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The theoretical uncertainty of ðg − 2Þμ is currently dominated by hadronic contributions. In order to
express those in terms of directly measurable quantities, we consider a sum rule relating g − 2 to an integral
of a photoabsorption cross section. The sum rule, attributed to Schwinger, can be viewed as a combination
of two older sum rules: Gerasimov-Drell-Hearn and Burkhardt-Cottingham. The Schwinger sum rule has
an important feature, distinguishing it from the other two: the relation between the anomalous magnetic
moment and the integral of a photoabsorption cross section is linear, rather than quadratic. The linear
property makes it suitable for a straightforward assessment of the hadronic contributions to ðg − 2Þμ. From
the sum rule, we rederive the Schwinger α/2π correction, as well as the formula for the hadronic vacuum-
polarization contribution. As an example of the light-by-light contribution, we consider the single-meson
exchange.
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Introduction.—The anomalous magnetic moment
(AMM) of the muon, ϰμ ≡ 1/2ðg − 2Þμ, serves as a strin-
gent precision test of the Standard Model (SM). And at
present, it does not work out for the SM—the experimental
value is about 3σ away from the SM prediction [1,2]. While
the uncertainties of the SM and the experimental value are
comparable, the new Fermilab experiment [3,4] will, in a
few years, reduce the experimental error bar by nearly a
factor of 4. The prospects for reducing the SM (theory)
uncertainty are, on the other hand, more obscure. The SM
error bar is dominated by the hadronic contributions,
which are very difficult to compute in the SM due to the
nonperturbative nature of quantum chromodynamics
(QCD). In the present SM value, these contributions are
determined empirically, using general relations to other
experimental observables in combination with mesonic
model calculations, rather than from QCD directly. It is
the necessity of resorting to models—particularly in evalu-
ation of the so-called hadronic light-by-light (HLbL)
contributions [cf. Fig. 1(b)]—which makes it difficult to
reduce the uncertainty of the current SM value.
In the future, lattice QCD will deliver a sufficiently

precise ab initio calculation of the HLbL contribution;
for recent progress in this direction, see Refs. [5–8]. Until
then, the best hope for improvement is to replace the
model evaluations with model-independent, “data-driven”

approaches based on dispersion theory. The data-driven
approach is fairly well founded and routinely used for
the hadronic vacuum polarization (HVP) contribution
[Fig. 1(a)], since it can be written exactly as a dispersion
integral of the decay rate of a virtual timelike photon into
hadrons, which to a good approximation is expressed in
terms of the observed ratio μþ μ−/eþ e− → hadrons; see,
e.g., Refs. [9,10]. The HLbL contribution is much more
complicated from this point of view, because it involves the
dispersion relations for three- and/or four-point functions,
rather than for a two-point function as in the case of HVP;
see Refs. [11–14] and [15] for the two recent approaches to
this problem.
Here we consider yet another approach to a data-driven

evaluation of hadronic contributions rooted in dispersion
theory. It is based on sum rules for Compton scattering, of
which a famous example is the Gerasimov-Drell-Hearn
(GDH) sum rule [16–18]:

α
m 2

ϰ2 ¼ 1

2π2

Z
∞

ν0

dν
σ3/2ðνÞ − σ1/2ðνÞ

ν
: ð1Þ

On the left-hand side (lhs), we have α ¼ e2/4π ≃ 1/137, the
fine-structure constant, and ϰ, the AMM of the spin-1/2

(a) (b)

FIG. 1. Hadronic contributions to ðg − 2Þμ: (a) HVP, (b) HLbL.
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MOTIVATION
Uncertainty of the SM prediction for the muon anomaly (g−2)μ is 
dominated by hadronic contributions (HVP and HLbL)

HVP is calculated with a data-driven dispersive approach:

{HVP =
↵

⇡2

Z 1

4m2
⇡

ds

s
Im⇧had(s)K(s/m2)
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MOTIVATION

Limitations of the standard approach to HVP:

• Two-photon exchange corrections

• QED radiative corrections

For HLbL: no analogue of the simple dispersive formula 

In this talk: Schwinger sum rule as an alternative data-driven 
dispersive approach for both HVP and HLbL

{HVP =
↵

⇡2

Z 1

4m2
⇡

ds

s
Im⇧had(s)K(s/m2)
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J. S. Schwinger, Proc. Nat. Acad. Sci. 72, 1 (1975); ibid. 72, 1559 (1975) [Acta Phys. Austriaca Suppl. 14, 471 (1975)]. 
A. M. Harun ar-Rashid, Nuovo Cim. A 33, 447 (1976).

X=𝛾𝜇, 𝛾𝛾𝜇,  

π0𝜇, 𝛾π0𝜇…

anomalous  
magnetic moment  
(a.m.m.) 
ϰ=½(g­2)μ

𝜇



THE SCHWINGER SUM RULE  (1975)

6

a.m.m.  
ϰ=½(g­2)μ

22.02.2018 @GMTWO2018                      Franziska Hagelstein                                                                                                   

{ =
m2

⇡2↵

Z 1

⌫0

d⌫


�LT (⌫, Q2)

Q

�

Q2=0

= lim
Q2!0

8m2

Q2

Z x0

0
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Spin-dependent forward doubly-virtual Compton scattering: 

Im ∝
2

Optical theorem:
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THE GDH AND BC SUM RULES
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Sum rules are model-independent relations based on 
very general principles: 

• Analyticity/causality and crossing symmetry (dispersion 
relations), and unitarity (optical theorem) 

Sum rules of Compton scattering off a spin-1/2 particle:  
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Burkhardt—Cottingham 
sum rule (1970)

Gerasimov—Drell—Hearn 
sum rule (1966)
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At the next two orders, one finds the FSP sum rules:

γ0 ¼ −
1

4π2

Z
∞

ν0

dν
ΔσabsðνÞ

ν3
; ð8Þ

γ̄0 ¼ −
1

4π2

Z
∞

ν0

dν
ΔσabsðνÞ

ν5
: ð9Þ

In what follows, we assess the empirical helicity-
difference cross section and evaluate gðνÞ, IGDH, γ0, γ0
from the above integrals.

III. FIT OF THE POLARIZED
PHOTOABSORPTION CROSS SECTION

Webeginwith performing a smooth fit of the experimental
helicity-difference cross section of total photoabsorption on
the proton. The fitting procedure is similar to the one applied
for the unpolarized photoabsorption cross section σabs [4].
The integration domain is divided into three regions:

(i) low energy, ν ∈½ν0; ν1Þ;
(ii) medium energy, ν ∈½ν1; 2 GeVÞ;
(iii) high energy, ν ∈½2 GeV;∞Þ;

where ν0 (≈0.145 GeV) and ν1 (≈0.309 GeV) are thresholds
for the single- and double-pion photoproduction, respec-
tively. A smooth transition between the regions is implied.
In the low-energy region, we use the cross sections

generated by MAID [22] (single-pion production only).
Unfortunately, the MAID analysis does not provide any
indication of its uncertainty. In our error estimate, we
judiciously apply a 2% uncertainty to the MAID values.
In the medium-energy region, a fit to the data from

the MAMI (Mainz) and ELSA (Bonn) experiments of the
GDH and A2 collaborations [8–11] is applied in the form of
a sum of six nonrelativistic Breit-Wigner resonances,

ΔσresðWÞ ¼
X6

i¼1

Ai

1
4Γ

2
i

ðW −MiÞ2 þ 1
4Γ

2
i
; ð10Þ

where W ¼
ffiffiffi
s

p
is the invariant mass of the γp system.

Widths (Γ), masses (M), and couplings (A) are treated as
free fitting parameters. The resulting values are given in
Table II.
In the high-energy region, a function of the following

Regge form is used:

ΔσReggeðWÞ ¼ C1Wp1 þ C2Wp2 : ð11Þ

For W in GeV and the cross section in μb, we use the
following fixed parameters [13]:

C1 ¼ −17.05& 2.85; C2 ¼ 104.7& 14.5;

p1 ¼ −1.16& 0.46; p2 ¼ −3.32& 0.44:

The cross section fitting and the sum rule evaluations
are accomplished with the help of the SCIPY package

TABLE II. Fitted resonances parameters entering Eq. (10).

i Mi (MeV) Γi (MeV) Ai · 14Γ
2
i (nb · GeV2)

1 1210.2 119.3 1047.3
2 1405.0 493.5 −9008.4
3 1460.8 239.8 1964.0
4 1585.5 111.7 −226.9
5 1616.4 360.7 3829.3
6 1752.5 105.0 −103.4

FIG. 1. Fit of experimental data for the helicity-difference cross section of total photoproduction on the proton. The solid curve shows
our fit. The other curves, according to the legend, show the Born contribution (single-pion production on a pointlike proton), as well as
the results of MAID [22] and SAID [25] multipole analyses.
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034043-3

for PYTHON. We used the weighted nonlinear least-
squares optimization procedure of SCIPY’s wrapper around
MINPACK’s LMDIF and LMDER algorithms. The latter imple-
ment the modified Levenberg-Marquardt algorithm [23,24].
The resulting fit of the helicity-difference photoabsorp-

tion cross section is shown in Fig. 1. Also shown is the
Born contribution for the πþnþ π0p photoproduction off a
pointlike proton (with the vanishing anomalous magnetic
moment), as well as the results of MAID [22] and SAID [25]
multipole analyses.

IV. EVALUATION OF THE INTEGRALS

Having obtained the fit of the total photoproduction
cross section, we proceed to the evaluation of the GDH and
FSP sum rules, and ultimately of the forward CS amplitude.
Our results for the sum rule integrals are presented in
Table II, where they can be compared with some of the
previous empirical evaluations, as well as the recent χPT
results.
To estimate the uncertainty of our fits and dispersive

integrals, we compute the covariance matrix of the fitted
parameters. In the medium-energy region, the covariance
matrix is simply obtained based on the experimental
uncertainties of the data points. In the high-energy region,
we make use of the uncertainties for the Regge parameters
from Ref. [13], assuming that these four parameters are
uncorrelated. We then apply the standard, linear error
propagation to find the uncertainty of the dispersive
integrals.
In the low-energy region, where the cross sections are

not fit but obtained from the partial-wave analyses, we
judiciously estimate the systematic error of each of
the photoabsorption cross sections to be 2% of the
magnitude of the unpolarized cross section, σðνÞ. As the
result, the error on ΔσðνÞ is equal to 4% of σðνÞ. This error
is then linearly propagated to the dispersion integrals.
Within the calculated uncertainties, our evaluation

appears to be consistent with the previous ones, as well
as with the GDH sum rule value quoted in the bottom part
of Table II. The discrepancy in the central value of the GDH
integral can be traced back to the fact that our fit at the
Δ-resonance peak happens to lie well below the central
value of the data point; see Fig. 1. In particular, the GDH
Collaboration [11] obtains ð254$ 5$ 12Þ μb in the inter-
val of available data (i.e., 0.2 < ν < 2.9 GeV), while our fit
of the same data yields ð246.4$ 6.8Þ μb.
Table III shows the contributions from each of the three

energy regions. One can clearly see that the high-energy
contribution is negligible for the FSPs. A more detailed
behavior of the running sum rule integrals (functions of
the cutoff—the upper integration bound) can be seen in
Fig. 2. One can see the good convergence properties of all
the integrals. It is interesting to observe the significant
cancellations between the contribution below and above
0.2 GeV.

We note that the main contribution to the estimated
uncertainty of the GDH integral comes from the high-
energy Regge behavior, which is possibly both due to the
fact that parameters seem to be not well “fixed” and
because we have used a simplified covariance matrix
estimation for these parameters. As for the higher-order
sum rules, it appears that the main contribution to the
uncertainty comes from our assumption about the system-
atic uncertainty of the partial-wave analyses (low-energy
region).
We next evaluate the entire spin-dependent amplitude

gðνÞ. In order to improve on the accuracy, we use the
subtracted dispersion relation:

Re gðνÞ ¼ −
ακ2p
2M2

p
ν −

ν3

4π2
—
Z

∞

ν0

dν0
Δσabsðν0Þ
ðν02 − ν2Þν0

: ð12Þ

The only difference with the unsubtracted one, Eq. (6), is
accuracy. Indeed, the subtraction replaces the value of the
GDH integral (see “This work” in Table II) by the much
more accurate GDH sum rule value (next row) and leads to
the smaller uncertainty.
The remaining integral in Eq. (12) converges very fast in

the considered energy range. The resulting amplitude is
plotted in Fig. 3. The upper panel shows the real and

FIG. 2. The GDH and FSP integrals as a function of the upper
integration bound. Bands represent estimated errors. Asymptotic
values of the integrals are displayed on the right and marked with
colored triangles.

TABLE III. Contributions to the GDH and FSP integrals by
regions.

Region
Sum Rule Low energy Medium energy High energy

IGDH (μb) 43.6$ 6.0 175.7$ 3.7 −14.8$ 19.9
γ0 (10−6 fm4) 3.6$ 10.3 −96.5$ 2.0 ð2$ 7Þ × 10−2

γ̄0 (10−6 fm6) 77.1$ 8.2 −28.7$ 0.6 ð2$ 36Þ × 10−5

GRYNIUK, HAGELSTEIN, and PASCALUTSA PHYSICAL REVIEW D 94, 034043 (2016)

034043-4

Gerasimov—Drell—Hearn sum rule
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At the next two orders, one finds the FSP sum rules:
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In what follows, we assess the empirical helicity-
difference cross section and evaluate gðνÞ, IGDH, γ0, γ0
from the above integrals.

III. FIT OF THE POLARIZED
PHOTOABSORPTION CROSS SECTION

Webeginwith performing a smooth fit of the experimental
helicity-difference cross section of total photoabsorption on
the proton. The fitting procedure is similar to the one applied
for the unpolarized photoabsorption cross section σabs [4].
The integration domain is divided into three regions:

(i) low energy, ν ∈½ν0; ν1Þ;
(ii) medium energy, ν ∈½ν1; 2 GeVÞ;
(iii) high energy, ν ∈½2 GeV;∞Þ;

where ν0 (≈0.145 GeV) and ν1 (≈0.309 GeV) are thresholds
for the single- and double-pion photoproduction, respec-
tively. A smooth transition between the regions is implied.
In the low-energy region, we use the cross sections

generated by MAID [22] (single-pion production only).
Unfortunately, the MAID analysis does not provide any
indication of its uncertainty. In our error estimate, we
judiciously apply a 2% uncertainty to the MAID values.
In the medium-energy region, a fit to the data from

the MAMI (Mainz) and ELSA (Bonn) experiments of the
GDH and A2 collaborations [8–11] is applied in the form of
a sum of six nonrelativistic Breit-Wigner resonances,

ΔσresðWÞ ¼
X6

i¼1

Ai

1
4Γ

2
i

ðW −MiÞ2 þ 1
4Γ

2
i
; ð10Þ

where W ¼
ffiffiffi
s

p
is the invariant mass of the γp system.

Widths (Γ), masses (M), and couplings (A) are treated as
free fitting parameters. The resulting values are given in
Table II.
In the high-energy region, a function of the following

Regge form is used:

ΔσReggeðWÞ ¼ C1Wp1 þ C2Wp2 : ð11Þ

For W in GeV and the cross section in μb, we use the
following fixed parameters [13]:

C1 ¼ −17.05& 2.85; C2 ¼ 104.7& 14.5;

p1 ¼ −1.16& 0.46; p2 ¼ −3.32& 0.44:

The cross section fitting and the sum rule evaluations
are accomplished with the help of the SCIPY package

TABLE II. Fitted resonances parameters entering Eq. (10).

i Mi (MeV) Γi (MeV) Ai · 14Γ
2
i (nb · GeV2)

1 1210.2 119.3 1047.3
2 1405.0 493.5 −9008.4
3 1460.8 239.8 1964.0
4 1585.5 111.7 −226.9
5 1616.4 360.7 3829.3
6 1752.5 105.0 −103.4

FIG. 1. Fit of experimental data for the helicity-difference cross section of total photoproduction on the proton. The solid curve shows
our fit. The other curves, according to the legend, show the Born contribution (single-pion production on a pointlike proton), as well as
the results of MAID [22] and SAID [25] multipole analyses.
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for PYTHON. We used the weighted nonlinear least-
squares optimization procedure of SCIPY’s wrapper around
MINPACK’s LMDIF and LMDER algorithms. The latter imple-
ment the modified Levenberg-Marquardt algorithm [23,24].
The resulting fit of the helicity-difference photoabsorp-

tion cross section is shown in Fig. 1. Also shown is the
Born contribution for the πþnþ π0p photoproduction off a
pointlike proton (with the vanishing anomalous magnetic
moment), as well as the results of MAID [22] and SAID [25]
multipole analyses.

IV. EVALUATION OF THE INTEGRALS

Having obtained the fit of the total photoproduction
cross section, we proceed to the evaluation of the GDH and
FSP sum rules, and ultimately of the forward CS amplitude.
Our results for the sum rule integrals are presented in
Table II, where they can be compared with some of the
previous empirical evaluations, as well as the recent χPT
results.
To estimate the uncertainty of our fits and dispersive

integrals, we compute the covariance matrix of the fitted
parameters. In the medium-energy region, the covariance
matrix is simply obtained based on the experimental
uncertainties of the data points. In the high-energy region,
we make use of the uncertainties for the Regge parameters
from Ref. [13], assuming that these four parameters are
uncorrelated. We then apply the standard, linear error
propagation to find the uncertainty of the dispersive
integrals.
In the low-energy region, where the cross sections are

not fit but obtained from the partial-wave analyses, we
judiciously estimate the systematic error of each of
the photoabsorption cross sections to be 2% of the
magnitude of the unpolarized cross section, σðνÞ. As the
result, the error on ΔσðνÞ is equal to 4% of σðνÞ. This error
is then linearly propagated to the dispersion integrals.
Within the calculated uncertainties, our evaluation

appears to be consistent with the previous ones, as well
as with the GDH sum rule value quoted in the bottom part
of Table II. The discrepancy in the central value of the GDH
integral can be traced back to the fact that our fit at the
Δ-resonance peak happens to lie well below the central
value of the data point; see Fig. 1. In particular, the GDH
Collaboration [11] obtains ð254$ 5$ 12Þ μb in the inter-
val of available data (i.e., 0.2 < ν < 2.9 GeV), while our fit
of the same data yields ð246.4$ 6.8Þ μb.
Table III shows the contributions from each of the three

energy regions. One can clearly see that the high-energy
contribution is negligible for the FSPs. A more detailed
behavior of the running sum rule integrals (functions of
the cutoff—the upper integration bound) can be seen in
Fig. 2. One can see the good convergence properties of all
the integrals. It is interesting to observe the significant
cancellations between the contribution below and above
0.2 GeV.

We note that the main contribution to the estimated
uncertainty of the GDH integral comes from the high-
energy Regge behavior, which is possibly both due to the
fact that parameters seem to be not well “fixed” and
because we have used a simplified covariance matrix
estimation for these parameters. As for the higher-order
sum rules, it appears that the main contribution to the
uncertainty comes from our assumption about the system-
atic uncertainty of the partial-wave analyses (low-energy
region).
We next evaluate the entire spin-dependent amplitude

gðνÞ. In order to improve on the accuracy, we use the
subtracted dispersion relation:

Re gðνÞ ¼ −
ακ2p
2M2

p
ν −

ν3

4π2
—
Z

∞

ν0

dν0
Δσabsðν0Þ
ðν02 − ν2Þν0

: ð12Þ

The only difference with the unsubtracted one, Eq. (6), is
accuracy. Indeed, the subtraction replaces the value of the
GDH integral (see “This work” in Table II) by the much
more accurate GDH sum rule value (next row) and leads to
the smaller uncertainty.
The remaining integral in Eq. (12) converges very fast in

the considered energy range. The resulting amplitude is
plotted in Fig. 3. The upper panel shows the real and

FIG. 2. The GDH and FSP integrals as a function of the upper
integration bound. Bands represent estimated errors. Asymptotic
values of the integrals are displayed on the right and marked with
colored triangles.

TABLE III. Contributions to the GDH and FSP integrals by
regions.

Region
Sum Rule Low energy Medium energy High energy

IGDH (μb) 43.6$ 6.0 175.7$ 3.7 −14.8$ 19.9
γ0 (10−6 fm4) 3.6$ 10.3 −96.5$ 2.0 ð2$ 7Þ × 10−2

γ̄0 (10−6 fm6) 77.1$ 8.2 −28.7$ 0.6 ð2$ 36Þ × 10−5

GRYNIUK, HAGELSTEIN, and PASCALUTSA PHYSICAL REVIEW D 94, 034043 (2016)

034043-4

Gerasimov—Drell—Hearn sum rule

IGDH =
2⇡2↵

m2
{2 = �2

Z 1

⌫0

d⌫
�TT(⌫)

⌫
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ϰp ≈ 1.7929 and  

IGDH= 204.784481 𝜇b [CODATA]

GDH sum rule for the muon:
• huge cancelation requires 

measurements with incredible accuracy
‣ r.h.s.: HVP starts at 𝒪(α2),            

IGDH starts at 𝒪(α5)
‣ l.h.s.: hadronic photo-production 

cross section starts at 𝒪(α3)ϰ𝜇 ≈ 0.0011659209(6) [BNL]



922.02.2018 @GMTWO2018                      Franziska Hagelstein                                                                                                   

THE SCHWINGER TERM

F2(0)=ϰ ϰ(1) = 𝛼/2π

Input: longitudinal-transverse photo-absorption cross section

ϰ(0)=0

{ =
m2

⇡2↵

Z 1

⌫0

d⌫


�LT (⌫, Q2)

Q

�

Q2=0

Schwinger sum rule:

tree-level QED 
Compton scattering

��⇤µ!�µ
LT (⌫, Q2) =

⇡↵2Q (s�m2)2

4m3⌫2
�
⌫2 +Q2

�
 
�2� m(m+ ⌫)

s
+

3m+ 2⌫p
⌫2 +Q2

arccoth
m+ ⌫p
⌫2 +Q2

!
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HVP: STANDARD FORMULA
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Hadronic vacuum polarization: 2 Data-driven 
approaches based on dispersion theory          

A) Standard Formula 

B) Schwinger Sum Rule

{HVP =
↵

⇡2

Z 1

4m2
⇡

ds

s
Im⇧had(s)

Z
1

0

dx
x2(1� x)

x2 + (1� x)(s/m2)
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decay rate of a virtual timelike  
photon into hadrons

photon selfenergy

A

Im⇧had(s) =
s

4⇡↵
�(�⇤ ! anything)
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�(�µ ! µX) =
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4m2
⇡

dM2
X

M2
X

�(�µ ! �⇤µ) Im⇧X(M2
X)
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HVP: SCHWINGER SUM RULE
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hadrons

+ crossed diagram

q2 = -Q2

Cross section of hadron production through timelike Compton scattering:

timelike  

Compton scattering

 virtual-photon  

decay into hadrons

factories into: 

"
��µ!�⇤µ
LT (⌫, Q2)

Q

#

Q2=0

=
⇡↵2

2m2⌫3

h
� (5s+m2 +M2

X)�+ (s+ 2m2 � 2M2
X) log

� + �

� � �

i
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Timelike Compton scattering cross section:

s = m2 + 2m⌫
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q’2 = Mx2
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hadrons

HVP: SCHWINGER SUM RULE

{HVP =
↵

⇡2

Z 1

4m2
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ds

s
Im⇧had(s)

Z
1

0

dx
x2(1� x)

x2 + (1� x)(s/m2)
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HVP from the Schwinger sum rule with the cross section of hadron production 
through timelike Compton scattering:

kernel function: 

Schwinger sum rule can reproduces the HVP standard formula

for Mx=0, we find K(0)=1/2, and therefore 
the Schwinger term: ϰ(1) = 𝛼/2π 
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LIMITATIONS & ADVANTAGES

Limitations of the standard approach:

• Two-photon exchange corrections

• QED radiative corrections

Advantages of the Schwinger sum rule:

• Different mechanisms contribute and will be included in the 
measured cross section (… of course there is no data yet!)

• No adjustment of the Schwinger sum rule needed for 
different mechanisms

• No separation of radiative corrections necessary — as long 
as there are hadrons in the final state

size of the effect:	𝛼	∼ 1%
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MUON STRUCTURE FUNCTIONS
Muon spin structure functions measured in inelastic electron-muon scattering:

• 𝜇e → 𝜇e + hadrons

d2�

dE0d⌦
(#* � "*) = 4↵2

mQ2

E0

⌫E


(E + E0 cos ✓) g1(x,Q

2)� Q2

⌫
g2(x,Q

2)

�

d2�

dE0d⌦
(#) � ")) =

4↵2 sin ✓

mQ2

E0 2

⌫2E

⇥
⌫ g1(x,Q

2)� 2E g2(x,Q
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(a) (b)

hadrons

Hadron photo-production off the muon: 

(a) timelike Compton scattering

(b) Primakoff effect 

HLbL contribution to Compton scattering 

e- (E)

𝛾* (𝜈, Q2)

e- (E’)

𝜇 (m)

hadrons

↑↓

⇑⇒

↑⇑



HLbL is more complicated to calculate as it usually involves dispersion 
relations for 3- and/or 4-point functions

 Different Channels:

I.    Hadron photo-production channels

• Clear relation to observables with no assumptions required

II.   Electromagnetic channels
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HADRONIC LIGHT-BY-LIGHT SCATTERING

subleading in 𝛼



 

I.    Hadron photo-production channel

II.   Electromagnetic channels

III.  Other possible contributions
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HADRONIC LIGHT-BY-LIGHT SCATTERING

pseudo-scalar pole 
contribution

• No doubly-virtual transition form factors 
needed, only Fπ𝛾𝛾*

• Reduced number of loops
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OUTLOOK & CONCLUSIONS
Schwinger sum rule is an exact formula for data-driven evaluation 
of hadronic contributions to the muon anomaly (both HVP and 
HLbL)

Muon spin structure functions could in principle be measured in 
inelastic electron-muon scattering (with polarized muons)

• polarized electron-muon collider

• fixed-target 𝜇-on-e scattering

Hadron photo-production contribution can be measured directly

HLbL contribution to the e.m. channels is easier to calculate than 
the standard HLbL, because of less virtual photons involved (only 
Fπ𝛾𝛾* is needed) and a reduced number of loops



BACK-UP SLIDES
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THE CROSS SECTION σLT
Example: tree-level QED Compton scattering cross section

with conserved helicity:

d��0
��

0
µ���µ = (2⇡)4�(4)(pf � pi)

X

�00
� ,�

00
µ

M†
�0
��

0
µ�

00
��

00
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M�00

��
00
µ���µ

4I

Y
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d3p0a
(2⇡)32E0

a

,
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𝜆𝜇

𝜆𝛾

𝜆𝜇

2

H=𝜆’𝛾-𝜆’𝜇=𝜆𝛾-𝜆𝜇

�TT = 1/2 (�1/2 � �3/2)
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longitudinal-transverse photo-absorption cross section:
𝛾*(𝜆𝛾=0) + 𝜇(𝜆𝜇=-1/2) → 𝛾(𝜆’𝛾=1) + 𝜇(𝜆’𝜇=1/2)

𝜆𝛾=0

𝜆𝜇=-1/2

𝜆’𝛾=1

𝜆’𝜇=1/2

spin flip

helicity difference photo-absorption cross section:
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TIME-LIKE CS & PHOTON DECAY

(a) (b)

hadrons

+ crossed diagram

q2 = -Q2 

q’2 = Mx2

q

q’

p p’

ki

�(�µ ! µX) = � 1
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phase space of the 
final state

initial flux factor 

I2=(p·q)2 - p2 q2

ρ𝜇𝜈: squared matrix 
element of timelike CS

𝛬𝜈: virtual-photon 
decay vertex

Virtual-photon decay width into hadronic state X:

Im ΠX: contribution of state X to the VP

�(�µ ! µX) =
1

⇡

Z 1

4m2
⇡

dM2
X

M2
X

�(�µ ! �⇤µ) Im⇧X(M2
X)
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Final factorized cross section:

Combine into:


