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motivations
* extraction of Vcb: exclusive versus inclusive determinations

  Vcb = 42.11± 0.74( ) ⋅10−3

   

Vcb = 39.0 ± 0.8( ) ⋅10−3     B→ D*ℓν ,  LQCD, CLN( )
= 39.2 ±1.0( ) ⋅10−3     B→ Dℓν ,  LQCD, CLN( )
= 41.9−1.9

+2.0( ) ⋅10−3         B→ D*ℓν ,  LQCD, BGL( )
= 40.5±1.0( ) ⋅10−3     B→ Dℓν ,  LQCD, BGL/BCL/CLN( )

PDG ’17, HFLAV ’16

Grinstein, Kobach ’17 
Bigi, Gambino, Schacht ’17

- exclusive semileptonic decays + LQCD@w=1 (FNAL) +  shape parameterizations

Gambino, Healey, Turczyk ’16

- inclusive semileptonic decays + OPE + HQE parameters from experimental data

Bigi, Gambino ’16

* improving of the precision and clarifications of open issues:

- (dis)favours new physics interpretations (in connection with new physics effects in rare decays)

- is interesting in view of the R(D) and R(D*) anomalies

  

R(D)SM = 0.299 3( )           R(D)exp = 0.407 46( )
R(D*)SM = 0.252 3( )         R(D*)exp = 0.304 15( )

PDG ’17
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inclusive semileptonic decay rate
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* OPE → Heavy Quark Expansion (HQE) [see Benson et al. ’03]

		a
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mb
kin 1GeV( ) = 4.546 21( )GeV 																																																				mc

MS 3GeV( ) =0.987 13( )GeV
µ
π
2
B
=0.432 68( )GeV 2 																																																																	ρD3 B

=0.145 61( )GeV 3

µG
2
B
=0.355 60( )GeV 2 				 from	B *−B 	splitting( ) 															ρLS3 B

= −0.17 10( )GeV 3 				 from	HQ− SR( )

Gambino et al. ’16
(kinetic mass scheme)

fits of experimental semileptonic moments

μsoft ~ 1 GeV

* the main ingredients are the charm and bottom quark masses and the HQE matrix elements of 
   dimension-5 and dimension-6 operators in the B-meson
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charm quark mass from lattice QCD

		

mc 3GeV( ) =0.996 25( )GeV 								Nf =2+1+1				 ~2.5%( )
=0.986 6( )GeV 										Nf =2+1										 ~0.6%( )
=1.03 4( )GeV 													Nf =2																 ~4%( )

FLAG-3 review (Nov. ’15) updates / new results

		

mc 3GeV( ) =0.9843 55( )GeV 						Nf =2+1+1				 FNAL/MILC/TUMQCD	18[ ]

mc 3GeV( ) =1.003 10( )GeV 								Nf =2+1										 JLQCD	16[ ]
=0.988 9( )GeV 										Nf =2+1										 Maezawa&Petreczky	16[ ]

moment method

		

mc 3GeV( ) =0.990 11( )GeV 								Nf =2+1+1				 ~1.1%( )
=0.991 4( )GeV 										Nf =2+1										 ~0.4%( )

my personal estimates- moment method (HPQCD 10, HPQCD 14, JLQCD 15B)
  (independent on mass RCs)

- based on charmed meson or baryon masses (and on mass RCs)

meson masses

text
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ratio mb / mc from lattice QCD

text

		

mb

mc

= 4.577 9( ) 								Nf =2+1+1				 FNAL/MILC/TUMQCD	18[ ]

= 4.436 39( ) 						Nf =2+1+1				 GMS	17	(ETMC)[ ]
= 4.42 8( ) 											Nf =2+1+1				 ETMC	16[ ]

mb

mc

= 4.528 57( ) 							Nf =2+1										 Maezawa&Petreczky	16[ ]

		

mb

mc

= 4.528 54( ) 								Nf =2+1+1				 HPQCD	14[ ]

mb

mc

= 4.51 4( ) 												Nf =2+1											 HPQCD	10[ ]

updates / new results

FLAG-3 review (Nov. ’15)

		

mb

mc

= 4.567 20( ) 								Nf =2+1+1				 ~0.4%( )
= 4.516 33( ) 								Nf =2+1										 ~0.7%( )

my personal estimates

- FLAG scrutiny
- full treatment of QED effects

independent on mass RCstext
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HQE of PS and V heavy-light meson masses
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µ
π
2 ,µG2 , ρD3 , ρLS3 	=	dim-5	and	dim-6	matrix	elements	appearing	in	Γ sl 	but	in	the	static	limit

Λ	=	(dim-4)	binding	energy	of	the	light	quark	and	gluons
ρ
ππ
3 , ρS3 , ρπG3 , ρA3 	=	dim-6	(non-local)	matrix	elements	not	appearing	in	Γ sl

σ 4 ,Δσ 4 	=	dim-7	matrix	elements

* until 2004 few lattice determinations of HQE matrix elements only for Nf = 0 (quenched approx.)
[UKQCD ’96, Gimenez et al. ’97, Kronfeld&Simone ’00, Ali-Khan et al. ’00, JLQCD ’04]

* after 13 years the first unquenched calculation [Gambino, Melis, SS: PRD 96 (2017) 014511 [1704.06105]]
    followed by the second one [FNAL/MILC/TUMQCD: 1802.04248]

Friday, April 13, 18



- the mass in the 1S scheme [Hoang et al. ’99] based on Υ(1S) and the potential subtracted mass [Beneke ’98]

		-	MS 	mass	at	a	renormalization	scale	µ:				mh µ( )

- the Renormalon Subtracted (RS) mass [Pineda ’01]

- the MS-R mass [Hoang et al ’08]

- the kinetic mass [Bigi et al. ’97, Uraltsev ’97]

- the Minimal RS mass [TUMQCD ’18]

Gambino, Melis, SS: PRD 96 (2017) 014511 [1704.06105]

FNAL/MILC/TUMQCD: 1802.04248

the meaning of the HQE matrix elements and the size of the perturbative corrections in Γsl or MPS(V) 
depend strongly on the definition of mh

the natural choice is the pole mass (same meaning in QCD and HQET), but the perturbative series 
is not convergent (n! growth at large order n) and has an intrinsic IR renormalon ambiguity

which heavy-quark mass mh ?

short-distance masses

explicit subtraction of leading (and subleading) IR renormalons
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- it is based on the small velocity sum rules in which the separation between soft and hard effects, μsoft, is introduced as a cutoff 
  over the excitation energy of the hadronic states [Bigi et al. ’97, Uraltsev ’97]

- the kinetic mass is defined by subtracting from the pole mass the perturbative contributions of the HQE parameters calculated 
  from the SV sum rules cut at μsoft

- the kinetic mass enters the non-relativistic kinetic energy in the (renormalized) heavy-quark Hamiltonian

kinetic scheme
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- leading and subleading IR renormalons subtracted → improvement of the perturbative convergence

[Czarnecki et al. ’98, Benson et al. ’03]
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We have considered three values of the valence
charm-quark mass, which are needed to interpolate
smoothly in the physical charm region. The valence-quark
masses are in the following ranges: 3mphys

ud ≲ml ≲ 12mphys
ud

and 0.7mphys
c ≲mc ≲ 1.1mphys

c . In order to extrapolate up
to the b-quark sector we have also considered seven
values of the valence heavy-quark mass mh in the range
1.1mphys

c ≲mh ≲ 3.3mphys
c ≈ 0.8mphys

b .
The lattice scale is determined using the experimental

value of fπþ , while the physical up/down, strange, and

charm-quark masses are obtained by using the experimental
values for Mπ, MK , and MDs

, respectively [27]. The values
of the strange and charm sea-quark masses corresponding
to the ETMC ensembles of Table I were calculated in
Ref. [27], obtaining a slight mistuning. It was shown that
such a mistuning may produce changes in the determi-
nation of the physical quark masses that are smaller than
other systematic uncertainties.
In Ref. [27] eight branches of the analysis were

considered. They differ in:

TABLE I. Values of the valence-quark bare masses considered for the 15 ETMC gauge ensembles with Nf ¼ 2þ 1þ 1 dynamical
quarks (see Ref. [27]). Ncfg stands for the number of (uncorrelated) gauge configurations used in this work.

ensemble β V=a4 Ncfg aμl aμc aμh > aμc

A30.32 1.90 323 × 64 150 0.0030 f0.21256; 0.25000; 0.29404g f0.34583; 0.40675; 0.47840; 0.56267;
0.66178; 0.77836; 0.91546g,A40.32 150 0.0040

A50.32 150 0.0050
A40.24 243 × 48 150 0.0040
A60.24 150 0.0060
A80.24 150 0.0080
A100.24 150 0.0100
B25.32 1.95 323 × 64 150 0.0025 f0.18705; 0.22000; 0.25875g f0.30433; 0.35794; 0.42099; 0.49515;

0.58237; 0.68495; 0.80561gB35.32 150 0.0035
B55.32 150 0.0055
B75.32 75 0.0075
B85.24 243 × 48 150 0.0085
D15.48 2.10 483 × 96 90 0.0015 f0.14454; 0.0150; 0.19995g f0.23517; 0.27659; 0.32531; 0.38262;

0.45001; 0.52928; 0.62252gD20.48 90 0.0020
D30.48 90 0.0030

TABLE II. The input parameters for the eight branches of the analysis of Ref. [27]. The renormalized quark
masses and the RC ZP are given in the MS scheme at a renormalization scale of 2 GeV. With respect to Ref. [27] the
table includes an update of the values of the lattice spacing and, consequently, of all the other quantities.

β 1st 2nd 3rd 4th

a−1 (GeV) 1.90 2.224(68) 2.192(75) 2.269(86) 2.209(84)
1.95 2.416(63) 2.381(73) 2.464(85) 2.400(83)
2.10 3.184(59) 3.137(64) 3.248(75) 3.163(75)

mphys
ud (GeV) 0.00372(13) 0.00386(17) 0.00365(10) 0.00375(13)

mphys
c (GeV) 1.183(34) 1.193(28) 1.177(25) 1.219(21)

ZP 1.90 0.5290(73)
1.95 0.5089(34)
2.10 0.5161(27)

β 5th 6th 7th 8th

a−1 (GeV) 1.90 2.222(67) 2.195(75) 2.279(89) 2.219(87)
1.95 2.414(61) 2.384(73) 2.475(88) 2.411(86)
2.10 3.181(57) 3.142(64) 3.262(79) 3.177(78)

mphys
ud (GeV) 0.00362(12) 0.00377(16) 0.00354(9) 0.00363(12)

mphys
c (GeV) 1.150(35) 1.158(27) 1.144(29) 1.182(19)

ZP 1.90 0.5730(42)
1.95 0.5440(17)
2.10 0.5420(10)

EXTRACTION OF HEAVY-QUARK-EXPANSION … PHYSICAL REVIEW D 96, 014511 (2017)

014511-3

lattice QCD simulations

ETMC gauge configurations with Nf = 2 + 1 + 1 dynamical quarks (two light mass-degenerate quarks, strange and charm quarks 
close to their physical values)

		 

a≈0.06,0.08,0.09 fm								M
π
≈ 210−450( )MeV 								L ≈ 2−3( ) fm

m
ℓ
≈ 3−12( )mℓphys 																mc ≈ 0.7−1.1( )mc

phys 												mh ≈ 1.1−3.3( )mc
phys ≈ 0.25−0.75( )mb

phys

ETMC: NPB ’14
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to the gauge links [37] in the interpolating fields with
parameters αAPE ¼ 0.5 and NAPE ¼ 20.
We have implemented smeared fields both in the source

and in the sink. We have therefore evaluated two-point
correlation functions corresponding to the four possible
combinations generated by using local/smeared fields at
the source/sink, namely, CLL

PSðVÞðtÞ, CLS
PSðVÞðtÞ, CSL

PSðVÞðtÞ,
and CSS

PSðVÞðtÞ, where L and S denote local and smeared
operators, respectively.
For the whole set of charm and heavier quark masses

shown in Table I, the SL correlation functions exhibit the
best signal-to-noise ratio, as illustrated in Fig. 1 for a (cl)
meson in the case of the gauge ensemble B55.32.
Thus, the SL correlators have been used to extract the

ground-state masses from the plateau of the effective mass
(8) in the range tPSðVÞmin ≤ t ≤ tPSðVÞmax . The stability of the
extracted ground-state masses with respect to changes of
both tPSðVÞmin and tPSðVÞmax has been studied and our choices for
the values of tPSmin ¼ tVmin ¼ tmin, tPSmax, and tVmax in the charm
sector are given in Table III.

The quality of the plateaux of the effective mass (8) is
illustrated in Fig. 2 for a series of both PS and V heavy-light
(hl) mesons in the case of the gauge ensemble A40.32.
It can be seen that the higher the heavy-quark mass, the
smaller the value adopted for tmax, while the value chosen
for tmin is independent of the heavy-quark mass.
We have checked our determination of the ground-state

masses MPSðVÞ by employing an alternative method,
namely, the generalized eigenvalue problem (GEVP)
method of Ref. [38], which is based on the simultaneous
use of the four correlators CLL

PSðVÞðtÞ, C
LS
PSðVÞðtÞ, C

SL
PSðVÞðtÞ,

and CSS
PSðVÞðtÞ. It turns out that the GEVP method provides

ground-state masses that are in nice agreement with those
determined directly from the effective mass of the SL
correlators with a slightly larger uncertainty. Finally, we
have also checked that the impact of increasing by two units
the values adopted for tmin in Table III on the extracted PS
and vector-meson masses is negligible within present
statistical uncertainties.

IV. THE ETMC RATIO METHOD

Since the lattice spacing of the ETMC gauge ensembles
does not allow to directly simulate a bquark on the lattice,
the determination of quantities in the beauty sector requires
alternative strategies. In this respect a very suitable method
is represented by the ETMC ratio method, which has
already been applied in the Nf ¼ 2 framework [6–8] as
well as in the Nf ¼ 2þ 1þ 1 case [9] to determine the
mass of the bquark, the leptonic decay constants, and the
bag parameters of BðsÞ mesons.
The ETMC ratio method consists of three main steps.

The first one is the calculation of the observable of interest
at heavy-quark masses around the charm scale, for which
relativistic simulations are reliable with well-controlled
discretization errors. In the second step, appropriate ratios

TABLE III. Values of tmin ¼ tPSmin ¼ tVmin, t
PS
max, and tVmax chosen

to extract the ground-state signal from the effective mass (8),
evaluated for heavy-light mesons with valence-quark content
(cl), using the SL correlators (i.e, smeared quark fields in the
source and local ones in the sink) in the case of the ETMC gauge
ensembles of Table I.

β V=a4 tmin=a tPSmax=a tVmax=a

1.90 323 × 64 10 30 20
243 × 48 10 20 18

1.95 323 × 64 12 22 20
243 × 48 12 20 18

2.10 483 × 96 16 44 36

FIG. 2. Left panel: Effective masses of the correlator CSL
PS ðtÞ calculated for various (hl) mesons using Eq. (8) in the case of the ETMC

gauge ensemble A40.32 (corresponding to a pion mass ≃320 MeV). Right panel: The same as in the left panel, but for the vector
correlator CSL

V ðtÞ. The solid lines identify the plateau region tmin ≤ t ≤ tmax selected for each value of the heavy-quark mass.

EXTRACTION OF HEAVY-QUARK-EXPANSION … PHYSICAL REVIEW D 96, 014511 (2017)

014511-5

		
MPS(V )

eff t( ) = arcosh
CPS(V ) t −1( )+CPS(V ) t +1( )

2CPS(V ) t( )
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥ t≥tmin

PS (V )⎯ →⎯⎯ MPS(V )

ground-state PS and V meson masses MPS(V) can be determined from the large-time plateaus of the effective mass

Gaussian-smeared interpolating fields (and APE smearing of the gauge links) are adopted to suppress excited states

check with the Generalized EigenValue Problem method [Blossier et al. ’09] using CLL, CSL, CLS and CSS correlators

extraction of ground-state PS and V meson masses
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ETMC ratio method

the ETMC ratio method [Blossier et al. ’09] has been developed in order to reach the b-quark region from the charm one:

step 1: calculation of the observable around the charm scale employing dynamical simulations with controlled discretization effects

step 2: construction of appropriate ratios at increasing values of mh up to ~ 3 mc; the ratios must go to 1 in the static limit

step 3: smooth interpolation of the ratios from mc to the static limit and evaluation of the observable at the b-quark mass

1. the same relativistic action setup is used for both light and heavy quarks

2. extra simulations in the static limit are not necessary

3. discretization effects are reduced in the ratios (better control of their continuum limit)

features/advantages

* interpolation of the lattice data at a sequence of heavy-quark masses 		 !mh
n+1( ) = λ !mh

n( ) 				 n=1,2,...K( )

		 *	λ 	is	tuned	so	that	 !mh
K+1( ) = !mb

phys 	starting	from	 !mh
1( ) = !mc

phys

applied both at Nf =2  and Nf = 2 + 1+ 1 for evaluating:

    - the b-quark mass [JHEP ’09, JHEP ’12, PRD ’16]

    - the leptonic decay constants of B and Bs mesons [JHEP ’09, JHEP ’12, PRD ’16] as well as of B* and B*s mesons [PRD ’17]

    - the bag parameters for neutral B-meson oscillations [JHEP ’14]
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- ratios of spin-averaged meson masses:

- triggering point at the charm scale:
  extrapolation to the physical pion point
  and to the continuum limit

automatic OðaÞ improvement of our lattice setup], as
shown in Fig. 3. At the physical pion mass in the continuum
limit we get Mphys

av ð ~mcÞ ¼ 1.967ð25Þ GeV, which agrees
with the experimental value ðMD þ 3MD%Þ=4 ¼
1.973 GeV from the Particle Data Group (PDG) [3] as
well as with the result Mphys

av ð ~mcÞ ¼ 1.975ð11Þ GeV based
on the direct investigation of theD%- toD-meson mass ratio
of Ref. [41].
Analogously, for each gauge ensemble the quantities

Mavð ~m
ðnÞ
h Þ with n¼ 2; 3;… can be evaluated by interpo-

lating the results corresponding to the subset of the bare
heavy-quark masses (see aμh in Table I).

Then, we construct the following ratios:

yMð ~m
ðnÞ
h ; λÞ ¼ Mavð ~m

ðnÞ
h Þ

Mavð ~m
ðn−1Þ
h Þ

~mðn−1Þ
h

~mðnÞ
h

¼ λ−1
Mavð ~m

ðnÞ
h Þ

Mavð ~m
ðn−1Þ
h Þ

;

ð14Þ

with n¼ 2; 3;…. The advantage of considering the ratios
(14) is that the discretization effects affecting the spin-
averaged meson masses Mavð ~m

ðnÞ
h Þ and Mavð ~m

ðn−1Þ
h Þ are

typically above 10%, but they largely compensate in the
ratios (14) even at the largest values of the heavy-quark
mass. This is nicely illustrated in Fig. 4, where the difference
between the continuum results (black dashed lines) and
those obtained at the finest lattice spacing (green dashed
lines) differ by less than 1% both at intermediate values of
~mh (left panel) and at the highest values of ~mh (right panel).
Each of the ratios yMð ~m

ðnÞ
h ; λÞ is therefore extrapolated to

the physical pion mass and to the continuum limit using
again a combined linear fit in both m̄l and a2, obtaining a
value which will be denoted hereafter by ȳMð ~m

ðnÞ
h ; λÞ. We

have checked the possible impact of a few systematics in
the chiral and continuum limit extrapolations by consid-
ering either the inclusion of a quadratic term in the light-
quark mass or the exclusion of the data at the coarsest
lattice spacing (β ¼ 1.90). In both cases the differences of
the extrapolated values ȳMð ~m

ðnÞ
h ; λÞ are within the statistical

uncertainties.
In the static limit ~mh → ∞ the HQE predicts

lim ~mh→∞
Mavð ~mhÞ

~mh
¼ 1; ð15Þ

FIG. 3. The quantity Mavð ~m
ð1Þ
h Þ ¼ Mavð ~mcÞ versus the (renor-

malized) light-quark mass m̄l ¼ m̄lð2 GeVÞ for the various
ETMC gauge ensembles. The dashed lines are the results of a
linear fit in both m̄l and a2 at each value of the lattice spacing and
in the continuum limit. The diamond is the result at the physical
light-quark mass mphys

ud (see Table II) in the continuum limit.

FIG. 4. The ratios yMð ~m
ð4Þ
h ; λÞ (left panel) and yMð ~m

ð8Þ
h ; λÞ (right panel) versus the (renormalized) light-quark mass m̄l ¼ m̄lð2 GeVÞ

for the various ETMC gauge ensembles. The dashed lines are the results of a linear fit in both m̄l and a2. The diamonds correspond to
the values ȳMð ~m

ð4Þ
h ; λÞ and ȳMð ~m

ð8Þ
h ; λÞ, obtained at the physical light-quark mass mphys

ud (see Table II) in the continuum limit.
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ðnÞ
h ; λÞ ¼ Mavð ~m

ðnÞ
h Þ

Mavð ~m
ðn−1Þ
h Þ

~mðn−1Þ
h

~mðnÞ
h

¼ λ−1
Mavð ~m

ðnÞ
h Þ

Mavð ~m
ðn−1Þ
h Þ

;

ð14Þ

with n¼ 2; 3;…. The advantage of considering the ratios
(14) is that the discretization effects affecting the spin-
averaged meson masses Mavð ~m

ðnÞ
h Þ and Mavð ~m

ðn−1Þ
h Þ are

typically above 10%, but they largely compensate in the
ratios (14) even at the largest values of the heavy-quark
mass. This is nicely illustrated in Fig. 4, where the difference
between the continuum results (black dashed lines) and
those obtained at the finest lattice spacing (green dashed
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h ; λÞ (right panel) versus the (renormalized) light-quark mass m̄l ¼ m̄lð2 GeVÞ
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h ; λÞ, obtained at the physical light-quark mass mphys

ud (see Table II) in the continuum limit.
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which implies lim ~mh→∞ ȳMð ~mh; λÞ ¼ 1 for any value of λ.
Thus the ~mh dependence of ȳM can be described as a series
expansion in terms of 1= ~mh, namely,

ȳMð ~mh; λÞ ¼ 1þ ϵ1
~mh

þ ϵ2
~m2
h
þO

!
1

~m3
h

"
; ð16Þ

where the coefficients ϵ1;2 may depend upon λ. The lattice
data for the ratio ȳMð ~mh; λÞ are shown in Fig. 5 as a
function of the inverse heavy-quark mass 1= ~mh. It can be
seen that a linear fit, i.e., Eq. (16) with ϵ2 ¼ 0, is sufficient
to fit the data when taking into account the correlations
between the lattice points. For each of the eight branches of
the analysis (see Table II) the correlation matrix is con-
structed and the corresponding correlated χ2 variable is
minimized. The quality of the fit (16) with ϵ2 ¼ 0 is
illustrated in Fig. 5.
Finally, the chain equation

ȳMð ~m
ð2Þ
h ;λÞȳMð ~m

ð3Þ
h ;λÞ…ȳMð ~m

ðKþ1Þ
h ;λÞ¼λK

Mav

#
~mðKþ1Þ
h

$

Mavð ~mcÞ
;

ð17Þ

in which the various factors in the lhs are evaluated through
the fitting function (16), allows to determine the b-quark
mass ~mb by requiring that after K (integer) steps the
quantity Mavð ~m

ðKþ1Þ
h Þ matches the experimental value

ðMB þ 3MB% Þ=4 ¼ 5.314 GeV [3]. Then the b-quark mass
~mb is directly given by ~mb ¼ λK ~mc. In practice an iterative
procedure should be applied in order to tune the value of the
parameter λ once the value of the integer K is chosen.
Adopting K ¼ 10, we find λ ¼ 1.1422ð10Þ, which yields

~mb ¼ 4.605ð120Þstatð57Þsyst GeV ¼ 4.605ð132Þ GeV;

ð18Þ

where the systematic error comes from the eight branches
of the input parameters of Table II. Translated into the MS
scheme, the result (18) corresponds to m̄bðm̄bÞ ¼ 4.257
ð108Þstat ð52Þsyst GeV ¼ 4.257 (120) GeV, which is well
compatible with the ETMC determination m̄bðm̄bÞ ¼ 4.26
(10) GeV given in Ref. [9] and consistent with other lattice
determinations within 1 standard deviation (see, e.g., the
FLAG review [16]). The analysis of Ref. [9] shares the
same ETMC gauge ensembles, but it differs in i) the use of
the heavy-quark running mass m̄h ð2GeVÞ instead of the
kinetic mass ~mh, ii) a different definition of the ratios (14),
and iii) the use of the experimental values of B- and Bs-
meson masses instead of the spin-averaged B-meson mass
to determine the b-quark mass.
Before closing this section we note that the correlation ρ

between the determination (18) and the input value of the
charm mass is 100%, viz.,

ρ½~mb; ~mc' ¼ þ1: ð19Þ

We expect that such a strong correlation will play a role in
the extraction of the CKM element jVcbj from inclusive
semileptonic B-meson decays. Indeed, up to now in the
OPE treatment of inclusive data the charm and bottom-
quark masses have been considered as uncorrelated
parameters.

VI. ANALYSIS OF THE HYPERFINE
MESON MASS SPLITTING

In this section we apply the ratio method to the hyperfine
meson mass splitting ΔMð ~mhÞ [see Eq. (10)].
As in the case of the spin-averaged meson mass

Mavð ~mcÞ, for each gauge ensemble the quantity
ΔMð ~mcÞ at the triggering point ~mc is computed by
interpolating the results corresponding to the subset of
the bare-quark masses in the charm region (see aμc in
Table I). Then the lattice data for ΔMavð ~mcÞ are safely
extrapolated to the physical pion mass and to the continuum
limit using a combined linear fit in both m̄l and a2, as
illustrated in Fig. 6.
At the physical pion mass in the continuum limit we get

ΔMphysð ~mcÞ ¼ 140ð11Þ MeV, which nicely agrees with the
experimental valueMD% −MD ¼ 141.4 MeV fromPDG [3]
as well as with the result MD% −MD ¼ 144ð15Þ MeV
obtained in Ref. [41] from a direct investigation of the
D%- to D-meson mass ratio.
Analogously, for each gauge ensemble the quantities

ΔMð ~mðnÞ
h Þ with n¼ 2; 3;… are evaluated by interpolating

the results corresponding to the subset of the bare heavy-
quark masses (see aμh in Table I). We now consider the
following ratios:

FIG. 5. Lattice data for the ratio ȳMð ~mh; λÞ versus the inverse
heavy-quark mass 1= ~mh. The solid line is the result of the HQE-
constrained fit (16) with ϵ2 ¼ 0, taking into account the corre-
lation matrix among the lattice points. The vertical dotted line
corresponds to the position of the inverse physical b-quark mass
1= ~mb.
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- extrapolation imposing the known static limit:

	ε2 λ( ) =0

- correlations between lattice points taken into account 
  through the covariance matrix

- a bootstrap analysis is used for taking care of the various 
  determinations of all the input parameters of the analysis 
  (lattice spacing, physical quark masses, RCs, ...)

- chain equation: 		 
Mav

!mh
1( ) = !mc

phys( )⋅ yM !mh
2( ) ,λ( )⋅ yM !mh

3( ) ,λ( )...⋅ yM !mh
K+1( ) ,λ( ) = λKMav

!mh
K+1( )( )

		 
!mb
phys = λK !mc

phys 	obtained	(iteratively)	by	imposing	that	Mav
!mh
K+1( )( ) = MB +3MB*

4 	after	K=10	steps

		 
!mb
phys = 4.605 120( )

stat
57( )

syst
GeV = 4.605 132( )GeV 				→ 				mb mb( ) = 4.257 120( )GeV

		 ETMC	'14	value:				 !mc
phys =1.219 41( )GeV 				→ 				mc mc( ) =1.348 46( )GeV

* consistent with other ETMC determinations of the b-quark mass and with the FLAG-3 average within 1σ

		 *	fits	of	semileptonic	moments:				 !mb
phys = 4.546 21( )GeV 								[Gambino	et	al.	'16]

		 
rkin =

!mb
phys

!mc
phys =3.780 34( ) 				→ 				r=mb

mc

= 4.436 39( ) 		 correlation	ρ !mc
phys , !mb

phys( )≅1

error ~ 3 %
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Z∞ ≡ lim ~mh→∞
Mavð ~mhÞ

~mh
¼ Mavð ~mcÞ

~mc

Y∞

i¼2

!
1þ ϵ1

λi−1 ~mc

"
:

ð39Þ

The HQE predicts that Z∞ should be equal to unity.
Numerically, we find Z∞ ¼ 1.023% 0.027, which is well
consistent with unity, but introduces a ≈3% uncertainty in
the static limit. In order to implement the exact condition
Z∞ ¼ 1, for each bootstrap event we divide Eq. (37) by the
definition (39), obtaining

Mavð ~m
ðnÞ
h Þ

~mðnÞ
h

¼
Qn

i¼2 ½1þ
ϵ1

λi−1 ~mc
'

Q∞
i¼2 ½1þ

ϵ1
λi−1 ~mc

'
: ð40Þ

We have evaluated Eqs. (40) and (38) for n≲ 20, i.e., for
heavy-quark masses up to ~mh ≃ 4 ~mb. The results are
shown in Figs. 10 and 11. It can be seen that, thanks to
the definition (40), the data for the spin-averaged quantity
Mavð ~mhÞ= ~mh are quite precise: the uncertainties are at the
level of≃1% around the charm mass, of≃0.2% around the
bottom mass, and then vanish in the static limit.
Neglecting the effects of dimension-seven operators, the

HQE expansion of the heavy-meson masses reads [5]

Mavð ~mhÞ
~mh

¼ 1þ Λ̄
~mh

þ μ2π
2 ~m2

h
þ ρ3D −ρ3ππ −ρ3S

4 ~m3
h

; ð41Þ

~mhΔMð ~mhÞ ¼
2

3
cGð ~mh; ~mbÞμ2Gð ~mbÞ þ

ρ3πG þ ρ3A −ρ3LS
3 ~mh

;

ð42Þ

where Λ̄ is the so-called heavy-quark binding energy, μ2π is
the matrix element of the kinetic energy operator, and the
parameters ρ3i (i ¼ D; ππ; S; πG;A; LS) are the matrix
elements of the relevant local and nonlocal operators of
dimension six. From now on it is understood that all the
HQE parameters appearing in Eqs. (41)–(42) are given in
the kinetic scheme at the normalization point μsoft, which is
chosen to be equal to 1 GeV.
Taking into account the correlation matrix between the

lattice data shown in Figs. 10 and 11, the HQE fits (41)
and (42) yield

Λ̄ ¼ 0.551ð13Þstatð2Þsyst GeV ¼ 0.551ð13Þ GeV; ð43Þ

μ2π ¼ 0.314ð14Þstatð2Þsyst GeV2 ¼ 0.314ð15Þ GeV2; ð44Þ

ρ3D −ρ3ππ −ρ3S ¼ 0.174ð12Þstatð2Þsyst GeV3

¼ 0.174ð12Þ GeV3; ð45Þ

and

μ2Gð ~mbÞ ¼ 0.250ð18Þstatð8Þsyst GeV2 ¼ 0.250ð20Þ GeV2;

ð46Þ

ρ3πG þ ρ3A −ρ3LS ¼ −0.143ð57Þstatð21Þsyst GeV3

¼ −0.143ð60Þ GeV3: ð47Þ

The quality of the HQE fits is shown in Figs. 10 and 11 by
the dashed (central values) and solid (1 standard deviation)
lines. We stress the remarkable precision obtained for the
determinations of Λ̄ (≃2.4%), μ2π (≃4.8%), ðρ3D−ρ3ππ−ρ3SÞ
(≃6.9%), and μ2Gð ~mbÞ (≃8.0%), while the quantity
ðρ3πG þ ρ3A −ρ3LSÞ has a larger uncertainty (≃42%).

FIG. 10. Lattice data for the quantity Mavð ~mhÞ= ~mh [Eq. (40)]
versus the inverse heavy-quark mass ~mh . The dashed and solid
lines are the results of the HQE fit (41) in which the correlation
matrix between the lattice data is taken into account. The dashed
line corresponds to the central values of the fits, while the solid
lines represent 1 standard deviation. The vertical dotted lines
correspond to the positions of the inverse physical b-quark and
c-quark masses, 1= ~mb and 1= ~mc.

FIG. 11. Lattice data for the quantity ~mhΔMð ~mhÞ [see Eq. (38)].
The dashed and solid lines are the results of the HQE fit (42), in
which the correlation matrix between the lattice data is taken into
account. The dashed line corresponds to the central values of the fit,
while the solid lines represent 1 standard deviation. The vertical
dotted lines correspond to the positions of the inverse physical
b-quark and c-quark masses, 1= ~mb and 1= ~mc, respectively.
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- ratios of hyperfine splittings:

- triggering point at the charm scale:
  extrapolation to the physical pion point
  and to the continuum limit

		 

ΔM !mc
phys =1.219 41( )GeV⎡

⎣
⎤
⎦ =140 11( )MeV

																			PDG: 			M
D*
−MD =141.4MeV

yΔMð ~m
ðnÞ
h ; λÞ≡ ~mðnÞ

h

~mðn−1Þ
h

ΔMð ~mðnÞ
h Þ

ΔMð ~mðn−1Þ
h Þ

cGð ~m
ðn−1Þ
h ; ~mbÞ

cGð ~m
ðnÞ
h ; ~mbÞ

¼ λ
ΔMð ~mðnÞ

h Þ
ΔMð ~mðn−1Þ

h Þ
cGð ~m

ðn−1Þ
h ; ~mbÞ

cGð ~m
ðnÞ
h ; ~mbÞ

; ð20Þ

where cGð ~mh; ~mbÞ is the short-distance Wilson coefficient
that multiplies the matrix element of the HQET chromo-
magnetic operator renormalized in the MS scheme at the
scale of the physical b-quark mass through a multiplicative
RC, ZCMOðm̄bÞ, viz.,

μ2Gðm̄bÞ≡ ZCMOðm̄bÞ
hBjh̄vGμνσμνhvjBi

2hBjBi
; ð21Þ

with hv being the field describing a heavy quark inside a
hadron moving with velocity v. Note that the ratio (20) is
independent of the reference scale of the physical b-quark
mass [see Eq. (24)].
The coefficient cG is given by the product of three

factors,

cG ¼ c̄G ·R ·
~mh

mpole
h

; ð22Þ

where c̄G matches the HQE chromomagnetic operator with
the corresponding one in QCD, R represents its running in
the MS scheme, and the factor ~mh=m

pole
h is introduced to

cancel the pole mass from the contribution of the chromo-
magnetic operator to the hyperfine splitting, improving in
this way the convergence of the perturbative expansion.
An alternative method to achieve this was presented in
Refs. [17,18].

The conversion coefficient c̄G is known up to three loops
in terms of αsðm

pole
h Þ [19]. At two loops and in terms of

αsðm̄hÞ one gets

c̄G ¼ 1þ 13

6

αsðm̄hÞ
π

þ ð11.4744β0 − 9.6584Þ
!
αsðm̄hÞ

π

"
2

þOðα3sÞ: ð23Þ

The evolution factor R is given by

R ¼
#
αsðm̄hÞ
αsðm̄bÞ

$ γ0
2β0 Rðm̄hÞ

Rðm̄bÞ
; ð24Þ

with

Rðm̄hÞ≡ 1þ r1
αsðm̄hÞ

π
þ r2 þ r21

2

!
αsðm̄hÞ

π

"
2

ð25Þ

and

r1 ¼
γ0
2β0

!
γ1
γ0

−
β1
β0

"
; r2 ¼

γ0
2β0

!
γ2
γ0

−
β1
β0

γ1
γ0

−
β2
β0

þ β21
β20

"
:

ð26Þ

In Eq. (26) the parameters βi and γi (i ¼ 0, 1, 2) are,
respectively, the loop coefficients of the QCD β function
and of the anomalous dimension γCMO of the chromomag-
netic operator, namely,

β0 ¼ ð33 − 2nlÞ=12; ð27Þ

β1 ¼
!
102 −

38

3
nl

"%
16; ð28Þ

β2 ¼
!
2857 −

5033

9
nl þ

325

27
n2l

"%
128 ð29Þ

and [19]

γ0 ¼
3

2
; ð30Þ

γ1 ¼
!
51 −

13

2
nl

"%
12; ð31Þ

γ2 ¼ 27

!
ζ3
8
þ 899

1728

"
þ 45

48
π2

−
nl
4

!
5ζ3 þ

57

6
þ 5

18
π2
"
−
n2l
48

: ð32Þ

Moreover, from Eq. (12) one has

FIG. 6. The quantity ΔMð ~mð1Þ
h Þ ¼ ΔMð ~mcÞ versus the (renor-

malized) light-quark mass m̄l ¼ m̄lð2 GeVÞ for the various
ETMC gauge ensembles. The dashed lines are the results of a
linear fit in both m̄l and a2 at each value of the lattice spacing and
in the continuum limit. The black diamond is the result at the
physical light-quark mass mphys

ud (see Table II) in the continuum
limit.
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- extrapolation imposing the known static limit:

correlations between lattice points 
and bootstrap samplings 

taken into account 

values of the parameters λ andK determined in the previous
section to reach the physical b-quark mass (18), we get for
the hyperfine B-meson mass splitting the result ΔMð ~mbÞ ¼
MB$ −MB ¼ 40.2ð2.1Þ MeV, which is slightly below the
experimental value MB$ −MB ¼ 45.42ð26Þ MeV [3], but
improves the result MB$ −MB ¼ 41.2ð7.4Þ MeV of
Ref. [41], based on the direct investigation of the V to PS
meson mass ratios.
Before closing this section, we stress that throughout this

work we have adopted four quark flavors (nl ¼ 4)
and ΛNf¼4

QCD ¼ 297ð8Þ MeV [3] not only below, but also
above the physical b-quark mass (18). This is done mainly

for consistency with the ETMC gauge ensembles used in
this work and with the analyses of Ref. [27], in which all
the input parameters of Table II have been determined.

VII. DETERMINATION OF THE HQE EXPANSION
PARAMETERS

The chain equation (17), as well as the analogous one in
terms of the ratios (20), can be easily extended beyond the
physical b-quark point using the fitting functions (16) with
ϵ2 ¼ 0 and (36) with Δϵ2 ¼ 0. In the case of the spin-
averaged meson mass one obtains

Mavð ~m
ðnÞ
h Þ

~mðnÞ
h

¼ Mavð ~mcÞ
~mc

Yn

i¼2

ȳMð ~m
ðiÞ
h ; λÞ;

¼ Mavð ~mcÞ
~mc

Yn

i¼2

!
1þ ϵ1

λi−1 ~mc

"
; ð37Þ

where ~mðnÞ
h ¼ λn−1 ~mc, while for the hyperfine meson mass

splitting one gets

~mðnÞ
h

ΔMð ~mðnÞ
h Þ

cGð ~m
ðnÞ
h ; ~mbÞ

¼ ~mc
ΔMð ~mcÞ

cGð ~mc; ~mbÞ
Yn

i¼2

ȳΔMð ~m
ðiÞ
h ; λÞ;

¼ ~mc
ΔMð ~mcÞ

cGð ~mc; ~mbÞ
Yn

i¼2

!
1þ Δϵ1

λi−1 ~mc

"
:

ð38Þ

For values of n > K þ 1, Eqs. (37)–(38) provide V and PS
heavy-meson masses beyond the physical b-quark point.
In the static limit, Eq. (37) implies

FIG. 8. The ratios yΔMð ~m
ð4Þ
h ; λÞ (left panel) and yΔMð ~m

ð8Þ
h ; λÞ (right panel) versus the (renormalized) light-quark mass m̄l ¼

m̄lð2 GeVÞ for the various ETMC gauge ensembles. The solid lines are the results of a linear fit in both m̄l and a2. The black dots
correspond to the values ȳΔMð ~m

ð4Þ
h ; λÞ and ȳΔMð ~m

ð8Þ
h ; λÞ, obtained at the physical light-quark mass mphys

ud (see Table II) in the continuum
limit.

FIG. 9. Lattice data for the ratio ȳΔMð ~mh; λÞ versus the inverse
heavy-quark mass 1= ~mh. The solid line is the result of the HQE-
constrained fit (36) with Δϵ2 ¼ 0, taking into account the
correlation matrix among the lattice points. The vertical dotted
line corresponds to the position of the inverse physical b-quark
mass 1= ~mb.
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- using the chain equation, at the b-quark mass:
		 

										ΔM !m
b

phys( ) = 40.2 2.1( )MeV
PDG: 			M

B*
−MB = 45.42 26( )MeV

values of the parameters λ andK determined in the previous
section to reach the physical b-quark mass (18), we get for
the hyperfine B-meson mass splitting the result ΔMð ~mbÞ ¼
MB$ −MB ¼ 40.2ð2.1Þ MeV, which is slightly below the
experimental value MB$ −MB ¼ 45.42ð26Þ MeV [3], but
improves the result MB$ −MB ¼ 41.2ð7.4Þ MeV of
Ref. [41], based on the direct investigation of the V to PS
meson mass ratios.
Before closing this section, we stress that throughout this

work we have adopted four quark flavors (nl ¼ 4)
and ΛNf¼4

QCD ¼ 297ð8Þ MeV [3] not only below, but also
above the physical b-quark mass (18). This is done mainly

for consistency with the ETMC gauge ensembles used in
this work and with the analyses of Ref. [27], in which all
the input parameters of Table II have been determined.

VII. DETERMINATION OF THE HQE EXPANSION
PARAMETERS

The chain equation (17), as well as the analogous one in
terms of the ratios (20), can be easily extended beyond the
physical b-quark point using the fitting functions (16) with
ϵ2 ¼ 0 and (36) with Δϵ2 ¼ 0. In the case of the spin-
averaged meson mass one obtains

Mavð ~m
ðnÞ
h Þ

~mðnÞ
h

¼ Mavð ~mcÞ
~mc

Yn

i¼2

ȳMð ~m
ðiÞ
h ; λÞ;

¼ Mavð ~mcÞ
~mc

Yn

i¼2

!
1þ ϵ1

λi−1 ~mc

"
; ð37Þ

where ~mðnÞ
h ¼ λn−1 ~mc, while for the hyperfine meson mass

splitting one gets

~mðnÞ
h

ΔMð ~mðnÞ
h Þ

cGð ~m
ðnÞ
h ; ~mbÞ

¼ ~mc
ΔMð ~mcÞ

cGð ~mc; ~mbÞ
Yn

i¼2

ȳΔMð ~m
ðiÞ
h ; λÞ;

¼ ~mc
ΔMð ~mcÞ

cGð ~mc; ~mbÞ
Yn

i¼2

!
1þ Δϵ1

λi−1 ~mc

"
:

ð38Þ
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ð4Þ
h ; λÞ and ȳΔMð ~m
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	Δε2 λ( ) =0

} ~ 2%

discretization effects on ratios of hyperfine 
splittings larger than the corresponding ones 
of the spin-averaged masses, but still under 
good control 		 !mh~2 !mc
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- extension of the chain equation:

		 

!mh
n( )ΔM !mh

n( )( )
cG !mh

n( ) , !mb( )
=
!mcΔM !mc( )
cG !mc , !mb( )

⋅ y
ΔM
!mh
i( ) ,λ( )

i=2

n

∏

		 up	to	n~20				→ 				 !mh~4 !mb

dimension-6 fit

		 
!mhΔM !mh( ) = 23cG !mh , !mb( )µG2 !mb( )+ ρπG

3 + ρA
3 − ρLS

3

3 !mh 		 

µG
2 !mb( ) =0.250 18( )

stat
8( )

syst
GeV 2

ρ
πG
3 + ρA

3 − ρLS
3 = −0.143 57( )

stat
21( )

syst
GeV 3

dimension-7 fit

		 
!mhΔM !mh( ) = 23cG !mh , !mb( )µG2 !mb( )+ ρπG

3 + ρA
3 − ρLS

3

3 !mh

+
Δσ 4

!mh
2

		 

µG
2 !mb( ) =0.254 20( )

stat
9( )

syst
GeV 2

ρ
πG
3 + ρA

3 − ρLS
3 = −0.173 74( )

stat
25( )

syst
GeV 3

Δσ 4 =0.0092 58( )
stat

14( )
syst
GeV 4

Z∞ ≡ lim ~mh→∞
Mavð ~mhÞ

~mh
¼ Mavð ~mcÞ

~mc

Y∞

i¼2

!
1þ ϵ1

λi−1 ~mc

"
:

ð39Þ

The HQE predicts that Z∞ should be equal to unity.
Numerically, we find Z∞ ¼ 1.023% 0.027, which is well
consistent with unity, but introduces a ≈3% uncertainty in
the static limit. In order to implement the exact condition
Z∞ ¼ 1, for each bootstrap event we divide Eq. (37) by the
definition (39), obtaining

Mavð ~m
ðnÞ
h Þ

~mðnÞ
h

¼
Qn

i¼2 ½1þ
ϵ1

λi−1 ~mc
'

Q∞
i¼2 ½1þ

ϵ1
λi−1 ~mc

'
: ð40Þ

We have evaluated Eqs. (40) and (38) for n≲ 20, i.e., for
heavy-quark masses up to ~mh ≃ 4 ~mb. The results are
shown in Figs. 10 and 11. It can be seen that, thanks to
the definition (40), the data for the spin-averaged quantity
Mavð ~mhÞ= ~mh are quite precise: the uncertainties are at the
level of≃1% around the charm mass, of≃0.2% around the
bottom mass, and then vanish in the static limit.
Neglecting the effects of dimension-seven operators, the

HQE expansion of the heavy-meson masses reads [5]

Mavð ~mhÞ
~mh

¼ 1þ Λ̄
~mh

þ μ2π
2 ~m2

h
þ ρ3D −ρ3ππ −ρ3S

4 ~m3
h

; ð41Þ

~mhΔMð ~mhÞ ¼
2

3
cGð ~mh; ~mbÞμ2Gð ~mbÞ þ

ρ3πG þ ρ3A −ρ3LS
3 ~mh

;

ð42Þ

where Λ̄ is the so-called heavy-quark binding energy, μ2π is
the matrix element of the kinetic energy operator, and the
parameters ρ3i (i ¼ D; ππ; S; πG;A; LS) are the matrix
elements of the relevant local and nonlocal operators of
dimension six. From now on it is understood that all the
HQE parameters appearing in Eqs. (41)–(42) are given in
the kinetic scheme at the normalization point μsoft, which is
chosen to be equal to 1 GeV.
Taking into account the correlation matrix between the

lattice data shown in Figs. 10 and 11, the HQE fits (41)
and (42) yield

Λ̄ ¼ 0.551ð13Þstatð2Þsyst GeV ¼ 0.551ð13Þ GeV; ð43Þ

μ2π ¼ 0.314ð14Þstatð2Þsyst GeV2 ¼ 0.314ð15Þ GeV2; ð44Þ

ρ3D −ρ3ππ −ρ3S ¼ 0.174ð12Þstatð2Þsyst GeV3

¼ 0.174ð12Þ GeV3; ð45Þ

and

μ2Gð ~mbÞ ¼ 0.250ð18Þstatð8Þsyst GeV2 ¼ 0.250ð20Þ GeV2;

ð46Þ

ρ3πG þ ρ3A −ρ3LS ¼ −0.143ð57Þstatð21Þsyst GeV3

¼ −0.143ð60Þ GeV3: ð47Þ

The quality of the HQE fits is shown in Figs. 10 and 11 by
the dashed (central values) and solid (1 standard deviation)
lines. We stress the remarkable precision obtained for the
determinations of Λ̄ (≃2.4%), μ2π (≃4.8%), ðρ3D−ρ3ππ−ρ3SÞ
(≃6.9%), and μ2Gð ~mbÞ (≃8.0%), while the quantity
ðρ3πG þ ρ3A −ρ3LSÞ has a larger uncertainty (≃42%).

FIG. 10. Lattice data for the quantity Mavð ~mhÞ= ~mh [Eq. (40)]
versus the inverse heavy-quark mass ~mh . The dashed and solid
lines are the results of the HQE fit (41) in which the correlation
matrix between the lattice data is taken into account. The dashed
line corresponds to the central values of the fits, while the solid
lines represent 1 standard deviation. The vertical dotted lines
correspond to the positions of the inverse physical b-quark and
c-quark masses, 1= ~mb and 1= ~mc.

FIG. 11. Lattice data for the quantity ~mhΔMð ~mhÞ [see Eq. (38)].
The dashed and solid lines are the results of the HQE fit (42), in
which the correlation matrix between the lattice data is taken into
account. The dashed line corresponds to the central values of the fit,
while the solid lines represent 1 standard deviation. The vertical
dotted lines correspond to the positions of the inverse physical
b-quark and c-quark masses, 1= ~mb and 1= ~mc, respectively.
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- in the (so-called) BPS limit [Uraltsev ’04] one has:

two brief comments

		 µπ
2 = µG

2 !mb( ) 				and				ρD3 + ρLS3 =0

		 

µ
π
2 − µG

2 !mb( ) =0.064 19( )GeV 2 																 ~3σ⎡⎣ ⎤⎦

	ρD3 + ρLS3 ≥0.317 65( )GeV 3 																 ~5σ⎡⎣ ⎤⎦

- difference between HQE matrix elements in the B-meson and in the static limit

		 

µ
π
2
B
= µ

π
2 −

ρ
ππ
3 +

1
2ρπG

3

!mb

+O 1
!m
b

2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

µG
2 !mb( )

B
= µG

2 !mb( )+
ρS
3 + ρA

3 +
1
2ρπG

3

!mb

+O 1
!m
b

2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

		
using	our	µ

π
2 =0.325(17)GeV 2 	and	µ

π
2
B
=0.432(68)GeV 2 	from	fits	of	semileptonic	moments : 	ρ

ππ
3 +

1
2ρπG

3 = −0.51 35( )GeV 3

		
ρS
3 + ρA

3 +
1
2ρπG

3 ≥0.51 35( )GeV 3
		ρS

3 + ρA
3 + ρ

πG
3 + ρ

ππ
3 ≥0

		 µG
2 !mb( )

B
≥ µG

2 !mb( )+0.11 8( )GeV 2 =0.25 2( )GeV 2 +0.11 8( )GeV 2 =0.36 8( )GeV 2

		 µG
2 !mb( )

B
=0.35 7( )GeV 2 				 from	B *−B 	splitting( ) ~ 30 % difference between the static limit 

and the B-meson CMO matrix element

		
ρ
ππ
3 +

1
2ρπG

3 =0				 in	the	BPS	limit( )

	=	only	in	the	BPS	limit

		 
!
σ ⋅
!
π B =0⎡

⎣
⎤
⎦
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heavy-light (u/d) mesons

		 

Λ =0.551 13( )
stat

2( )
syst
GeV

µ
π
2 =0.314 14( )

stat
2( )

syst
GeV 2

ρD
3 − ρ

ππ
3 − ρS

3 =0.174 12( )
stat

2( )
syst
GeV 3

µG
2 !mb( ) =0.250 18( )

stat
8( )

syst
GeV 2

ρ
πG
3 + ρA

3 − ρLS
3 = −0.143 57( )

stat
21( )

syst
GeV 3

		 

Λ =0.552 13( )
stat

2( )
syst
GeV

µ
π
2 =0.325 17( )

stat
2( )

syst
GeV 2

ρD
3 − ρ

ππ
3 − ρS

3 =0.133 34( )
stat

6( )
syst
GeV 3

σ 4 =0.0072 55( )
stat

10( )
syst
GeV 4

µG
2 !mb( ) =0.254 20( )

stat
9( )

syst
GeV 2

ρ
πG
3 + ρA

3 − ρLS
3 = −0.173 74( )

stat
25( )

syst
GeV 3

Δσ 4 =0.0092 58( )
stat

14( )
syst
GeV 4

dimension-6 fit

dimension-7 fit

		 

Λ =0.637 15( )
stat

6( )
syst
GeV

µ
π
2 =0.414 19( )

stat
8( )

syst
GeV 2

ρD
3 − ρ

ππ
3 − ρS

3 =0.281 20( )
stat

9( )
syst
GeV 3

µG
2 !mb( ) =0.299 14( )

stat
5( )

syst
GeV 2

ρ
πG
3 + ρA

3 − ρLS
3 = −0.289 46( )

stat
14( )

syst
GeV 3

		 

Λ =0.636 15( )
stat

6( )
syst
GeV

µ
π
2 =0.431 21( )

stat
10( )

syst
GeV 2

ρD
3 − ρ

ππ
3 − ρS

3 =0.204 20( )
stat

18( )
syst
GeV 3

σ 4 =0.0128 30( )
stat

30( )
syst
GeV 4

µG
2 !mb( ) =0.303 15( )

stat
5( )

syst
GeV 2

ρ
πG
3 + ρA

3 − ρLS
3 = −0.359 58( )

stat
14( )

syst
GeV 3

Δσ 4 =0.0272 55( )
stat

11( )
syst
GeV 4

dimension-6 fit

dimension-7 fit

heavy-strange mesons

SU(3) breaking

		

~15%								for	Λ
~25%								for	µ

π
2

~40%								for	ρD3 − ρππ3 − ρS
3

~15%								for	µG2

~50%					for	ρ
πG
3 + ρA

3 − ρLS
3

		 

Mav
!mb
phys⎡

⎣
⎤
⎦ =5.403 12( )GeV

																			
MBs

+3M
Bs
*

4 =5.403 2( )GeV 				 PDG( )

		 

ΔM !mb
phys⎡

⎣
⎤
⎦ = 45.1 1.1( )MeV

																			M
Bs
* −MBs

= 46.1 1.5( )MeV 				 PDG( )
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- conversion to the kinetic scheme at the charm mass

		 

am̂c RI−MOM⎯ →⎯⎯
Zm 1 a( )

a
am̂c( ) MS

⎯ →⎯ mc µ( ) kinetic	scheme⎯ →⎯⎯⎯⎯ !mc µsoft( )

											non-perturbative																												α s
3 																								α s

2bare charm mass
in lattice units

μsoft = 1 GeV

- the kinetic mass should depend only on the Wilsonian cut μsoft

- instead, because of perturbative truncations it has a slight dependence on μ

open issue

		 estimate:	 δ !mc( )
conv

≈40MeV

		 

!mb = 4.605 132( ) 150( )
conv

GeV 				

Λ =0.552 13( ) 22( )
conv

GeV

µ
π
2 =0.321 17( ) 27( )

conv
GeV 2

µG
2 !mb( ) =0.253 21( ) 13( )

conv
GeV 2

ρD
3 − ρ

ππ
3 − ρS

3 =0.153 30( ) 17( )
conv

GeV 3

				ρ
πG
3 + ρA

3 − ρLS
3 = −0.158 71( ) 45( )

conv
GeV 3

averages over dimension-6 
and dimension-7 fits

		*****	removal	of	the	( )
conv
	uncertainty				→ 					conversion	to	the	kinetic	scheme	at	α s

3 	*****

		 
rkin =

!mb

!mc

=3.78 4( ) 2( )
conv

ratio of bottom/charm quark masses
 slightly sensitive to ()conv

		 correlation	ρ !mc , !mb( )≅1
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Minimal Renormalon Subtraction scheme
[TUMQCD Coll.: Brambilla, Komijani, Kronfeld and Vairo: PRD ’18]

* it is based on the subtraction of the leading IR renormalon in a way which is independent of the renormalization point μ

rn grows like n! at large n

		

mpole =m 1+ rn −Rn⎡⎣ ⎤⎦α g
n+1 m( )

n=0

∞

∑
⎛

⎝⎜
⎞

⎠⎟
+δmIR + IMRS m( )

IMRS µ( )= R0
2β0

µ dz
0

1
∫

e−z 2β0α g µ( )

1− z( )1+b

δmIR = − −( )b R0
21+bβ0

Γ −b( )ΛMS

Rn compensates the large-n behavior of rn

finite piece

		
mpole =m 1+ rnα s

n+1 m( )+O α s
N+2( )

n=0

N

∑
⎛

⎝⎜
⎞

⎠⎟

					mMRS =mpole −δmIR 			

it contains the leading IR renormalon and 
it is independent of μ

MRS mass:

		

α g = 	strong	coupling	in	the	geometric	scheme
b= β1 2β02

* the MRS mass keeps the advantages of the pole mass (IR finite, gauge invariant at each order, independent on μ), while 
   avoiding its ambiguity

* the subtraction δmIR is a small correction with respect to mMRS, i.e. δmIR << mMRS preserves the matching of HQET with QCD

* its relation with MS-mass is known up to O(αs4) and the convergence is stable

m
b,MS

(2 GeV) = 4990(17)stat(2)syst(29)↵s(1)f⇡,PDG MeV, (5.10)

again for four active flavors. The relative systematic error is larger for m
c,MS

(2 GeV) than
for m

b,MS
(2 GeV), because much of it comes from additive parts of the two-point correlator

and electromagnetic uncertainties. The largest uncertainty comes from the uncertainty in
↵s in Eq. (4.5), followed by the statistical error (after propagation through the EFT fit).
As one can see from Fig. 4 and Eq. (5.18), below, this uncertainty does not come from
order-by-order changes in perturbative QCD: the ↵s uncertainty is parametric.

The uncertainty stemming from ↵s becomes smaller at higher renormalization points.
For the charmed quark,

m
c,MS

(3 GeV) = 984.3(4.2)stat(1.6)syst(3.2)↵s(0.6)f⇡,PDG MeV, (5.11)

or, adding all errors in quadrature, 984.3(5.6) MeV. Running from one renormalization scale
is carried out with Eq. (3.23) and numerical integration of the di↵erential equation for ↵

MS

with the five-loop beta function. For comparison to the literature (cf. Sec. VI), it is useful
to have mh = m

h,MS
(m

h,MS
); for charm and bottom

mc = 1273(4)stat(1)syst(10)↵s(1)f⇡,PDG MeV, (5.12)

mb = 4203(12)stat(1)syst(8)↵s(1)f⇡,PDG MeV, (5.13)

or, adding all errors in quadrature, mc = 1273(10) MeV and mb = 4203(14) MeV.
The quark masses given above are for four active flavors. The mass of the bottom quark

with five active flavors can be calculated from [75]

m
(nl)

b
(µ) = mb

(nf )

2

41 + 0.2060

 
↵
(nf )
s (µ)

⇡

!2

+ (1.8476 + 0.0247nl)

 
↵
(nf )
s (µ)

⇡

!3

+(6.850 � 1.466nl + 0.05616n2

l
)

 
↵
(nf )
s (µ)

⇡

!4

+ · · ·

3

5 , (5.14)

where nl = nf � 1 and µ = mb
(nf ). Setting nf = 5, we obtain

m
(nf=5)

b
= 4197(12)stat(1)syst(8)↵s(1)f⇡,PDG MeV, (5.15)

or, adding all errors in quadrature, mb = 4197(14) MeV. The five-flavor mass can be run from

m
(nf=5)

b
to higher scales using the five-loop anomalous dimension [57] and beta function [58]

with nf = 5.
Using the above results and Eqs. (1.3a) and (3.24), we obtain the charm and bottom

masses in the MRS scheme:

mc,MRS = 1393(6)stat(9)syst(6)↵s(0)f⇡,PDG MeV, (5.16)

mb,MRS = 4751(13)stat(4)syst(11)↵s(1)f⇡,PDG MeV, (5.17)

or, adding all errors in quadrature, mc,MRS = 1393(13) MeV and mb,MRS = 4751(18) MeV.
Similar to the stability shown in Fig. 4, the ratio mMRS/m is very stable. For ↵s = 0.22 and
three flavors of massless quarks,

mMRS/m = (1.133, 1.131, 1.132, 1.132) (5.18)
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FNAL/MILC/TUMQCD gauge ensembles

- HISQ action for fermions

- tadpole-improved one-loop Symanzik 
  gauge action

- total no. of confs ~ 20 000

- 5 ensembles at the physical pion point

- 6 ensembles used with valence masses
  above the (physical) charm one

TABLE II. Valence-quark masses used in each ensemble. The first two columns identify the en-
semble. The third column gives the lightest valence-quark mass in units of the sea strange-quark
mass. (The full set of light valence-quark masses is listed in the text.) The fourth column shows
the heavy valence-quark masses in units of the sea charm-quark mass. The last column shows the
number of configurations and the number of source time slices used on each.

⇡ a (fm) Key mmin/m
0
s mh/m

0
c Nconf ⇥ Nsrc

0.15 ms/5 0.1 {0.9, 1.0} 1020 ⇥ 4

0.15 ms/10 0.1 {0.9, 1.0} 1000 ⇥ 4

0.15 physical 0.037 {0.9, 1.0} 1000 ⇥ 4

0.12 ms/5 0.1 {0.9, 1.0} 1040 ⇥ 4

0.12 unphysA 0.1 {0.9, 1.0} 1020 ⇥ 4

0.12 small 0.1 {0.9, 1.0} 1020 ⇥ 4

0.12 ms/10 0.1 {0.9, 1.0} 1000 ⇥ 4

0.12 large 0.1 {0.9, 1.0} 1028 ⇥ 4

0.12 unphysB 0.1 {0.9, 1.0} 1020 ⇥ 4

0.12 unphysC 0.1 {0.9, 1.0} 1020 ⇥ 4

0.12 unphysD 0.1 {0.9, 1.0} 1020 ⇥ 4

0.12 unphysE 0.1 {0.9, 1.0} 1020 ⇥ 4

0.12 unphysF 0.1 {0.9, 1.0} 1020 ⇥ 4

0.12 unphysG 0.1 {0.9, 1.0} 1020 ⇥ 4

0.12 physical 0.037 {0.9, 1.0} 999 ⇥ 4

0.09 ms/5 0.1 {0.9, 1.0} 1005 ⇥ 4

0.09 ms/10 0.1 {0.9, 1.0} 999 ⇥ 4

0.09 physical 0.033 {0.9, 1.0, 1.5, 2.0, 2.5, 3.0} 484 ⇥ 4

0.06 ms/5 0.05 {0.9, 1.0} 1016 ⇥ 4

0.06 ms/10 0.05 {0.9, 1.0, 2.0, 3.0, 4.0} 572 ⇥ 4

0.06 physical 0.036 {0.9, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5} 842 ⇥ 6

0.042 ms/5 0.036 {0.9, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5} 1167 ⇥ 6

0.042 physical 0.037 {0.9, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5, 5.0} 420 ⇥ 6

0.03 ms/5 0.2 {0.9, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5, 5.0} 724 ⇥ 4

source time slices. We change the location of the first source time slice from configuration to
configuration, shifting by an amount approximately equal to half the spacing between source
time slices but incommensurate with the lattice size, so that all possible source locations are
used. Table II also shows the number of source time slices used on each ensemble.

B. RHMC and RHMD algorithms

The coarser ensembles were all generated using the rational hybrid Monte Carlo (RHMC)
algorithm [39–48], but some of the finer ensembles were generated with a mixture of the
RHMC and the rational hybrid molecular dynamics (RHMD) [31, 32, 39–47] algorithms.
The two most recently generated ensembles, one with a ⇡ 0.042 fm and physical light-quark
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FIG. 1. A snapshot of the base fit (to data for all light-quark masses) and the lattice data for
heavy-strange meson masses. Only ensembles with physical light sea mass are shown, thereby
leaving out the finest lattice spacing, a ⇡ 0.03 fm. Left: heavy-strange meson mass vs. heavy-
quark MRS mass. Right: di↵erence of the heavy-strange meson mass and the heavy-quark MRS
mass vs. heavy-quark MRS mass. The dashed vertical lines indicate the cut amh = 0.9 for each
lattice spacing. Data points with open symbols to the right of the dashed vertical lines are omitted
from the fit. Here mh,MRS is the continuum limit of the MRS mass of the heavy quark h. The
error bar for mh,MRS is suppressed for clarity.

afp4s,opt and amp4s,opt, to represent optimized values for the p4s quantities under the influence
of the heavy-light data. We then employ the so-called penalty trick [72] to take into account
the uncertainties in afp4s and amp4s. Thus, we add

��
2 =

X⇥
afp4s � afp4s,opt amp4s � amp4s,opt

⇤
(⌃p4s)

�1


afp4s � afp4s,opt

amp4s � amp4s,opt

�
(4.6)

to our �
2 function, where the sum is over all lattice spacings. Because data at 5 di↵erent

lattice spacings enter the base fit, 10 additional parameters are required. The optimized
values for the scale setting quantities are then obtained simultaneously in the EFT fit.
Given the size of errors in our data, the bias discussed in Ref. [72] is negligible.

Altogether we have 384 lattice data points and 77 parameters in our base fit: 67 pa-
rameters in the EFT fit function and 10 parameters for optimized values of scale-setting
quantities. The fit returns a correlated �

2

data
/dof = 312/307, giving a p value of p = 0.3.

Figures 1 and 2 illustrate the base fit at the four (five) lattice spacings for the physical mass
(0.2m0

s
) ensembles and in the continuum limit. The valence light mass mx is tuned to ms:

the graphs illustrate a snapshot for heavy-strange meson masses. We plot the heavy-strange
meson mass or the di↵erence of the meson mass and the h̄-antiquark MRS mass versus the
continuum limit of the h-quark MRS mass (in Fig. 1) or its reciprocal (in Fig. 2). Data
points with open symbols to the right (left) of the dashed vertical line of the corresponding
color in Fig. 1 (Fig. 2) are omitted from the fit because they have amh > 0.9. In the contin-
uum extrapolation the masses of sea quarks are set to the physical (correctly tuned) quark
masses ml, ms and mc, while at nonzero lattice spacing the masses of the sea quarks take
their simulation values.

The width of the fit lines in Figs. 1 and 2 show the statistical error coming from the fit,
which is only part of the total statistical error, since it does not include the statistical errors
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- 3 values of the lattice spacing up to mh ~ 1.7 mc
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* it is highly desirable to perform the continuum extrapolation 
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   3 values of the lattice spacing
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- a total of 67 fitting parameters with priors
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heavy-strange mesons
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CONCLUSIONS

* lattice determinations of charm and bottom quark masses have reached an impressive level of accuracy
   ( ~ 0.5 - 1 %)

* the treatment of discretization effects is however a delicate point at the b-quark mass 

* the role of a working group like FLAG is crucial for assuring the quality of the lattice results for both
   the lattice and the flavor-physics communities

* besides heavy-quark masses other hadronic quantities, which are relevant in the HQE of the inclusive 
   decay rates of heavy hadrons, are now determined with good accuracy by lattice QCD simulations

* using precise lattice data for the PS and V heavy-meson masses the matrix elements of operators of 
   dimension-4, Λ, dimension-5, μπ2 and μG2, and estimates for dimension-6, ρ3, have been determined
   using ETMC or MILC gauge ensembles with Nf = 2+1+1 dynamical quarks in different renormalon 
   subtraction schemes
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µ
π
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