contributions to the di↵erential decay rates at
q
2 = m

2
 (3770) and q

2 = m
2
 (4160) to be as large as in

Fig. 1 of Ref. [57], but we left the phases unconstrained.
A fit of C

NP
9 , C

0
9 in the presence of these nuisance pa-

rameters gives C
NP
9 = �1.1 ± 0.7, C

0
9 = 1.2 ± 1.1; the

significance for nonzero (CNP
9 , C

0
9) gets reduced to 1.4�.

We stress that adding Breit-Wigner amplitudes is model-
dependent and corresponds to a double counting of the
cc̄ degrees of freedom. A better understanding of the res-
onant contributions from first-principles QCD is needed.
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Semileptonic B(s) decays to vector states
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finite volume effects

L 

a 

x Lattice QCD Introduction

One stable hadron (meson) in initial/final state: 
  

If L is large enough, FV error  

 keep   
To quantify residual error: 

 include FV effects in χPT  

 compare results at several Ls (with other parameters fixed) 

The story changes completely if there are two or more hadrons in the 
initial/final/intermediate state. 

m⇡ L & 4

⇠ e�m⇡ L
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Semileptonic B(s) decays to vector states

A roadmap towards physics
Calculate finite volume spectrum1

Plug into formalism2

Out goes elastic & inelastic QCD 
scattering amplitudes  

3

à la mode de Lüscher (1986)

Calculate finite volume form factor4

Plug spectrum, scattering 
parameters and finite volume form 
factor into formalism

5

Out go physical form factors6

à la mode de Lellouch & Lüscher (2000)

time = xi,0

time = xf

time = y0

R. Briceno @ Lattice 2014 [arXiv:1411.6944]
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Semileptonic B(s) decays to vector states

Status of 
formalism

(somewhat bias estimate)

Spectroscopy/
scattering:

n
n n

⇤⇤K K

⌘⇡
!

⇡

⇡

⇡
⇡
⇡

Electromagnetic 
form factors:

Fundamental 
symmetries:

pp⇡�

⇡

⇡⇡ p

⇡
⇡⇡

⇡
�

⇡�

⇡

⇡
⇡�

⇢⇢

pp

⇡
K

⇡p

⇡
B

K
K⇤

⇡⇡

: Under control : progress made/ 
more to come

weak current

Status of 
formalism

(somewhat bias estimate)

Spectroscopy/
scattering:

n
n n

⇤⇤K K

⌘⇡
!

⇡

⇡

⇡
⇡
⇡

QCD

Electromagnetic 
form factors:

Fundamental 
symmetries:

pp⇡�

⇡

⇡⇡ p

⇡
⇡⇡

⇡
�

⇡�

QED

⇡

⇡
⇡�

⇢⇢

QED

Formalism for multi-channel 1→ 2 transition amplitudes: 
[Briceno, Hansen, Walker-Loud, arXiv:1406.5965, PRD 2015;1502.04314, PRD 2015]

Same as for:

studies of πγ(*)→ππ 
[Briceno et al arXiv:150706622, 
PRL 2015; arXiv:1604.03530, 
PRD 2016; Leskovec et al, arXiv:
1611.00282, Lattice 2016]

pilot study 
[Agadjanov et al, arXiv:1605.03386, NPB 2016]
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 LQCD results exist for complete set of B → π, K; Bs →K  form 
factors, including the tensor form factors 
 Errors on B → π form factors are commensurate with current 
experimental uncertainties.  
➢ enable SM predictions of R(X) and |Vub| determinations 
➢ constrain BSM theories  
 Expect to see new LQCD results for B(s) → π, K form factors with 
physical mass ensembles soon. 
 Similar LQCD results for form factors for semileptonic B(s)-meson 
decays to charm mesons.   

 

Summary

!36
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Outlook

Amala Willenbrock
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Outlook

 Gauge field ensembles with light sea quarks at their physical masses are 
being used in a growing number of LQCD calculations. 

 including charm sea quarks and adding isospin breaking effects (mu ≠ md) 
straightforward 

 next milestone: Semileptonic B decay form factors to pseudo scalars with 
(sub)percent level precision 

 structure-dependent QED effects:  
    ➢ program being developed for kaon decays, muon g-2  
         [D. Giusti et al, arXiv:1711.06537, PRL 2018; …]

    ➢ need to extend to D,B-meson quantities  
 First complete calculations of weak 𝛬b,c  decay form factors 

 theoretical framework for semileptonic B decays to vector meson final states 
exists [Briceño et al, arXiv:1406.5965, 2015 PRD; Agadjanov et al, arXiv:1605.03386].   
  ➢ enables LQCD calculations of form factors for  
       pilot studies are underway. 

Amala Willenbrock

Bs ! K⇤ `⌫, B ! K⇤ ``, . . .
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Thank you!
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Fermilab Lattice Collaboration:  
AXK, Freeland, Gámiz, Gottlieb, Kronfeld, Laiho, Mackenzie,  
Neil, Simone, Van de Water  
Bailey, Bouchard, Chang, Gelzer, Liu 
  

MILC: 
Bazavov, Bernard, DeTar, Gottlieb, Heller, Sugar, Toussaint,  
Brown, Kim, Komijani, Li, Vacquero  
    

Computations done at  
NCSA (Blue Waters), ALCF (Argonne), NERSC, NCAR, TACC, USQCD 
clusters, ….

Collaborators

!41
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The z-expansion

for kinematic  
range: |z| < 1. 

z
t

z(t, t0) =

p
t+ � t�

p
t+ � t0p

t+ � t+
p
t+ � t0

t = q2

t± = (mB ±m⇡)
2

f(t) =
1

P (t)�(t, t0)

X

k=0

ak(t0)z(t, t0)
k

The form factor can be expanded as:  

• P(t) removes poles in [t-,t+] 
• The choice of outer function 𝜙 affects the unitarity bound on the ak.  
• In practice, only first few terms in expansion are needed.  

q2max = t�

kinematic range [m2
` , q

2
max]

Bourrely at al (Nucl.Phys. B189 (1981) 157) 
Boyd, Grinstein, Lebed (hep-ph/9412324, 
PRL 95; hep-ph/9504235, PLB 95; hep-ph/
9508211, NPB 96; hep-ph/9705252, PRD 97) 
Lellouch (arXiv:hep- ph/9509358, NPB 96) 
Boyd & Savage (hep-ph/9702300, PRD 97) 
Bourrely at al ( arXiv:0807.2722, PRD 09) 
….
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Z, �

WB+ K+

`+

`�

Rare semileptonic B decay

He↵ = �
4GF
p
2
V ⇤
tqVtb

X

i

Ci(µ)Qi + . . .

B+ K+

`+

`�

Qi

Parameterize the amplitude in terms of the three form factors               :f+,0,T (q
2)

A(B ! P ``) ⇠ Ce↵
7 fT + (Ce↵

9 + C10)f+ + nonfactorizable terms
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FNAL/MILC [arXiv:1509.06235, 2016 PRD

FNAL/MILC [arXiv:1507.01618, 2015 PRL] 
4

TABLE III. Correlations between BCL coe�cients for fT with
those for f+ and f0 from Table XIX of Ref. [1], which include
experimental shape information from B ! ⇡`⌫ decay.

⇢ bT0 bT1 bT2 bT3
b+0 0.514 0.140 0.078 0.065
b+1 0.111 0.221 �0.010 �0.049
b+2 �0.271 �0.232 �0.012 0.029
b+3 �0.204 �0.215 �0.013 0.023
b00 0.243 �0.015 �0.025 �0.024
b01 0.005 0.134 0.070 0.057
b02 �0.002 �0.034 �0.032 �0.030
b03 �0.044 �0.061 0.005 0.017

decay B ! ⇡`⌫, one can use experimental measurements
of this process to constrain the shape of f+(q2), especially
at low q2. In Ref. [1], we obtain the CKM element |Vub|
from a combined z fit to our lattice-QCD results for f+
and f0 and measurements of ⌧Bd�(B ! ⇡`⌫)/dq2 from
BaBar [50, 51] and Belle [52, 53]. This joint fit also yields
the most precise current determinations of f+ and f0. To
enable them to be combined with the results for fT from
Table II, Table III provides the correlations between the
z-expansion coe�cients for all three form factors. The
correlations are small, because f+ contains independent
experimental information.

Using fT from this work and f+ and f0 just described,
we show the Standard-Model partial branching fractions
for B ! ⇡`+`� in Fig. 3. Other ingredients are needed
besides the form factors. We take the Wilson coe�cients
from Ref. [27], the CKM elements from Ref. [55], the me-
son masses and lifetimes from Ref. [43], and the b- and
c-quark masses from Ref. [7]. To calculate contributions
that cannot be parameterized by the form factors, we em-
ploy QCD factorization at low q2 [56–64] and an operator
product expansion (OPE) in powers of E⇡/

p
q2 at large

q2 [65–72]. Full details will be provided in Ref. [73].
Table IV presents numerical predictions for selected

q2 bins. The last error in parenthesis contains e↵ects
of parametric uncertainties in ↵s, mt, mb, mc; of miss-
ing power corrections, taking 10% of contributions not
directly proportional to the form factors; and of vio-
lations of quark-hadron duality, estimated to be 2% at
high-q2 [70]. At low q2, the uncertainty predominantly
stems from the form factors; at high q2, the CKM ele-
ments |V ⇤

tdVtb| and form factors each contribute similar
errors. Figure 3 and Table IV represent the second main
result of this Letter.

In the regions q2 . 1 GeV2 and 6 GeV2 . q2 .
14 GeV2, uū and cc̄ resonances dominate the rate. To
estimate the total BR, we simply disregard them and in-
terpolate linearly in q2 between the QCD-factorization
result at q2 ⇡ 8.5 GeV2 and the OPE result at
q2 ⇡ 13 GeV2. While this treatment does not yield
the full branching ratio, it does enable a comparison
with LHCb’s published result, BR(B+ ! ⇡+µ+µ�) =

dB dq
2
(`

=
⌧
)

q2 2

⇢,!,� J/  0
dB dq

2
(`

=
e,
µ
)

[1
0�

9
�
2
]

�

b

FIG. 3. (color online) Partial branching fractions for B+ !
⇡+µ+µ� (upper panel) and B+ ! ⇡+⌧+⌧� (lower panel) out-
side the resonance regions. Di↵erent patterns (colors) show
the contributions from the main sources of uncertainty; those
from the remaining sources are too small to be visible. For
B+ ! ⇡+µ+µ�, new measurements from LHCb [54], which
were announced after our paper appeared, are overlaid.

TABLE IV. Standard-Model predictions for B+ ! ⇡+`+`�

partial branching fractions. Those for B0 decays can be ob-
tained by multiplying by the lifetime ratio (⌧B0/⌧B+)/2 =
0.463. Errors shown are from the CKM elements, form fac-
tors, variation of the high and low matching scales, and the
quadrature sum of all other contributions, respectively.

[q2min, q
2
max] 109 ⇥ BR(B+ ! ⇡+`+`�)

(GeV2) ` = e, µ ` = ⌧
[0.1, 2.0] 1.81(11,24,6,2)
[2.0, 4.0] 1.92(11,22,6,3)
[4.0, 6.0] 1.91(11,20,6,3)
[6.0, 8.0] 1.89(11,18,5,3)
[15, 17] 1.69(10,13,3,5) 1.11(7,8,2,4)
[17, 19] 1.52(9,10,2,4) 1.25(8,8,2,3)
[19, 22] 1.84(11,11,3,5) 1.93(12,10,4,5)
[22, 25] 1.07(6,6,3,3) 1.59(10,7,4,4)
[1, 6] 4.78(29,54,15,6)

[15, 22] 5.05(30,34,7,15) 4.29(26,25,7,12)
[4m2

` , 26.4] 20.4(1.2,1.6,0.3,0.5)

23(6)⇥ 10�9 [11], which was obtained from a similar in-
terpolation over these regions. Our result BR(B+ !
⇡+µ+µ�) = 20.4(2.1) ⇥ 10�9 agrees with LHCb, and
is more precise than the best previous theoretical esti-
mate [7] because we use fT directly, which avoids a large
uncertainty from varying the matching scale µ.

 0
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CDF
LHCb [14]
LHCb [15]

HPQCD [arXiv:1306.0434, 2013 PRL]

Experiment vs. Theory 

Phenomenology for  B ! K,⇡ `+ `�

Introduction Analysis Outlook

Motivations

Tension in B ! Kµ+µ�

Older, less precise experiments omitted; cf. arXiv:1510.02349

3 / 21

B ! K B ! ⇡

A. Kronfeld @ Lattice 2017 
(omit older exp. data)
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Experiment vs. theory  
  

• LHCb data + Detmold & Meinel form factors  
[arXiv:1503.07138, JHEP 2015] 

• focus on regions above and below charmonium resonances 
• exp. data lie above SM theory  ~1-3𝜎 tensions

Detmold & Meinel [arXiv:1602.01399, PRD 2016]
19
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dB

dq2 [10�7 GeV�2]

FIG. 8. ⇤b ! ⇤ µ
+

µ
� di↵erential branching fraction calculated in the Standard Model, compared to experimental data from

LHCb [28] (black points; error bars are shown both including and excluding the uncertainty from the normalization mode
⇤b ! J/ ⇤ [84]).

hdB/dq
2i hFLi hA`

FBi hA⇤
FBi hA`⇤

FBi hK̂2ssi hK̂2cci hK̂4si hK̂4sci
[0.1, 2] 0.25(23) 0.465(84) 0.095(15) �0.310(18) �0.0302(51) �0.233(19) �0.154(26) �0.009(22) 0.022(22)

[2, 4] 0.18(12) 0.848(27) 0.057(31) �0.306(24) �0.0169(99) �0.284(23) �0.0444(87) 0.031(36) 0.013(31)

[4, 6] 0.23(11) 0.808(42) �0.062(39) �0.311(17) 0.021(13) �0.282(15) �0.059(13) 0.038(44) 0.001(31)

[6, 8] 0.307(94) 0.727(48) �0.163(40) �0.316(11) 0.053(13) �0.273(10) �0.086(15) 0.030(39) �0.007(27)

[1.1, 6] 0.20(12) 0.813(32) 0.012(31) �0.309(21) �0.0027(99) �0.280(20) �0.056(10) 0.030(35) 0.009(30)

[15, 16] 0.796(75) 0.454(20) �0.374(14) �0.3069(83) 0.1286(55) �0.2253(69) �0.1633(69) �0.060(13) �0.0211(80)

[16, 18] 0.827(76) 0.417(15) �0.372(13) �0.2891(90) 0.1377(46) �0.2080(69) �0.1621(66) �0.090(10) �0.0209(60)

[18, 20] 0.665(68) 0.3706(79) �0.309(15) �0.227(10) 0.1492(37) �0.1598(71) �0.1344(70) �0.1457(74) �0.0172(40)

[15, 20] 0.756(70) 0.409(13) �0.350(13) �0.2710(92) 0.1398(43) �0.1947(68) �0.1526(65) �0.1031(97) �0.0196(55)

TABLE VII. Standard-Model predictions for the binned ⇤b ! ⇤ µ
+

µ
� di↵erential branching fraction (in units of 10�7 GeV�2)

and for the binned ⇤b ! ⇤(! p
+
⇡
�)µ+

µ
� angular observables (with unpolarized ⇤b). The first column specifies the bin ranges

[q2min, q
2
max] in units of GeV2.

The uncertainties given for the Standard-Model predictions are the total uncertainties, which include the statistical
and systematic uncertainties from the form factors (propagated to the observables using the procedure explained in
Sec. IV), the perturbative uncertainties, an estimate of quark-hadron duality violations (discussed further below),
and the parametric uncertainties from Eqs. (64), (69), and (70). For all observables considered here (but not for K̂3s

and K̂3sc), the uncertainties associated with the subleading contributions from the OPE (at high q
2) are negligible

compared to the other uncertainties. The central values of the observables were computed at the renormalization
scale µ = 4.2 GeV; to estimate the perturbative uncertainties, we varied the renormalization scale from µ = 2.1 GeV
to µ = 8.4 GeV. When doing this scale variation, we also included the renormalization-group running of the tensor
form factors from the nominal scale µ0 = 4.2 GeV to the scale µ, by multiplying these form factors with

✓
↵s(µ)

↵s(µ0)

◆��
(0)
T /(2�0)

(72)

(as in Ref. [8]), where �
(0)
T

= 2 CF = 8/3 is the anomalous dimension of the tensor current [97], and �0 = (11 Nc �

2 Nf )/3 = 23/3 is the leading-order QCD beta function [98] for 5 active flavors. Even though we did not perform
a one-loop calculation of the residual lattice-to-continuum matching factors for the tensor currents, our estimates of
the renormalization uncertainties in the tensor form factors as discussed in Sec. IV are specific for µ = 4.2 GeV, and
doing the RG running avoids a double-counting of these uncertainties. Note that the contributions of the tensor form
factors to the observables are proportional to 1/q

2 (because of the photon propagator connecting O7 to the lepton
current), and are suppressed relative to those from the vector and axial vector form factors at high q

2. At low q
2,
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FIG. 9. ⇤b ! ⇤(! p
+

⇡
�)µ+

µ
� angular observables calculated in the Standard Model (for unpolarized ⇤b), compared to

experimental data from LHCb, where available [28] (black points). The observables K̂3s and K̂3sc are negligibly small in the
Standard Model and are therefore not shown here.
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Experiment vs. theory  
  

• LHCb data + FNAL/MILC form factors  
[arXiv:1509.00414, JHEP 2015;1403.8044, 
JHEP 2014] 

• focus on large bins above and below 
charmonium resonances 

• theory errors commensurate with 
experiment (but nonfactorizable 
contributions not under good control) 

• yields  ~1-2𝜎 tensions 
• ⇒ determine |Vtd/Vts,|Vtd|,|Vts|  or 

constrain Wilson coefficients
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Constraints on Wilson coefficients (C9, C10)  

 New physics contributions modify the Wilson coefficients:   
   at the high scale, µ0 = 120 GeV 

 use constraints from                    to set 

 assume MFV so that  

 assume           are real (no new CP violating phases) 

 take measured                                  in  
  together with FNAL/MILC form factors 

 add                      constraint with lattice fBs                                

Ci ! Ci + CNP
i

CNP
7,8 = 0B ! Xs�

Ci(b ! s ``) = Ci(b ! d ``)

CNP
9,10

�B(B ! K,⇡ µ+µ�) �q2 = 1� 6, 15� 22 GeV2

Bs ! µ+µ�

BSM Phenomenology for  B ! K,⇡ `+ `�

D. Du et al [arXiv:1510.02349, PRD 2016]: 
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D. Du et al [arXiv:1510.02349, PRD 2016]

Constraints on Wilson coefficients (C9, C10)                               

B → K µµ, high q2 bin dominates constraint
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Constraints on Wilson coefficients (C9, C10)                               

B → K µµ, high q2 bin dominates constraint

• 2σ tension with the SM 
• favored region consistent 

with inclusive constraints 
• competitive with constraints 

from B → K* µµ                             

BSM Phenomenology for  B ! K,⇡ `+ `�
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BSM phenomenology:  LFU  μ/e
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Rµe
K � 1

Rµe
⇡ � 1

~2.6 σ  tension between LHCb measurement and SM theory 
renewed interest due to recent LHCb measurement of RK* 
[R. Ajai et al, arXiv:1705.05802, JHEP 2017] 
The SM predictions of these ratios are insensitive to the form factors 
and nonfactorizable contributions. 

http://arxiv.org/pdf/1705.05802.pdf
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Laiho, Lunghi, Van de Water [arXiv:0910.2928, arXiv:0910.2928, PRD 2010, E. Lunghi, priv. comm.]
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Small allowed region!

http://arXiv.org/abs/0910.2928
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 LHCb [arXiv:1406.6482, PRL 2014]:

RK = 0.745 (9074)(36)

B ! Kµ+µ�/B ! Ke+e�Lepton universality test:

~2.6 σ  tension between LHCb measurement and SM theory 
renewed interest due to recent LHCb measurement of RK* 
[R. Ajai et al, arXiv:1705.05802, JHEP 2017] 
The SM predictions of these ratios are insensitive to the form factors 
and nonfactorizable contributions. 

BSM phenomenology:  LFU  μ/e

http://arxiv.org/pdf/1705.05802.pdf

