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         as a stringent test of the SMaµ

• HVP leading order: largest uncertainty! (around 50% of total th. error) 

• Lattice QCD provides a way to compute this contribution in a model-independent way
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Status of (g − 2)µ, experiment vs SM
aµ

[
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∆aµ
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]

experiment 116 592089. 63.

QED O(α) 116140973.21 0.03
QED O(α2) 413217.63 0.01
QED O(α3) 30141.90 0.00
QED O(α4) 381.01 0.02
QED O(α5) 5.09 0.01
QED total 116 584718.95 0.04

electroweak, total 153.6 1.0
HVP (LO) [Hagiwara et al. 11] 6 949. 43.
HVP (NLO) [Hagiwara et al. 11] −98. 1.
HLbL [Jegerlehner-Nyffeler 09] 116. 40.

HVP (NNLO) [Kurz, Liu, Marquard, Steinhauser 14] 12.4 0.1
HLbL (NLO) [GC, Hoferichter, Nyffeler, Passera, Stoffer 14] 3. 2.

theory 116 591855. 59.

aµ = (g � 2)µ/2
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µ � aSM

µ ⇠ 3 �
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QED total 116 584 718.85 0.04

electroweak 153.2 1.8

had. VP (LO) 6923. 42.
had. VP (NLO) –98. 1.

had. LbL 116. 40.

total 116 591 813. 58.
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B. Kubis, Theπ0 and η Transition Form Factors and the Anomalous Magnetic Moment of the Muon – p. 5

• Current TH estimate affected by 
➡ the experimental uncertainties; 
➡ perturbation theory/models 

• Lattice QCD estimate —> for a final cross-
check of the SM result and to keep up with 
the planned experimental improvements
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Activity on muon g-2 in the lattice community 

• HVP from the lattice: 

➡ [T. Blum Phys.Rev.Lett. 91 (2003) 052001] 

➡ RBC/UKQCD, Mainz U.[CLS], FNAL/HPQCD/MILC, BMW, 
ABGP, Regensburg U. PACS-CS … [g-2 WS@KEK, 12-14 
Feb. 2018] 

• HLbL from the lattice 

➡ RBC [arXiv:1610.04603, arXiv:1705.01067], Mainz U. [arXiv:
1712.00421,arXiv:1801.04238]. 

• HVP from the lattice+experiment (R-ratio data): 

➡ Bernecker&Meyer [arXiv:1107.4388 ] 

➡ ETM, MILC, RBC/UKQCD …  

• HVP from the lattice+experiment (space-like data) 

➡ MUonE [see Massimo’s talk for intro… ]
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1.Generate ensembles of field configurations using Monte Carlo 

2.Average over a set of configurations:  
➡ Compute correlation function of fields, extract Euclidean matrix elements or amplitude 
➡ Computational cost dominated by quarks: inverses of large, sparse matrix 

3.Extrapolate to continuum, infinite volume, physical quark masses, isospin breaking corrections

Non - perturbative computation of 

Quarks

a {
Gluon

aµ

• Recipe for lattice QCD computation :

HVP
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The leading hadronic contribution - HVP

Vacuum polarisation inserted in 
 the photon propagator 
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Figure 2: Resulting parametrisation after matching parametrisation R
1,1

using a �2 fit.

This curve is typical of the parametrisations generated using the various analytical expres-

sions and matching methods described in this paper. We find that these results typically

pass within negligible distance of the lattice data point central values.

When performing the moments method we use a representation of the HVP that is a254

function of Q̂2. However, within the moments method, derivatives are taken with respect255

to the Fourier momentum Q
0

and not Q̂
0

. We observed a marked reduction in the cut-o↵256

dependence of a(2)had,s
µ

in response to this change in momentum definitions. Within the257

determination of the ansatz parameters, the low-Q2 cut is not used as an input for this258

technique, so the resulting parameters do not depend on the low cut used in the hybrid259

method [17].260

Figure 2 shows a typical parametrisation resulting from the techniques and parametri-261

sations described above. The HVP data in these plots is computed on the 48I ensemble262

using the unitary strange quark masses. We find that both matching techniques produce263

parametrisations that di↵er negligibly from the lattice ⇧(Q2) data for Q2  Q2

low

.264

3.1.3 Integrating the low- and mid-Q2 regions265

The numerical evaluation of (2.1) is problematic, as the integrand is highly peaked near266

Q2 = 0. To overcome this di�culty we perform a change of variables267

t =
1

1 + log
Q

2
high

Q

2

, (3.7)

which allows us to rewrite the low- and mid-Q2 portions of the integral as268

Z
Q

2
high

0

dQ2f(Q2)⇧̂(Q2) !
Z

1

0

dt
Q2

t2
f(Q2)⇧̂(Q2). (3.8)

An example of the resulting integrand is given in figure 3. In this case an R
11

parametrisa-269

tion was used and the matching was performed using discrete moments with a low-Q2 cut270

– 10 –
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The leading hadronic contribution - HVP

Vacuum polarisation inserted in 
 the photon propagator 

The status of                    : BNL E821 experiment vs SM predictionIntro HLbL: gauge & crossing HLbL dispersive Conclusions Status of (g − 2)µ Approaches to HLbL

Status of (g − 2)µ, experiment vs SM
aµ

[

10−11
]

∆aµ
[

10−11
]

experiment 116 592089. 63.

QED O(α) 116140973.21 0.03
QED O(α2) 413217.63 0.01
QED O(α3) 30141.90 0.00
QED O(α4) 381.01 0.02
QED O(α5) 5.09 0.01
QED total 116 584718.95 0.04

electroweak, total 153.6 1.0
HVP (LO) [Hagiwara et al. 11] 6 949. 43.
HVP (NLO) [Hagiwara et al. 11] −98. 1.
HLbL [Jegerlehner-Nyffeler 09] 116. 40.

HVP (NNLO) [Kurz, Liu, Marquard, Steinhauser 14] 12.4 0.1
HLbL (NLO) [GC, Hoferichter, Nyffeler, Passera, Stoffer 14] 3. 2.

theory 116 591855. 59.

aµ = (g � 2)µ/2

aexp

µ � aSM

µ ⇠ 3 �

The Standard Model prediction for aµ

aµ [10−11] ∆aµ [10−11]

experiment 116 592 089. 63.

QED O(α) 116 140 973.21 0.03
QED O(α2) 413 217.63 0.01
QED O(α3) 30 141.90 0.00
QED O(α4) 381.01 0.02
QED O(α5) 5.09 0.01
QED total 116 584 718.85 0.04

electroweak 153.2 1.8

had. VP (LO) 6923. 42.
had. VP (NLO) –98. 1.

had. LbL 116. 40.

total 116 591 813. 58.

µ µ

hadrons

B. Kubis, Theπ0 and η Transition Form Factors and the Anomalous Magnetic Moment of the Muon – p. 5

aHV P
µ =

⇣↵
⇡

⌘2
Z 1

0
dQ2f(Q2)⇥ ⇧̂(Q2)

f(Q2) = m2
µQ

2Z3(Q2)
1�Q2Z(Q2)

1 +m2
µQ

2Z2(Q2)

Z(Q2) =

q
Q4 + 4m2

µQ
2 �Q2

2m2
µQ

2

Figure 2: Resulting parametrisation after matching parametrisation R
1,1

using a �2 fit.

This curve is typical of the parametrisations generated using the various analytical expres-

sions and matching methods described in this paper. We find that these results typically

pass within negligible distance of the lattice data point central values.

When performing the moments method we use a representation of the HVP that is a254

function of Q̂2. However, within the moments method, derivatives are taken with respect255

to the Fourier momentum Q
0

and not Q̂
0

. We observed a marked reduction in the cut-o↵256

dependence of a(2)had,s
µ

in response to this change in momentum definitions. Within the257

determination of the ansatz parameters, the low-Q2 cut is not used as an input for this258

technique, so the resulting parameters do not depend on the low cut used in the hybrid259

method [17].260

Figure 2 shows a typical parametrisation resulting from the techniques and parametri-261

sations described above. The HVP data in these plots is computed on the 48I ensemble262

using the unitary strange quark masses. We find that both matching techniques produce263

parametrisations that di↵er negligibly from the lattice ⇧(Q2) data for Q2  Q2

low

.264

3.1.3 Integrating the low- and mid-Q2 regions265

The numerical evaluation of (2.1) is problematic, as the integrand is highly peaked near266

Q2 = 0. To overcome this di�culty we perform a change of variables267

t =
1

1 + log
Q

2
high

Q

2

, (3.7)

which allows us to rewrite the low- and mid-Q2 portions of the integral as268

Z
Q

2
high

0

dQ2f(Q2)⇧̂(Q2) !
Z

1

0

dt
Q2

t2
f(Q2)⇧̂(Q2). (3.8)

An example of the resulting integrand is given in figure 3. In this case an R
11

parametrisa-269

tion was used and the matching was performed using discrete moments with a low-Q2 cut270

– 10 –

Figure 3: Low- and mid-Q2 integrand arising from the change of variables specified in

Equation (3.7). The parametrisation is achieved using discrete moments to constrain R
1,1

.

The red lattice data points are computed using unitary strange data on the 48I ensem-

ble. Note that, despite the legend, the blue curve has not actually been fitted directly

to the lattice data points. Rather, the HVP parametrisation has been constrained before

multiplying it with the integration kernel in eqn. (2.2).

of 0.7 GeV2. This figure highlights the peak in the low-Q2 region, which can significantly271

a↵ect the final value of a(2)had,s
µ

if it is poorly constrained.272

3.2 Sine cardinal interpolation273

One alternative to the hybrid method is computing the HVP directly at an arbitrary274

momentum by performing the Fourier transform in equation (2.7) at said momentum [37].275

Whereas before we used Q
0

= 2⇡

T

n
0

with n
0

2 Z, �T/2  n
0

< T/2, we now let n
0

lie276

anywhere on the real half-closed interval [�T/2, T/2). This allows for the computation of277

a(2)had,s
µ

without using a parametrisation of the HVP. Because of its connection to sampling278

theory [38], we call this technique sine cardinal interpolation (SCI). This interpolation of279

the discrete value of the HVP tensor in the calculation of a(2)had,s
µ

is a source of finite-time280

e↵ects, which can be shown to decay exponentially with m
⇡

T [38].281

Using this technique, we compute the HVP at arbitrary momenta up to Q2

high

, after282

which the perturbative result is used. To compute a(2)had,s
µ

from (2.1), the integration up283

to Q2

high

is performed in a similar way to what is described in section 3.1.3.284

3.3 Physical mass and continuum extrapolations285

We extrapolate to both the continuum limit and the physical strange quark mass using the286

values of a(2)had,s
µ

computed on the two aforementioned ensembles and the two partially287

– 11 –

strange quark HVP, RBC-UKQCD ‘16

JHEP 1604 (2016) 063 [T.Blum, P.A.Boyle, L. Del Debbio, R.J. 
Hudspith,T. Izubuchi,  A.Juettner, C.Lehner, R. Lewis, K. 
Maltman, M.K.M., A. Portelli, M.Spraggs]



The leading hadronic contribution - HVP

Vacuum polarisation inserted in 
 the photon propagator 
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light quark HVP, RBC-UKQCD ‘12
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a precise result for this quantity, and this must be combined with the use of twisted
boundary conditions [14] in order to access data at lower values of the lattice momentum.
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Phys. Rev. D85 (2012) [P.A.Boyle, L. Del Debbio, 
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Summary by C. Lehner @ KEK g-2 WS 2018

[HPQCD: arXiv:1601.03071,
Mainz: arXiv:1705.01775,
BMW: arXiv:1711.04980,
RBC/UKQCD: arXiv:1801.07224]

2%
8%

90%

light: u/d strange charm

Summary: HVP from the lattice/R-ratios

1.Generate ensembles of field configurations using Monte Carlo 

2.Average over a set of configurations:  
➡ Compute correlation function of fields, extract Euclidean matrix elements or amplitude 
➡ Computational cost dominated by quarks: inverses of large, sparse matrix 

3.Extrapolate to continuum, infinite volume, physical quark masses (now directly accessible) 

No new physics
KNT 2018

Jegerlehner 2017
DHMZ 2017
DHMZ 2012

HLMNT 2011
RBC/UKQCD 2018
RBC/UKQCD 2018

BMW 2017
Mainz 2017

HPQCD 2016
ETMC 2013

610 630 650 670 690 710 730 750
aµ × 1010

We need to improve the precision of our pure lattice result so that it can distinguish
the “no new physics” results from the cluster of precise R-ratio results.

19 / 25



Highlights from KEK Feb. 2018: g-2 WS

2nd Workshop of the Muon g-2 Theory Initiative [previous: June 2017 @Fermilab]



Pion mass and lattice spacing dependence
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Highlights from KEK Feb. 2018: g-2 WS

RBC-UKQCD [C.Lehner@KEK ‘18]Fermilab/HPQCD/MILC [R.Van de Water@KEK ‘18]

Mainz/CLS [G.von Hippel@KEK ’18]

…
AND MANY MORE

R. Van de Water HVP contribution to muon g-2 with (2+1+1) HISQ quarks

Shown for isospin-limit quantity ➡ include QED & isospin-breaking errors only 
in total LO HVP contribution

Error budget for aμud,conn.

19

aud,HVP
µ (%)

HPQCD + RV Fermilab-HPQCD-MILC
1601.03071 Preliminary

Statistics + 2pt fit 0.4 0.3
Finite-volume & discretization corrections 0.7 0.2
⇡⇡ states (t > t⇤) 0.5 0.2
Continuum (a ! 0) extrapolation 0.2 0.1
Current renormalization (ZV ) 0.2 0.1
Chiral (ml) extrapolation/interpolation 0.4 0.1
Pion mass (M⇡,5) uncertainty – 0.1
Sea (ms) adjustment 0.2 0.1
Experimental M⇢ – 0.1
Lattice-spacing (a�1) uncertainty <0.05 0.04
Padé approximants 0.4 0.0
Fit total 1.16% 0.52%
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1.4% -> 0.52%

 ≈2% -> 0.4%

 ≈7% ->  ≈1%

 2.7%

Comparison
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BMWc + FV + IB
BMWc + FV
BMWc (L=6fm)
RBC/UKQCD 18
HPQCD 16
ETM 14

Jegerlehner 17
DHMZ 17
KNT 18

RBC/UKQCD 18

No new physics

aµ
LO-HVP . 1010

LQCD (Nf≥2+1)
Pheno.

Pheno+LQCD

“No New Physics” scenario: = (720 ± 7)⇥ 10�10

BMWc ’17 consistent w/ “No new physics” scenario & pheno.

Total uncertainty of 2.7% is ⇠ 6⇥ pheno. error

BMWc ’17 is larger than other Nf = 2 + 1 + 1 results
! difference w/ HPQCD ’16 is ⇠ 1.9�

Laurent Lellouch KEK, 12-14 February 2018

BMW [L. Lellouch@KEK ‘18]
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• Five complete computations of              (u/d+s+c)  

➡ ETM ’15: [JHEP 1511(2015) 215, arXiv:1505.03283] 
➡ HPQCD: ~1.8% precision for (u/d+s+c+b)

 [arXiv:1601.03071]
➡ recent Mainz: [arXiv:1705.01775] 
➡ recent BMW: [arXiv:1711.04980] 
➡ recent RBC: [arXiv:1801.07224]

• Understanding the systematics is extremely important 

• Main issues

1.deterioration of signal at Q2 —> 0 

2.disconnected diagrams 

3.isospin breaking effects 

4.scale setting error … [arXiv:1705.01775]
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Time-Momentum Representation (TMR)

• Subtraction prescription, integral representation [Bernecker & Meyer,Eur Phys J A47 (2011) 148]

• Spatially summed vector correlator:  

• Understanding the large-time behaviour of G(t)

• Applied in recent works by Mainz, RBC/UKQCD, ETM, Fermilab/HPQCD/MILC, BMW… 

⇧(Q2)�⇧(0) =
1

Q2

Z 1

0
dtG(t)[Q2t2 � 4 sin2(

1

2
Qt)]

G(t) = �a

3

3

X

~x

hJem

µ

(~x, t)Jem

⌫

(~0, 0)i

G(t) =

(
Gdata, t < t⇤

Gfit, t > t⇤

HVP:	Results	from	Mainz/CLSHartmut	Wittig

Preliminary	results	for	Nf	=	2	+	1
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Dominant sources of errors

Individual contributions for the pure lattice results compared to literature

Supplementary Information – S4

RBC/UKQCD 2018
BMW 2017
Mainz 2017

HPQCD 2016
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Mainz 2017
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ETMC 2017
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HPQCD 2016
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aµ, c, conn, isospin × 1010
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-15 -10 -5 0 5 10 15
aµ, QED, conn × 1010

RBC/UKQCD 2018
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aµ, QED, disc × 1010

FIG. 10. A comparison of our results with previously published results. The references in order of appearance are HPQCD
2016 [42], Mainz 2017 [43], BMW 2017 [39], ETMC 2017 [45], RBC/UKQCD 2015 [29], and FNAL/HPQCD/MILC 2017 [46].
The innermost error-bar corresponds to the statistical uncertainty.

Comparison of individual contributions: In
Fig. 10, we compare our results for individual con-
tributions to aHVP LO

µ obtained from a pure lattice
QCD+QED calculation to previously published results.
We find good agreement between the di�erent lattice
computations for all results apart from the up and down
quark connected contribution in the isospin limit. Fur-
ther scrutiny of the tension between the HPQCD 2016
and the BMW 2017 and our RBC/UKQCD 2018 results
is desired and will be part of future work. As an addi-
tional check we have computed the small QED correction
to the strange quark-connected contribution. We find
as, QED, conn

µ = �0.0149(9)S(8)C(30)V ⇥10�10 with error
estimates described in the main text. Our result agrees
well with as, QED, conn

µ = �0.018(11)⇥10�10 of Ref. [45].

Bounding method: As discussed in the main text,
we use a bounding method [37] for the light-quark con-
nected contribution in the isospin symmetric limit. In the
following we give more details for our method and con-
trast it with the similar method used in Ref. [38]. Both
our method and the method of Ref. [38] build on ideas
of Ref. [47].

The correlator C(t) can be written as

C(t) =
NX

n=0

cne�Ent (S 1)

with real positive energy levels En and the constraint
that all cn � 0. The correlator

C̃(t; T, Ẽ) =

(
C(t) t < T ,

C(T )e�(t�T )Ẽ t � T
(S 2)

then defines a strict upper or lower bound of C(t) for
each t for an appropriate choice of Ẽ. For the upper
bound, we proceed as Ref. [38] and use the finite-volume
ground-state energy E0 to define

Cupper(t) = C̃(t; T, E0) . (S 3)

For the lower bound, we use the logarithmic e�ective
mass

E�
T = log(C(T )/C(T + 1)) (S 4)

and define

Clower(t) = C̃(t; T, E�
T ) (S 5)

in contrast to the choice Ẽ ! � of Ref. [38]. It is
straightforward to show that

Clower(t) � C(t) � Cupper(t) (S 6)

for all t. This bound is more restrictive compared to
the choice of Ẽ ! �. Since the e�ective mass E�

T may
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• Five complete computations of              (u/d+s+c)  

➡ ETM ’15: [JHEP 1511(2015) 215, arXiv:1505.03283] 
➡ HPQCD: ~1.8% precision for (u/d+s+c+b)

 [arXiv:1601.03071]
➡ recent Mainz: [arXiv:1705.01775] 
➡ recent BMW: [arXiv:1711.04980] 
➡ recent RBC: [arXiv:1801.07224]

• Understanding the systematics is extremely important 

• Main issues

1.deterioration of signal at Q2 —> 0 

2.disconnected diagrams 

3.isospin breaking effects 

4.scale setting error … [arXiv:1705.01775]

aHVP
µ

Hadronic vacuum polarisation

Connected and disconnected contribution to the HVP
The leading disconnected contribution to the anomalous magnetic moment of the muon Vera Gülpers

Figure 1: The connected and the disconnected contribution to the hadronic vacuum polarization.

1. Introduction

The anomalous magnetic moment of the muon aµ is one of the most precisely measured quan-
tities in particle physics. A deviation of ⇡ 3� between the experimental and the theoretical value
has persisted for many years. From the theory side, the largest fraction of the error comes from the
hadronic vacuum contribution (hvp), which is the leading order QCD contribution to aµ . Currently,
the best estimate of the hvp relies on a semi-phenomenological approach using the cross section
of e+ e� � hadrons. In the past few years, a lot of effort has been undertaken to calculate the hvp
from first principles using lattice techniques [1, 2, 3, 4]. However, the quark-disconnected contri-
bution to the hvp is generally neglected. This may be a significant source of systematic error, since
in partially quenched chiral perturbation theory, it was estimated that the disconnected contribution
could be as large as �10% of the connected one [5].

We explicitly compute the disconnected contribution to the hvp with O(a)-improved Wilson
fermions using the mixed-representation method [6, 7], where the hadronic vacuum polarization is
calculated using the vector correlator

G��(x0) = �1
3

�
d3x

�
j�
k(x) j�

k(0)
�

with j�
k =

2
3

u�ku� 1
3
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as follows:

�̂(Q2) = 4�2
��

0

dx0 G��(x0)

�
x2

0 � 4
Q2 sin2

�
1
2

Qx0

��
. (1.2)

The vector correlator G��(x0) receives a connected and a disconnected contribution as shown in
figure 1. We calculate the required disconnected quark loops using stochastic sources and a hopping
parameter expansion as described in [8].

2. Results for the vector correlator

In the following we will concentrate on the vector correlator for light and strange quarks
combined. The corresponding electromagnetic current

j�s
µ = j�µ + js

µ =
1
2

(u�µu�d�µd)
� �� �

I=1, j�
µ

+
1
6

(u�µu+d�µd �2s�µs)
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I=0

(2.1)

can be split into an isovector part corresponding to the �-current and an isoscalar part. Performing
the Wick contractions one finds for the light and strange vector current

G�s(t) =
5
9

G�
con(t)+

1
9

Gs
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1
9

G�s
disc(t) with G�
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Disconnected:

Computationaly very demanding

ChPT estimate / 10% [Della Morte, Juettner ’10 ]

Direct estimates from the lattice in progress [Guelpers et al. ’14 ]
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The anomalous magnetic moment of the muon aµ is one of the most precisely measured quan-
tities in particle physics. A deviation of ⇡ 3� between the experimental and the theoretical value
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The vector correlator G��(x0) receives a connected and a disconnected contribution as shown in
figure 1. We calculate the required disconnected quark loops using stochastic sources and a hopping
parameter expansion as described in [8].
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•  In addition to this, upper bounds:  

➡ Mainz group ’14-’17: 

➡ HPQCD&TCD ’15: 

➡ Bali & Endrodi ’15:

⇧disc

⇧conn.

= �(3.6± 4.5)⇥ 10�4 at Q2 = 0.03GeV2

aHV P
µ disc.

aHV P,light
µ conn.

= �0.14(5)%

aHV P
µ disc.

aHV P,light
µ conn.

< 1%



Dominant sources of errors
• Five complete computations of              (u/d+s+c)  

➡ ETM ’15: [JHEP 1511(2015) 215, arXiv:1505.03283] 
➡ HPQCD: ~1.8% precision for (u/d+s+c+b)

 [arXiv:1601.03071]
➡ recent Mainz: [arXiv:1705.01775] 
➡ recent BMW: [arXiv:1711.04980] 
➡ recent RBC: [arXiv:1801.07224]

• Understanding the systematics is extremely important 

• Main issues

1.deterioration of signal at Q2 —> 0 

2.disconnected diagrams 

3.isospin breaking effects 

4.scale setting error … [arXiv:1705.01775]

aHVP
µ

Comparison

 640  660  680  700  720  740

BMWc + FV + IB
BMWc + FV
BMWc (L=6fm)
RBC/UKQCD 18
HPQCD 16
ETM 14

Jegerlehner 17
DHMZ 17
KNT 18

RBC/UKQCD 18

No new physics

aµ
LO-HVP . 1010

LQCD (Nf≥2+1)
Pheno.

Pheno+LQCD

“No New Physics” scenario: = (720 ± 7)⇥ 10�10

BMWc ’17 consistent w/ “No new physics” scenario & pheno.

Total uncertainty of 2.7% is ⇠ 6⇥ pheno. error

BMWc ’17 is larger than other Nf = 2 + 1 + 1 results
! difference w/ HPQCD ’16 is ⇠ 1.9�

Laurent Lellouch KEK, 12-14 February 2018

Summary by L.Lellouch@ KEK g-2 WS 2018



• Five complete computations of              (u/d+s+c)  

➡ ETM ’15: [JHEP 1511(2015) 215, arXiv:1505.03283] 
➡ HPQCD: ~1.8% precision for (u/d+s+c+b)

 [arXiv:1601.03071]
➡ recent Mainz: [arXiv:1705.01775] 
➡ recent BMW: [arXiv:1711.04980] 
➡ recent RBC: [arXiv:1801.07224]

• Understanding the systematics is extremely important 

• Main issues

1.deterioration of signal at Q2 —> 0 

2.disconnected diagrams 
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4.scale setting error … [arXiv:1705.01775]

Dominant sources of errors

• Two ways of treating isospin breaking effects : 

➡ treating QED perturbatively 

➡ simulating QED+QCD 
[work in progress for  the HVP (CERN, Mainz, FNAL/MILC, Odense, RBC/
UKQCD,R123…)]

so far: mu=md and αem=0 
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“No New Physics” scenario: = (720 ± 7)⇥ 10�10

BMWc ’17 consistent w/ “No new physics” scenario & pheno.

Total uncertainty of 2.7% is ⇠ 6⇥ pheno. error

BMWc ’17 is larger than other Nf = 2 + 1 + 1 results
! difference w/ HPQCD ’16 is ⇠ 1.9�
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Summary by L.Lellouch@ KEK g-2 WS 2018
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Dominant sources of errors

No new physics
KNT 2018

Jegerlehner 2017
DHMZ 2017
DHMZ 2012

HLMNT 2011
RBC/UKQCD 2018
RBC/UKQCD 2018

BMW 2017
Mainz 2017

HPQCD 2016
ETMC 2013

610 630 650 670 690 710 730 750
aµ × 1010

We need to improve the precision of our pure lattice result so that it can distinguish
the “no new physics” results from the cluster of precise R-ratio results.
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Dominant sources of errors

aHVP
µ

Mainz/CLS [H.Wittig@Lat17]

HVP:	Results	from	Mainz/CLSHartmut	Wittig

Scale	se%ng	error
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We need to improve the precision of our pure lattice result so that it can distinguish
the “no new physics” results from the cluster of precise R-ratio results.
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• Five complete computations of              (u/d+s+c)  

➡ ETM ’15: [JHEP 1511(2015) 215, arXiv:1505.03283] 
➡ HPQCD: ~1.8% precision for (u/d+s+c+b)

 [arXiv:1601.03071]
➡ recent Mainz: [arXiv:1705.01775] 
➡ recent BMW: [arXiv:1711.04980] 
➡ recent RBC: [arXiv:1801.07224]

• Understanding the systematics is extremely important 

• Main issues

1.deterioration of signal at Q2 —> 0 

2.disconnected diagrams 

3.isospin breaking effects 

4.scale setting error … 

aHVP
µ



Combining R-ratio data + lattice QCD
Lattice data agrees quite well with the R-ratio data
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e+e- data, from alphaQED fortran package by F. Jegerlehner 
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Combining R-ratio data + lattice QCD
Lattice data agrees quite well with the R-ratio data
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[Plot: C.Lehner @ LATTICE 2017]

Window method with fixed t0 = 0.4 fm

4

a ud, conn, isospin
µ 202.9(1.4)S(0.2)C(0.1)V(0.2)A(0.2)Z 649.7(14.2)S(2.8)C(3.7)V(1.5)A(0.4)Z(0.1)E48(0.1)E64

a s, conn, isospin
µ 27.0(0.2)S(0.0)C(0.1)A(0.0)Z 53.2(0.4)S(0.0)C(0.3)A(0.0)Z

a c, conn, isospin
µ 3.0(0.0)S(0.1)C(0.0)Z(0.0)M 14.3(0.0)S(0.7)C(0.1)Z(0.0)M

a uds, disc, isospin
µ �1.0(0.1)S(0.0)C(0.0)V(0.0)A(0.0)Z �11.2(3.3)S(0.4)V(2.3)L

a QED, conn
µ 0.2(0.2)S(0.0)C(0.0)V(0.0)A(0.0)Z(0.0)E 5.9(5.7)S(0.3)C(1.2)V(0.0)A(0.0)Z(1.1)E

a QED, disc
µ �0.2(0.1)S(0.0)C(0.0)V(0.0)A(0.0)Z(0.0)E �6.9(2.1)S(0.4)C(1.4)V(0.0)A(0.0)Z(1.3)E

a SIB
µ 0.1(0.2)S(0.0)C(0.2)V(0.0)A(0.0)Z(0.0)E48 10.6(4.3)S(0.6)C(6.6)V(0.1)A(0.0)Z(1.3)E48

a udsc, isospin
µ 231.9(1.4)S(0.2)C(0.1)V(0.3)A(0.2)Z(0.0)M 705.9(14.6)S(2.9)C(3.7)V(1.8)A(0.4)Z(2.3)L(0.1)E48

(0.1)E64(0.0)M
a QED, SIB

µ 0.1(0.3)S(0.0)C(0.2)V(0.0)A(0.0)Z(0.0)E(0.0)E48 9.5(7.4)S(0.7)C(6.9)V(0.1)A(0.0)Z(1.7)E(1.3)E48

a R�ratio
µ 460.4(0.7)RST(2.1)RSY

aµ 692.5(1.4)S(0.2)C(0.2)V(0.3)A(0.2)Z(0.0)E(0.0)E48 715.4(16.3)S(3.0)C(7.8)V(1.9)A(0.4)Z(1.7)E(2.3)L
(0.0)b(0.1)c(0.0)S(0.0)Q(0.0)M(0.7)RST(2.1)RSY (1.5)E48(0.1)E64(0.3)b(0.2)c(1.1)S(0.3)Q(0.0)M

TABLE I. Individual and summed contributions to aµ multiplied by 1010. The left column lists results for the window method
with t0 = 0.4 fm and t1 = 1 fm. The right column shows results for the pure first-principles lattice calculation. The respective
uncertainties are defined in the main text.

We furthermore propagate uncertainties of the lattice
spacing (A) and the renormalization factors ZV (Z). For
the quark-disconnected contribution we adopt the addi-
tional long-distance error discussed in Ref. [29] (L) and
for the charm contribution we propagate uncertainties
from the global fit procedure [22] (M). Systematic errors
of the R-ratio computation are taken from Ref. [1] and
quoted as (RSY). The neglected bottom quark (b) and
charm sea quark (c) contributions as well as e�ects of
neglected QED (Q) and SIB (S) diagrams are estimated
as described in the previous section.

For the QED and SIB corrections, we assume domi-

nance of the low-lying ⇡⇡ and ⇡� states and fit C(1)
QED(t)

as well as C(1)
�mf

(t) to (c1 + c0t)e�Et, where we vary c0

and c1 for fixed energy E. The resulting p-values are
larger than 0.2 for all cases and we use this functional
form to compute the respective contribution to aµ. For
the QED correction, we vary the energy E between the
lowest ⇡⇡ and ⇡� energies and quote the di�erence as ad-
ditional uncertainty (E). For the SIB correction, we take
E to be the ⇡⇡ ground-state energy.

For the light quark contribution of our pure lattice re-
sult we use a bounding method [37] similar to Ref. [38]
and find that upper and lower bounds meet within errors
at t = 3.0 fm. We vary the ground-state energy that en-
ters this method [39] between the free-field and interact-
ing value [40]. For the 48I ensemble we find Efree

0 = 527.3
MeV, E0 = 517.4 MeV + O(1/L6) and for the 64I en-
semble we have Efree

0 = 536.1 MeV, E0 = 525.1 MeV
+ O(1/L6). We quote the respective uncertainties as
(E48) and (E64). The variation of ⇡⇡ ground-state en-
ergy on the 48I ensemble also enters the SIB correction
as described above.

Figure 5 shows our results for the window method with
t0 = 0.4 fm. While the partial lattice and R-ratio contri-
butions change by several 100 ⇥ 10�10, the sum changes
only at the level of quoted uncertainties. This provides
a non-trivial consistency check between the lattice and
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FIG. 5. We show results for the window method with t0 = 0.4
fm as a function of t1. The top panel shows the combined
aµ, the middle panel shows the partial contributions of the
lattice and R-ratio data, and the bottom shows the respective
uncertainties.

the R-ratio data for length scales between 0.4 fm and
2.6 fm. We expand on this check in the supplementary
material. The uncertainty of the current analysis is min-
imal for t1 = 1 fm, which we take as our main result
for the window method. For t0 = t1 we reproduce the
value of Ref. [1]. In Fig. 6, we show the t1-dependence
of individual lattice contributions and compare our re-
sults with previously published results in Fig. 7. Our
combined lattice and R-ratio result is more precise than
the R-ratio computation by itself and reduces the ten-
sion to the other R-ratio results. Results for di�erent
window parameters t0 and t1 and a comparison of indi-
vidual components with previously published results are
provided as supplementary material.

For t = 1 fm approximately 50% of uncertainty comes from lattice and 50% of
uncertainty comes from the R-ratio. Is there a small slope? More in a few slides!
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         from the experiment: FNAL E989

•             =  11659208.0(6.3) × 10 -10 (0.54ppm) [BNL, 2006-2008 ] 

• New experiments (J-PARC, FNAL E989) expected to perform 4× 
more precise measurement 

• Improved precision of the theoretical estimates with dominating 
uncertainty required

aµ

aexp
µ

Muon g-2 Experiment at Fermilab, Liang Li, SPCS 2013 June 5th , 2013 2 

As many of you may have heard: 
Muon (ring) is moving… 

BNL 
E821 

FNAL 
E989 

Why move 600 ton, 15 meter wide 
metal ring half-way across U.S.? 
• Why muons? 
• What’s muon g-2? 
• What do we learn from it? 
• Why we are moving it to Fermilab? 
• How we are going to run the 

experiment? 
 

 Muon g-2 Experiment at Fermilab, Liang Li, SPCS 2013 June 5th , 2013 2 

As many of you may have heard: 
Muon (ring) is moving… 

BNL 
E821 

FNAL 
E989 

Why move 600 ton, 15 meter wide 
metal ring half-way across U.S.? 
• Why muons? 
• What’s muon g-2? 
• What do we learn from it? 
• Why we are moving it to Fermilab? 
• How we are going to run the 

experiment? 
 

 

S. Ganguly (@KEK 2018 g-2 WS): first observation of precessing muons (june 2017)! @E989



         from the experiment: J-PARC E34aµ
9

Muonium production target

(300 K ~ 25 meV)

Full tracking 
silicon tracker

66 cm

Compact storage magnet

(3T, ~1ppm local)
Ultra slow μ+ production by

Resonant Laser Ionization of 

Muonium (~106 m+/s)

Target precision

Δ(g-2) = 0.1 ppm

ΔEDM = 10-21 e・cm

Re-acceleration LINAC

(~ 200 MeV)

ε~1 π mm・mrad !

J-PARC g-2 experiment (E34)
3 GeV proton beam

(1MW, double pulses, 25Hz)Production 

target

Surface muon

beam (4 MeV)

ε~1000 π mm・mrad

Ultra 
slow μ+

Ultra slow muon beam:  
E-term cancels again

T.Yamazaki (@KEK 2018 g-2 WS): muon RF acceleration for the first time 3 weeks ago!
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Hybrid method:              from experimental + lattice QCD data   

• MUonE: estimated precision for the HVP from the μe exp. is 0.3% in [0,0.14]GeV2 after two years of 

data taking [see slides by M.Passera, G.Venanzoni Mon. 12h]  

• Due to the experimental constraints: region [0.14, ∞] GeV2 cannot be covered by this exp.  
➡ complementary to the lattice QCD data
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Fig. 2 Left: Dahad[t(x)] ⇥ 104 (red) and, for comparison, Dalep[t(x)] ⇥ 104 (blue), as a function of x and t (upper scale). Right: the integrand
(1� x)Dahad[t(x)]⇥105 as a function of x and t. The peak value is at xpeak ' 0.914, corresponding to tpeak ' �0.108 GeV2.

3 Experimental proposal

We propose to use Eq. (2) to determine aHLO
µ by measuring

the running of a in the space-like region with a muon beam
of Eµ = 150 GeV on a fixed electron target. The proposed
technique is similar to the one used for the measurement of
the pion form factor, as described in [25]. It is very appealing
for the following reasons:

(i) It is a t-channel process, making the dependence on t
of the differential cross section proportional to |a(t)/a(0)|2:

ds
dt

=
ds0

dt

����
a(t)
a(0)

����
2
, (5)

where ds0/dt is the effective Born cross section, including
virtual and soft photons, analogously to Ref. [26], where
small-angle Bhabha scattering at high energy was consid-
ered. The vacuum polarization effect, in the leading photon
t-channel exchange, is incorporated in the running of a and
gives rise to the factor |a(t)/a(0)|2. It is understood that
for a high precision measurement also higher-order radia-
tive corrections must be included. For a detailed discussion
see Refs. [15, 26].

(ii) Given the incoming muon energy Ei
µ , in a fixed-

target experiment the t variable is related to the energy of
the scattered electron E f

e or its angle q f
e :

t = (pi
µ � p f

µ)2 = (pi
e � p f

e )2 = 2m2
e �2meE f

e , (6)

s = (p f
µ + p f

e )2 = (pi
µ + pi

e)
2 = m2

µ +m2
e +2meEi

µ , (7)

E f
e = me

1+ r2c2
e

1� r2c2
e
, q f

e = arccos

0

@1
r

s
E f

e �me

E f
e +me

1

A , (8)

where

r ⌘

q
(Ei

µ)2 �m2
µ

Ei
µ +me

, ce ⌘ cosq f
e ; (9)

The angle q f
e spans the range (0–31.85) mrad for the elec-

tron energy E f
e in the range (1–139.8) GeV (the low-energy

cut at 1 GeV is arbitrary).
(iii) For Ei

µ = 150 GeV, it turns out that s ' 0.164 GeV2

and �0.143 GeV2 < t < 0 GeV2 (i.e. �l (s,m2
µ ,m2

e)/s <
t < 0, where l (x,y,z) is the Källén function). It implies that
the region of x extends up to 0.93, while the peak of the in-
tegrand function of Eq. (2) is at xpeak = 0.914, correspond-
ing to an electron scattering angle of 1.5 mrad, as visible in
Fig. 2 (right).

(iv) The angles of the scattered electron and muon are
correlated as shown in Fig. 3 (drawn for incoming muon en-
ergy of 150 GeV). This constraint is extremely important to
select elastic scattering events, rejecting background events
from radiative or inelastic processes and to minimize sys-
tematic effects in the determination of t. Note that for scat-
tering angles of (2–3) mrad there is an ambiguity between
the outgoing electron and muon, as their angles and mo-
menta are similar, to be resolved by means of µ/e discrimi-
nation.

(v) The boosted kinematics allows the same detector to
cover the whole acceptance. Many systematic errors, e.g. on

x

max

⇠ Q

2

exp,max

Q

2 =
x

2
m

2
µ

1� x

x

max

= 0.93

Q2

exp,max

= 0.14GeV2

➡    
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• MUonE: estimated precision for the HVP from the μe exp. is 0.3% in [0,0.138]GeV2 after two years of 

data taking [see slides by M.Passera, Mon. 16.40]  

• Due to the experimental constraints: region [0.14, ∞] GeV2 cannot be covered by this exp.  
➡ complementary to the lattice QCD data
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Fig. 2 Left: Dahad[t(x)] ⇥ 104 (red) and, for comparison, Dalep[t(x)] ⇥ 104 (blue), as a function of x and t (upper scale). Right: the integrand
(1� x)Dahad[t(x)]⇥105 as a function of x and t. The peak value is at xpeak ' 0.914, corresponding to tpeak ' �0.108 GeV2.

3 Experimental proposal

We propose to use Eq. (2) to determine aHLO
µ by measuring

the running of a in the space-like region with a muon beam
of Eµ = 150 GeV on a fixed electron target. The proposed
technique is similar to the one used for the measurement of
the pion form factor, as described in [25]. It is very appealing
for the following reasons:

(i) It is a t-channel process, making the dependence on t
of the differential cross section proportional to |a(t)/a(0)|2:

ds
dt

=
ds0

dt

����
a(t)
a(0)

����
2
, (5)

where ds0/dt is the effective Born cross section, including
virtual and soft photons, analogously to Ref. [26], where
small-angle Bhabha scattering at high energy was consid-
ered. The vacuum polarization effect, in the leading photon
t-channel exchange, is incorporated in the running of a and
gives rise to the factor |a(t)/a(0)|2. It is understood that
for a high precision measurement also higher-order radia-
tive corrections must be included. For a detailed discussion
see Refs. [15, 26].

(ii) Given the incoming muon energy Ei
µ , in a fixed-

target experiment the t variable is related to the energy of
the scattered electron E f

e or its angle q f
e :

t = (pi
µ � p f

µ)2 = (pi
e � p f

e )2 = 2m2
e �2meE f

e , (6)

s = (p f
µ + p f

e )2 = (pi
µ + pi

e)
2 = m2

µ +m2
e +2meEi

µ , (7)

E f
e = me

1+ r2c2
e

1� r2c2
e
, q f

e = arccos

0
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r

s
E f

e �me

E f
e +me

1

A , (8)

where

r ⌘

q
(Ei

µ)2 �m2
µ

Ei
µ +me

, ce ⌘ cosq f
e ; (9)

The angle q f
e spans the range (0–31.85) mrad for the elec-

tron energy E f
e in the range (1–139.8) GeV (the low-energy

cut at 1 GeV is arbitrary).
(iii) For Ei

µ = 150 GeV, it turns out that s ' 0.164 GeV2

and �0.143 GeV2 < t < 0 GeV2 (i.e. �l (s,m2
µ ,m2

e)/s <
t < 0, where l (x,y,z) is the Källén function). It implies that
the region of x extends up to 0.93, while the peak of the in-
tegrand function of Eq. (2) is at xpeak = 0.914, correspond-
ing to an electron scattering angle of 1.5 mrad, as visible in
Fig. 2 (right).

(iv) The angles of the scattered electron and muon are
correlated as shown in Fig. 3 (drawn for incoming muon en-
ergy of 150 GeV). This constraint is extremely important to
select elastic scattering events, rejecting background events
from radiative or inelastic processes and to minimize sys-
tematic effects in the determination of t. Note that for scat-
tering angles of (2–3) mrad there is an ambiguity between
the outgoing electron and muon, as their angles and mo-
menta are similar, to be resolved by means of µ/e discrimi-
nation.

(v) The boosted kinematics allows the same detector to
cover the whole acceptance. Many systematic errors, e.g. on
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Hybrid method Phys. Rev. D 90, 074508 (2014),
[Golterman,Maltman,Peris]

• Low momentum region

➡ Experiment (NLO, 

NNLO, radiative 

corrections … )

• Vary low and high Q2 cut

strategy proposed for the hybrid determination 
of the total HVP (u+d+s+c+b)



Hybrid method

ˆ

ˆ

Phys. Rev. D 90, 074508 (2014),
[Golterman,Maltman,Peris]

• Low momentum region

➡ Pade approximants

➡ time moments

➡ conformal polynomials

• Vary low and high Q2 cut

JHEP 1604 (2016) 063 [T.Blum et al.]

strategy e.g. applied for the strange quark 
contribution to the HVP [RBC/UKQCD ‘16]



Hybrid method Phys. Rev. D 90, 074508 (2014),
[Golterman,Maltman,Peris]

• Low momentum region

➡ Experiment (NLO, 

NNLO, radiative 

corrections … )

• Vary low and high Q2 cut

strategy proposed for the hybrid determination 
of the total HVP (u+d+s+c+b)

➡ continuum limit:   a—> 0
➡ infinite volume limit: V—> ∞
➡ physical quark masses
➡ isospin breaking corrections (mu≠md and αem≠0)



[1,1] 0.0 GeV2 0.1 GeV2 0.2 GeV2 0.3 GeV2

stat. 3.6% 2.1% 5.1% 5.1%

syst. 0.3% 2.4% 3.6%
• Vary low Q2

exp,max
 cut: 0.1, 0.2, 0.3 GeV2

• Assuming relative accuracy 1% under the cut

• Pheno. model [Golterman, Maltman, Peris. Phys.Rev. D88 (2013) no.

11, 114508 ] (“science fiction” data set: reducing the (diagonal) error 

by a factor 100)

➡ Nf=2, E5, L/a=32 (CLS), mπ≈440MeV 

➡ Nf=2, F6, L/a=48 (CLS), mπ≈311MeV 

➡ u,d,s,c [see talk by G. von Hippel, @KEK 2018 g-2 WS]

➡                            [de Divitiis et al., Phys.Lett. B718 (2012)] 

➡ Pade [1,1], Pade [2,1] fits to [0,0.5] GeV2  [Aubin et 

al, Phys.Rev. D86 (2012) 054509] 

≈12%
≈87%

<1%

⇧(0) = �@⇧12(Q)

@Q1@Q2
|Q2=0
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• Low momentum region

➡ Experiment (NLO, 

NNLO, radiative 

corrections … )

• Vary low and high Q2 cut

strategy proposed for the hybrid determination 
of the total HVP (u+d+s+c+b)
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• Low momentum region

➡ Experiment (NLO, 

NNLO, radiative 

corrections … )

• Vary low and high Q2 cut

strategy proposed for the hybrid determination 
of the total HVP (u+d+s+c+b)

➡ continuum limit:   a—> 0
➡ infinite volume limit: V—> ∞
➡ physical quark masses
➡ isospin breaking corrections (mu≠md and αem≠0)
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1.The HVP integral on a range [Q2
exp,max,Q

2
max] has continuum&FV limit:

➡ radiative corrections might be relevant (≈ 1‰) [c.f. slides by C. Carloni Calame from MUonE Theory kickoff WS Padova ’17] 

➡ cutoff effects need to be assessed systematically 

• Cross-check experimental              from [0,0.14]GeV2  vs. continuum limit from the lattice  
• Relevance for lattice QCD determinations of HVP:  

1. “hybrid method” [Phys. Rev. D 90, 074508 (2014) Golterman,Maltman,Peris] with experimental+lattice QCD data 
a) to complete the exp. result 
b) to cross-check lattice data 

2. continuum limit of            at fixed Q2 (previously extrapolated or measured at mπ,phys)
3. help in choosing the parametrization for            with less FV/cutoff effects 
4. Compare to the slope and curvature for HVP function [see arXiv:1612.02364]         

• Proposal to do a “hybrid determination” from  μ-e scattering and lattice data (+p.t.) 

➡ [Eur.Phys.J. C77 (2017) no.3, 139  by Abbiendi et al.]                                @CERN (?)       [see slides by M.Passera, G.Venanzoni Mon. 12h]

⇧(Q2)

aHV P
µ =

⇣↵
⇡

⌘2
1Z

Q2
exp,max

dQ2 f(Q2)⇥ ⇧̃(Q2)

⇧(Q2)

⇧(Q2)

MUonE: Theory Update

Massimo Passera 
INFN Padova

MUonE meeting 
Pisa 

29-30 January 2018
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https://agenda.infn.it/conferenceDisplay.py?confId=13774


Summary & Outlook

• Lattice gives an independent theory prediction of hadronic contributions to aμ  

• Lattice goals: for HVP is <1% (<0.5%?) and goal for HLbL is <10% 

• u+d+s+c, isospin breaking corrections  

• Impressive progress in the past year(s) 

• Full control of the systematics is needed 

➡ continuum limit, infinite volume limit, isospin breaking corrections are the next 
challenges

• Parallel front: Lattice + experiment
➡ R- ratio + lattice    
➡ e-mu scattering data + lattice  

➡ Eventually as lattice data improves, the windows [0,t*], [ Q2exp,max,Q2high] can be 
widened, until we obtain a full lattice result 



Thank you!



Phenomenological model of HVP [Golterman, Maltman, Peris ’13]   
Phenomenological model of HVP [Golterman, Maltman, Peris 1309.2153 ]

A method to quantitatively examine the systematics of lattice computations

Dispersive ⌧ -based I = 1 model: ⇧̂I=1(Q2) = Q2
R1

4m2
⇡
ds ⇢I=1(s)

s(s+Q2)

Fake lattice data for ⇧(Q2) � ⇧(0) & compared with true answer from model
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Outcome:

Fitting until high Q2 dangerous, unless higher order Padés used
Better focus on low-Q2 region needed

Marina Marinkovic Computing HVP from first principles Rome, 13 Apr, 2015 15 / 33



Isospin breaking effects from the Lattice  - main issue

• FV effects <—— the way the infrared divergence associated with the zero momentum mode of the photon 
propagator is canceled on the lattice: 

• Gauss law does not allow a non-zero charge to exist in a finite periodic box 

• Three ways to deal with IR divergence: 

➡  Modify gauge filed: removing the global zero-mode/ spatial zero mode per timeslice (QEDTL / QEDL) 
[…, Borsanyi et al., Science 347 (2015), arXiv:1406.4088] [Hayakawa and Uno, Prog. Theor. Phys. 120 (2008) 413]

➡ ︎ Massive photon [Endres et al., PRL 117 (2016) 7, arXiv:1507.08916] 

➡ ︎ C* boundary conditions (no zero-mode present) [Lucini et al., JHEP 1602, 076, arXiv:1509.01636]

✦ Kronfeld and Wiese, Nucl. Phys. B 357 (1991) 521 
✦ Wiese, Nucl. Phys. B 375 (1992) 456
✦ Polley, Z. Phys. C 59 (1993) 105
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