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Plan of the talk

• Why Energy-Energy Correlation (EEC) is special

• The analytical calculation of EEC at the NLO in QCD

• Some interesting aspects of the results
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Motivation
• High precision jet data 

over large energy 
range

• Probe QCD dynamics 
from weak to strong 
coupling
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Can we have analytical understanding of structure of jet?

Not just at LL etc., but for the whole perturbative spectrum

Easier to study this problem in e+e- collider first

For a recent review Larkoski, 
Moult, Nachmann, 2017



Energy-Energy Correlation (EEC)

• Energy correlation of two calorimeter detector with angle χ, and sum over 
orientation
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χ

Each event gives a distribution!

Basham, Brown, Ellis, Love, 1978

z =

1� cos�
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An interesting distribution with two ends

• Only the EEC distribution for an ensemble can be perturbatively computed
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Collinear limit
DGLAP evolution

back-to-back
Sudakov double log

Rigid math structure
DGLAP meet Sudakov



Some history for the Numerical calculation of EEC

• C—Clay, Ellis, 95
• S—Catani, Seymour, 

96
• G—Glover, Sutton, 95
• N—Kunszt, Nason, 

Marchesini, Webber, 
89
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Summarize in “QCD” by
 Nason et al., 1996

Large angle soft radiation contribute to full 
spectrum, not just the end point

NNLO results now available Del Duca, Duhr, Kardos, Somogyi, and Trocsanyi,  2016; 
Tulipant, Kardos, Somogyi, 2017



Analytical event shape

• Very few analytical fixed-order predictions

7Ellis, Ross, Terrano, 1981

Integral representation for C parameter@LO



EEC as integral of four-point correlation function

• O(x): operator that create QCD radiation. e.g. e+e- to jets 
• Energy flow operator
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• EEC now expressed as four-point wightman correlation
• Known to high orders in N=4 SYM in Euclidean region 
• Tour de force calculation for EEC in N=4 SYM from four-point correlation

• Compute the Mellin amplitude, for which analytic continuation is easier
• Then Inverse the Mellin transformation to momentum space

Korchemsky,Sterman; Belitsky,Korchemsky,Sterman; Hofman,Maldacena 

Sveshnikov,Tkachov; Korchemsky,Oderda,Sterman; 
Bauer, Fleming, Lee, Sterman 

Belitsky, Hohenegger, Korchemsky, Sokatchev, Zhiboedov, 2013



EEC@NLO in N=4 SYM

• Simplicity of EEC in N=4 SYM strongly encourage calculation in QCD
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• Simple and compact results
• Only polylogarithms, no 

elliptic function
• Symmetry in √ z to -√ z
• Uniform transcendentality 

violated

Belitsky, Hohenegger, Korchemsky, Sokatchev, Zhiboedov, 2013

z =

1� cos�

2

<latexit sha1_base64="ARHArekSBg0gcnYOTXIYyxU5U1A=">AAACKnicbZDLSsNAFIYn9VbrrepON4NFcGNJiqAboejGZQV7gSaUyXTSDp1kwsyJ0IaCT+NK0GdxV9z6Eu6ctlnY1h8Gfv5zDmfO58eCa7DtiZVbW9/Y3MpvF3Z29/YPiodHDS0TRVmdSiFVyyeaCR6xOnAQrBUrRkJfsKY/uJ/Wm89MaS6jJxjGzAtJL+IBpwRM1CmejPAtdgNFaOrgS+xSqV3a5+O0Mu4US3bZngmvGiczJZSp1in+uF1Jk5BFQAXRuu3YMXgpUcCpYOOCm2gWEzogPdY2NiIh0146u2GMz03SxYFU5kWAZ+nfiZSEWg9D33SGBPp6uTYN/6u1EwhuvJRHcQIsovNFQSIwSDwFgrtcMQpiaAyhipu/YtonBggYbAtbgA9GC1ekcS+IhQQ9ZeUsk1k1jUrZscvO41WpepdRy6NTdIYukIOuURU9oBqqI4pe0Ct6Rx/Wm/VpTayveWvOymaO0YKs71/Qa6eO</latexit><latexit sha1_base64="ARHArekSBg0gcnYOTXIYyxU5U1A=">AAACKnicbZDLSsNAFIYn9VbrrepON4NFcGNJiqAboejGZQV7gSaUyXTSDp1kwsyJ0IaCT+NK0GdxV9z6Eu6ctlnY1h8Gfv5zDmfO58eCa7DtiZVbW9/Y3MpvF3Z29/YPiodHDS0TRVmdSiFVyyeaCR6xOnAQrBUrRkJfsKY/uJ/Wm89MaS6jJxjGzAtJL+IBpwRM1CmejPAtdgNFaOrgS+xSqV3a5+O0Mu4US3bZngmvGiczJZSp1in+uF1Jk5BFQAXRuu3YMXgpUcCpYOOCm2gWEzogPdY2NiIh0146u2GMz03SxYFU5kWAZ+nfiZSEWg9D33SGBPp6uTYN/6u1EwhuvJRHcQIsovNFQSIwSDwFgrtcMQpiaAyhipu/YtonBggYbAtbgA9GC1ekcS+IhQQ9ZeUsk1k1jUrZscvO41WpepdRy6NTdIYukIOuURU9oBqqI4pe0Ct6Rx/Wm/VpTayveWvOymaO0YKs71/Qa6eO</latexit><latexit sha1_base64="ARHArekSBg0gcnYOTXIYyxU5U1A=">AAACKnicbZDLSsNAFIYn9VbrrepON4NFcGNJiqAboejGZQV7gSaUyXTSDp1kwsyJ0IaCT+NK0GdxV9z6Eu6ctlnY1h8Gfv5zDmfO58eCa7DtiZVbW9/Y3MpvF3Z29/YPiodHDS0TRVmdSiFVyyeaCR6xOnAQrBUrRkJfsKY/uJ/Wm89MaS6jJxjGzAtJL+IBpwRM1CmejPAtdgNFaOrgS+xSqV3a5+O0Mu4US3bZngmvGiczJZSp1in+uF1Jk5BFQAXRuu3YMXgpUcCpYOOCm2gWEzogPdY2NiIh0146u2GMz03SxYFU5kWAZ+nfiZSEWg9D33SGBPp6uTYN/6u1EwhuvJRHcQIsovNFQSIwSDwFgrtcMQpiaAyhipu/YtonBggYbAtbgA9GC1ekcS+IhQQ9ZeUsk1k1jUrZscvO41WpepdRy6NTdIYukIOuURU9oBqqI4pe0Ct6Rx/Wm/VpTayveWvOymaO0YKs71/Qa6eO</latexit><latexit sha1_base64="ARHArekSBg0gcnYOTXIYyxU5U1A=">AAACKnicbZDLSsNAFIYn9VbrrepON4NFcGNJiqAboejGZQV7gSaUyXTSDp1kwsyJ0IaCT+NK0GdxV9z6Eu6ctlnY1h8Gfv5zDmfO58eCa7DtiZVbW9/Y3MpvF3Z29/YPiodHDS0TRVmdSiFVyyeaCR6xOnAQrBUrRkJfsKY/uJ/Wm89MaS6jJxjGzAtJL+IBpwRM1CmejPAtdgNFaOrgS+xSqV3a5+O0Mu4US3bZngmvGiczJZSp1in+uF1Jk5BFQAXRuu3YMXgpUcCpYOOCm2gWEzogPdY2NiIh0146u2GMz03SxYFU5kWAZ+nfiZSEWg9D33SGBPp6uTYN/6u1EwhuvJRHcQIsovNFQSIwSDwFgrtcMQpiaAyhipu/YtonBggYbAtbgA9GC1ekcS+IhQQ9ZeUsk1k1jUrZscvO41WpepdRy6NTdIYukIOuURU9oBqqI4pe0Ct6Rx/Wm/VpTayveWvOymaO0YKs71/Qa6eO</latexit>



Plan of the talk

• Why Energy-Energy Correlation (EEC) is special

• The analytical calculation of EEC at the NLO in QCD

• Some interesting aspects of the results
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Can we compute EEC in QCD?

• The Mellin space approach not realistic for QCD

• Four-point correlation and the Mellin amplitudes not known in QCD

• Doing the inverse Mellin integral is too difficult

• We pursue a more canonical approach: calculating the scattering 
amplitudes, and do the energy weighted phase space integrals

11



NLO virtual corrections

• One-loop amplitudes known in compact form 
• Can be integrated directly in 4 dimension. No phase space singularity
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Figure from Ellis, Ross, Terrano, 1981



Real corrections

• Standard techniques:
• Reverse unitarity [Anastasiou, Melnikov]

• IBP equations [Chetyrkin, Tkachov; Tkachov]

• Differential equations [Kotikov; Gehrmann, Remiddi; Henn; …]

• Would be almost trivial if not for the quartic measurement function

13

Figure from Ellis, Ross, Terrano, 1981
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IBP equation: One-loop example
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� (1� � 4� + 1) (2� � 5� + 1) z + 3� � 4� � 5� + 2 6� + 1 = 0
<latexit sha1_base64="GsoC36pRlIHs9aLfzi/MMoWSxrA="></latexit><latexit sha1_base64="GsoC36pRlIHs9aLfzi/MMoWSxrA="></latexit><latexit sha1_base64="GsoC36pRlIHs9aLfzi/MMoWSxrA="></latexit><latexit sha1_base64="GsoC36pRlIHs9aLfzi/MMoWSxrA="></latexit>

Z
ddp1ddp2(2z(p1 ·Q)(p2 ·Q)�Q2(p1 · p2))

[p21]
a1
c [p22]

a2
c [(Q� p1 � p2)2]

a3
c [(Q� p1)2]

a4
c [(Q� p2)2]

a5
c [2z(p1 ·Q)(p2 ·Q)�Q2(p1 · p2)]a6

c

= I(a1, a2, a3, a4, a5, a6 � 1 )
<latexit sha1_base64="tvxIdGO1aBQCMeLFivHBuJEVTps="></latexit><latexit sha1_base64="tvxIdGO1aBQCMeLFivHBuJEVTps="></latexit><latexit sha1_base64="tvxIdGO1aBQCMeLFivHBuJEVTps="></latexit><latexit sha1_base64="tvxIdGO1aBQCMeLFivHBuJEVTps="></latexit>

�(cos�� cos ✓12) = p1 ·Qp2 ·Q�((1� cos�)p1 ·Qp2 ·Q�Q2p1 · p2)

IBP equation from pµ2
@

@pµ1
<latexit sha1_base64="CWl/kUNZOZtjmGIceRkbrbrfE+w=">AAACOXicbVDLSsNAFJ34rPUVdelmsAi6KUkRdFl047KCfUBTw2Q6aYdOkmHmRqih3+DXuBL0O1y6E7eu3Dlpi9jWCwOHc869d+4JpOAaHOfNWlpeWV1bL2wUN7e2d3btvf2GTlJFWZ0mIlGtgGgmeMzqwEGwllSMRIFgzWBwlevNe6Y0T+JbGErWiUgv5iGnBAzl26fSr9x5UYq9UBGaeZIo4ESMfhGWvpsbRr5dcsrOuPAicKeghKZV8+1vr5vQNGIxUEG0bruOhE6Wj6WCjYpeqpkkdEB6rG1gTCKmO9n4pBE+NkwXh4kyLwY8Zv92ZCTSehgFxhkR6Ot5LSf/09ophBedjMcyBRbTyaIwFRgSnOeDu1wxCmJoAKGKm79i2icmGzApzmwBPniYuSKTvVCKBHSelTufzCJoVMquU3ZvzkrVy2lqBXSIjtAJctE5qqJrVEN1RNEjekIv6NV6tt6tD+tzYl2ypj0HaKasrx+jbK83</latexit><latexit sha1_base64="CWl/kUNZOZtjmGIceRkbrbrfE+w=">AAACOXicbVDLSsNAFJ34rPUVdelmsAi6KUkRdFl047KCfUBTw2Q6aYdOkmHmRqih3+DXuBL0O1y6E7eu3Dlpi9jWCwOHc869d+4JpOAaHOfNWlpeWV1bL2wUN7e2d3btvf2GTlJFWZ0mIlGtgGgmeMzqwEGwllSMRIFgzWBwlevNe6Y0T+JbGErWiUgv5iGnBAzl26fSr9x5UYq9UBGaeZIo4ESMfhGWvpsbRr5dcsrOuPAicKeghKZV8+1vr5vQNGIxUEG0bruOhE6Wj6WCjYpeqpkkdEB6rG1gTCKmO9n4pBE+NkwXh4kyLwY8Zv92ZCTSehgFxhkR6Ot5LSf/09ophBedjMcyBRbTyaIwFRgSnOeDu1wxCmJoAKGKm79i2icmGzApzmwBPniYuSKTvVCKBHSelTufzCJoVMquU3ZvzkrVy2lqBXSIjtAJctE5qqJrVEN1RNEjekIv6NV6tt6tD+tzYl2ypj0HaKasrx+jbK83</latexit><latexit sha1_base64="CWl/kUNZOZtjmGIceRkbrbrfE+w=">AAACOXicbVDLSsNAFJ34rPUVdelmsAi6KUkRdFl047KCfUBTw2Q6aYdOkmHmRqih3+DXuBL0O1y6E7eu3Dlpi9jWCwOHc869d+4JpOAaHOfNWlpeWV1bL2wUN7e2d3btvf2GTlJFWZ0mIlGtgGgmeMzqwEGwllSMRIFgzWBwlevNe6Y0T+JbGErWiUgv5iGnBAzl26fSr9x5UYq9UBGaeZIo4ESMfhGWvpsbRr5dcsrOuPAicKeghKZV8+1vr5vQNGIxUEG0bruOhE6Wj6WCjYpeqpkkdEB6rG1gTCKmO9n4pBE+NkwXh4kyLwY8Zv92ZCTSehgFxhkR6Ot5LSf/09ophBedjMcyBRbTyaIwFRgSnOeDu1wxCmJoAKGKm79i2icmGzApzmwBPniYuSKTvVCKBHSelTufzCJoVMquU3ZvzkrVy2lqBXSIjtAJctE5qqJrVEN1RNEjekIv6NV6tt6tD+tzYl2ypj0HaKasrx+jbK83</latexit><latexit sha1_base64="CWl/kUNZOZtjmGIceRkbrbrfE+w=">AAACOXicbVDLSsNAFJ34rPUVdelmsAi6KUkRdFl047KCfUBTw2Q6aYdOkmHmRqih3+DXuBL0O1y6E7eu3Dlpi9jWCwOHc869d+4JpOAaHOfNWlpeWV1bL2wUN7e2d3btvf2GTlJFWZ0mIlGtgGgmeMzqwEGwllSMRIFgzWBwlevNe6Y0T+JbGErWiUgv5iGnBAzl26fSr9x5UYq9UBGaeZIo4ESMfhGWvpsbRr5dcsrOuPAicKeghKZV8+1vr5vQNGIxUEG0bruOhE6Wj6WCjYpeqpkkdEB6rG1gTCKmO9n4pBE+NkwXh4kyLwY8Zv92ZCTSehgFxhkR6Ot5LSf/09ophBedjMcyBRbTyaIwFRgSnOeDu1wxCmJoAKGKm79i2icmGzApzmwBPniYuSKTvVCKBHSelTufzCJoVMquU3ZvzkrVy2lqBXSIjtAJctE5qqJrVEN1RNEjekIv6NV6tt6tD+tzYl2ypj0HaKasrx+jbK83</latexit>

To terminate the IBP reduction, crucial to have another equation, which 
is nothing but that the measurement function is nonlinear combination of 
ordinary propagator

Measuring the energy correlation of p1 and p2Q
p1

p2



System of differential EQ

• The IBP reduction with FIRE [Smirnov] requires 3 days on a server 
equipped with Xeon E5-2965 (18 cores) and 128GB RAM

• After reduction we get 40 master integrals
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d~f(z, ✏) = ✏
h
d
X

k

Ak ln↵k(z)
i
~f(z, ✏)

<latexit sha1_base64="YI7XF/Rjn8Jv2RZ4xGWup39A+bk="></latexit><latexit sha1_base64="YI7XF/Rjn8Jv2RZ4xGWup39A+bk="></latexit><latexit sha1_base64="YI7XF/Rjn8Jv2RZ4xGWup39A+bk="></latexit><latexit sha1_base64="YI7XF/Rjn8Jv2RZ4xGWup39A+bk="></latexit>

• alphabet (hinted by the N=4 results):

{z, 1� z, x, 1� x, y, 1� y, 1 + y}
<latexit sha1_base64="6DQ+6owP9a49ineKMjxi1baiV14=">AAACMXicbVBLS8NAEN74rPUV9ehltQiCWhIR9Fj04rGCfUATyma7aZduHuxOxDT07K/xJOhv6U28+gu8uWl7sK0f7MzHNzPMzufFgiuwrJGxtLyyurZe2Chubm3v7Jp7+3UVJZKyGo1EJJseUUzwkNWAg2DNWDISeII1vP5dXm88Mal4FD5CGjM3IN2Q+5wS0FLbPHIyPDjH9oUOz3nWIc1zHs5S7AzbZskqW2PgRWJPSQlNUW2bP04noknAQqCCKNWyrRjcjEjgVLBh0UkUiwntky5raRqSgCk3G58yxCda6WA/kvqFgMfq34mMBEqlgac7AwI9NV/Lxf9qrQT8GzfjYZwAC+lkkZ8IDBHOfcEdLhkFkWpCqOT6r5j2iCQUtHszW4D3BzNXZHHXj0UEKvfKnndmkdQvy7ZVth+uSpXbqWsFdIiO0Smy0TWqoHtURTVE0Qt6Re/ow3gzRsan8TVpXTKmMwdoBsb3L1IGp3E=</latexit><latexit sha1_base64="6DQ+6owP9a49ineKMjxi1baiV14=">AAACMXicbVBLS8NAEN74rPUV9ehltQiCWhIR9Fj04rGCfUATyma7aZduHuxOxDT07K/xJOhv6U28+gu8uWl7sK0f7MzHNzPMzufFgiuwrJGxtLyyurZe2Chubm3v7Jp7+3UVJZKyGo1EJJseUUzwkNWAg2DNWDISeII1vP5dXm88Mal4FD5CGjM3IN2Q+5wS0FLbPHIyPDjH9oUOz3nWIc1zHs5S7AzbZskqW2PgRWJPSQlNUW2bP04noknAQqCCKNWyrRjcjEjgVLBh0UkUiwntky5raRqSgCk3G58yxCda6WA/kvqFgMfq34mMBEqlgac7AwI9NV/Lxf9qrQT8GzfjYZwAC+lkkZ8IDBHOfcEdLhkFkWpCqOT6r5j2iCQUtHszW4D3BzNXZHHXj0UEKvfKnndmkdQvy7ZVth+uSpXbqWsFdIiO0Smy0TWqoHtURTVE0Qt6Re/ow3gzRsan8TVpXTKmMwdoBsb3L1IGp3E=</latexit><latexit sha1_base64="6DQ+6owP9a49ineKMjxi1baiV14=">AAACMXicbVBLS8NAEN74rPUV9ehltQiCWhIR9Fj04rGCfUATyma7aZduHuxOxDT07K/xJOhv6U28+gu8uWl7sK0f7MzHNzPMzufFgiuwrJGxtLyyurZe2Chubm3v7Jp7+3UVJZKyGo1EJJseUUzwkNWAg2DNWDISeII1vP5dXm88Mal4FD5CGjM3IN2Q+5wS0FLbPHIyPDjH9oUOz3nWIc1zHs5S7AzbZskqW2PgRWJPSQlNUW2bP04noknAQqCCKNWyrRjcjEjgVLBh0UkUiwntky5raRqSgCk3G58yxCda6WA/kvqFgMfq34mMBEqlgac7AwI9NV/Lxf9qrQT8GzfjYZwAC+lkkZ8IDBHOfcEdLhkFkWpCqOT6r5j2iCQUtHszW4D3BzNXZHHXj0UEKvfKnndmkdQvy7ZVth+uSpXbqWsFdIiO0Smy0TWqoHtURTVE0Qt6Re/ow3gzRsan8TVpXTKmMwdoBsb3L1IGp3E=</latexit><latexit sha1_base64="6DQ+6owP9a49ineKMjxi1baiV14=">AAACMXicbVBLS8NAEN74rPUV9ehltQiCWhIR9Fj04rGCfUATyma7aZduHuxOxDT07K/xJOhv6U28+gu8uWl7sK0f7MzHNzPMzufFgiuwrJGxtLyyurZe2Chubm3v7Jp7+3UVJZKyGo1EJJseUUzwkNWAg2DNWDISeII1vP5dXm88Mal4FD5CGjM3IN2Q+5wS0FLbPHIyPDjH9oUOz3nWIc1zHs5S7AzbZskqW2PgRWJPSQlNUW2bP04noknAQqCCKNWyrRjcjEjgVLBh0UkUiwntky5raRqSgCk3G58yxCda6WA/kvqFgMfq34mMBEqlgac7AwI9NV/Lxf9qrQT8GzfjYZwAC+lkkZ8IDBHOfcEdLhkFkWpCqOT6r5j2iCQUtHszW4D3BzNXZHHXj0UEKvfKnndmkdQvy7ZVth+uSpXbqWsFdIiO0Smy0TWqoHtURTVE0Qt6Re/ow3gzRsan8TVpXTKmMwdoBsb3L1IGp3E=</latexit>

x =
p
z, y = i

p
zp

1� z

<latexit sha1_base64="IjoF2BYW+DEskUjRBLfZqqc/TLo="></latexit><latexit sha1_base64="IjoF2BYW+DEskUjRBLfZqqc/TLo="></latexit><latexit sha1_base64="IjoF2BYW+DEskUjRBLfZqqc/TLo="></latexit><latexit sha1_base64="IjoF2BYW+DEskUjRBLfZqqc/TLo="></latexit>

Canonical form [Henn, 2013]

• Once the correct alphabet is identified, convert to canonical form via 
automatic tool [Gituliar, Magerya, 2017]



Boundary constant I
• Scaling behavior in the collinear limit z→0
• An LO example, pure phase space 
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• In the p1//p2 limit, p₁⋅p₂∼λ²≪1

I =

Z
ddp1d

dp2�+(p
2
1)�+(p

2
2)�+((Q� p1 � p2)

2)�(2z(p1 ·Q)(p2 ·Q)�Q2(p1 · p2))

/ 1

z

⇥
(� ln(1� z) + c1) + ✏

��4Li2(1� z) + ln2(1� z)� 3 ln z ln(1� z) + c2
�
+O(✏2)

⇤
<latexit sha1_base64="Z1QPEiK2pZaVtUqe6F9DGB1lRqU="></latexit><latexit sha1_base64="Z1QPEiK2pZaVtUqe6F9DGB1lRqU="></latexit><latexit sha1_base64="Z1QPEiK2pZaVtUqe6F9DGB1lRqU="></latexit><latexit sha1_base64="Z1QPEiK2pZaVtUqe6F9DGB1lRqU="></latexit>

lim
�!0

I ⇠
Z

ds12ds13ds23�(Q
2 � s12 � s13 � s23)�(2z(p1 ·Q)(p2 ·Q)�Q2s12/2) ⇠ O(1)

<latexit sha1_base64="v8Yrw/ZEK5oGtcj7IrhldsdJcgA="></latexit><latexit sha1_base64="v8Yrw/ZEK5oGtcj7IrhldsdJcgA="></latexit><latexit sha1_base64="v8Yrw/ZEK5oGtcj7IrhldsdJcgA="></latexit><latexit sha1_base64="v8Yrw/ZEK5oGtcj7IrhldsdJcgA="></latexit>

• Therefore the 1/z pole in I must be spurious ⇒

c1 = 0 c2 = 4⇣2
<latexit sha1_base64="KJnhQtkRbOAApCVdJk6STfQrvnQ=">AAACLnicbVDLSgMxFM3UV62vUZeCBIvgqsyUgm6EohuXFewD2mHIZDJtaObR5I7QDt35Na4E/RbBhbj1F9yZPha29UDg3HPu5eYeLxFcgWV9GLm19Y3Nrfx2YWd3b//APDxqqDiVlNVpLGLZ8ohigkesDhwEayWSkdATrOn1byd+85FJxePoAYYJc0LSjXjAKQEtueYpdW18jS3cGQxS4mPqlnVZwZ0RA+KWXbNolawp8Cqx56SI5qi55k/Hj2kasgioIEq1bSsBJyMSOBVsXOikiiWE9kmXtTWNSMiUk03vGONzrfg4iKV+EeCp+nciI6FSw9DTnSGBnlr2JuJ/XjuF4MrJeJSkwCI6WxSkAkOMJ6Fgn0tGQQw1IVRy/VdMe0QSCjq6hS3A+6OFK7KkGyQiBjXWWdnLyaySRrlkWyX7vlKs3sxTy6MTdIYukI0uURXdoRqqI4qe0DN6RW/Gi/FufBpfs9acMZ85Rgswvn8BQF2nlA==</latexit><latexit sha1_base64="KJnhQtkRbOAApCVdJk6STfQrvnQ=">AAACLnicbVDLSgMxFM3UV62vUZeCBIvgqsyUgm6EohuXFewD2mHIZDJtaObR5I7QDt35Na4E/RbBhbj1F9yZPha29UDg3HPu5eYeLxFcgWV9GLm19Y3Nrfx2YWd3b//APDxqqDiVlNVpLGLZ8ohigkesDhwEayWSkdATrOn1byd+85FJxePoAYYJc0LSjXjAKQEtueYpdW18jS3cGQxS4mPqlnVZwZ0RA+KWXbNolawp8Cqx56SI5qi55k/Hj2kasgioIEq1bSsBJyMSOBVsXOikiiWE9kmXtTWNSMiUk03vGONzrfg4iKV+EeCp+nciI6FSw9DTnSGBnlr2JuJ/XjuF4MrJeJSkwCI6WxSkAkOMJ6Fgn0tGQQw1IVRy/VdMe0QSCjq6hS3A+6OFK7KkGyQiBjXWWdnLyaySRrlkWyX7vlKs3sxTy6MTdIYukI0uURXdoRqqI4qe0DN6RW/Gi/FufBpfs9acMZ85Rgswvn8BQF2nlA==</latexit><latexit sha1_base64="KJnhQtkRbOAApCVdJk6STfQrvnQ=">AAACLnicbVDLSgMxFM3UV62vUZeCBIvgqsyUgm6EohuXFewD2mHIZDJtaObR5I7QDt35Na4E/RbBhbj1F9yZPha29UDg3HPu5eYeLxFcgWV9GLm19Y3Nrfx2YWd3b//APDxqqDiVlNVpLGLZ8ohigkesDhwEayWSkdATrOn1byd+85FJxePoAYYJc0LSjXjAKQEtueYpdW18jS3cGQxS4mPqlnVZwZ0RA+KWXbNolawp8Cqx56SI5qi55k/Hj2kasgioIEq1bSsBJyMSOBVsXOikiiWE9kmXtTWNSMiUk03vGONzrfg4iKV+EeCp+nciI6FSw9DTnSGBnlr2JuJ/XjuF4MrJeJSkwCI6WxSkAkOMJ6Fgn0tGQQw1IVRy/VdMe0QSCjq6hS3A+6OFK7KkGyQiBjXWWdnLyaySRrlkWyX7vlKs3sxTy6MTdIYukI0uURXdoRqqI4qe0DN6RW/Gi/FufBpfs9acMZ85Rgswvn8BQF2nlA==</latexit><latexit sha1_base64="KJnhQtkRbOAApCVdJk6STfQrvnQ=">AAACLnicbVDLSgMxFM3UV62vUZeCBIvgqsyUgm6EohuXFewD2mHIZDJtaObR5I7QDt35Na4E/RbBhbj1F9yZPha29UDg3HPu5eYeLxFcgWV9GLm19Y3Nrfx2YWd3b//APDxqqDiVlNVpLGLZ8ohigkesDhwEayWSkdATrOn1byd+85FJxePoAYYJc0LSjXjAKQEtueYpdW18jS3cGQxS4mPqlnVZwZ0RA+KWXbNolawp8Cqx56SI5qi55k/Hj2kasgioIEq1bSsBJyMSOBVsXOikiiWE9kmXtTWNSMiUk03vGONzrfg4iKV+EeCp+nciI6FSw9DTnSGBnlr2JuJ/XjuF4MrJeJSkwCI6WxSkAkOMJ6Fgn0tGQQw1IVRy/VdMe0QSCjq6hS3A+6OFK7KkGyQiBjXWWdnLyaySRrlkWyX7vlKs3sxTy6MTdIYukI0uURXdoRqqI4qe0DN6RW/Gi/FufBpfs9acMZ85Rgswvn8BQF2nlA==</latexit>

• Can be systematically generalized beyond LO. Only collinear and hard 
modes involved



Boundary constant II

• For most of the MIs, boundary constant determined by integrating z and 
compare with inclusive integral
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Fij(z, ✏) =

Z
dPS(4)I({p})�(2z(pi ·Q)(pj ·Q)� pi · pj)

<latexit sha1_base64="6Hb+M0AoGNoWWSV2PX9T7PmMOBc="></latexit><latexit sha1_base64="6Hb+M0AoGNoWWSV2PX9T7PmMOBc="></latexit><latexit sha1_base64="6Hb+M0AoGNoWWSV2PX9T7PmMOBc="></latexit><latexit sha1_base64="6Hb+M0AoGNoWWSV2PX9T7PmMOBc="></latexit>

F (z, ✏) ⇠ 1

zn
1

(1� z)m
<latexit sha1_base64="I3+1X/sZfPsl0FHsCrc744BiBNQ="></latexit><latexit sha1_base64="I3+1X/sZfPsl0FHsCrc744BiBNQ="></latexit><latexit sha1_base64="I3+1X/sZfPsl0FHsCrc744BiBNQ="></latexit><latexit sha1_base64="I3+1X/sZfPsl0FHsCrc744BiBNQ="></latexit>

Z
dzzn(1� z)mF (z, ✏) =

Z
dPS(4) I({p})

2(pi ·Q)(pj ·Q)

✓
pi · pj

2(pi ·Q)(pj ·Q)

◆n ✓
1� pi · pj

2(pi ·Q)(pj ·Q)

◆m

<latexit sha1_base64="T9N24AzJR0sSs+Vus9g5DuB0a0U="></latexit><latexit sha1_base64="T9N24AzJR0sSs+Vus9g5DuB0a0U="></latexit><latexit sha1_base64="T9N24AzJR0sSs+Vus9g5DuB0a0U="></latexit><latexit sha1_base64="T9N24AzJR0sSs+Vus9g5DuB0a0U="></latexit>

In general F could have poles at z=0 and z=1

eliminate the poles

}
<latexit sha1_base64="ITH9/B8DM3b9vtYu9R5WKlDqYG0=">AAACEHicbVDLSgMxFM34rPVVdekmWARXZUYEXRbduKxiH9AOJZNm2tBMEpI7Qh36B64E/RZ34tY/8FPcmbazsK0HLhzOuZd774m04BZ8/9tbWV1b39gsbBW3d3b39ksHhw2rUkNZnSqhTCsilgkuWR04CNbShpEkEqwZDW8mfvORGcuVfICRZmFC+pLHnBJw0n1n3C2V/Yo/BV4mQU7KKEetW/rp9BRNEyaBCmJtO/A1hBkxwKlg42IntUwTOiR91nZUkoTZMJteOsanTunhWBlXEvBU/TuRkcTaURK5zoTAwC56E/E/r51CfBVmXOoUmKSzRXEqMCg8eRv3uGEUxMgRQg13t2I6IIZQcOHMbQE+fJr7ItP9WAsFdpJVsJjMMmmcVwK/EtxdlKvXeWoFdIxO0BkK0CWqoltUQ3VEUYye0St68168d+/D+5y1rnj5zBGag/f1CwvqnmY=</latexit><latexit sha1_base64="ITH9/B8DM3b9vtYu9R5WKlDqYG0=">AAACEHicbVDLSgMxFM34rPVVdekmWARXZUYEXRbduKxiH9AOJZNm2tBMEpI7Qh36B64E/RZ34tY/8FPcmbazsK0HLhzOuZd774m04BZ8/9tbWV1b39gsbBW3d3b39ksHhw2rUkNZnSqhTCsilgkuWR04CNbShpEkEqwZDW8mfvORGcuVfICRZmFC+pLHnBJw0n1n3C2V/Yo/BV4mQU7KKEetW/rp9BRNEyaBCmJtO/A1hBkxwKlg42IntUwTOiR91nZUkoTZMJteOsanTunhWBlXEvBU/TuRkcTaURK5zoTAwC56E/E/r51CfBVmXOoUmKSzRXEqMCg8eRv3uGEUxMgRQg13t2I6IIZQcOHMbQE+fJr7ItP9WAsFdpJVsJjMMmmcVwK/EtxdlKvXeWoFdIxO0BkK0CWqoltUQ3VEUYye0St68168d+/D+5y1rnj5zBGag/f1CwvqnmY=</latexit><latexit sha1_base64="ITH9/B8DM3b9vtYu9R5WKlDqYG0=">AAACEHicbVDLSgMxFM34rPVVdekmWARXZUYEXRbduKxiH9AOJZNm2tBMEpI7Qh36B64E/RZ34tY/8FPcmbazsK0HLhzOuZd774m04BZ8/9tbWV1b39gsbBW3d3b39ksHhw2rUkNZnSqhTCsilgkuWR04CNbShpEkEqwZDW8mfvORGcuVfICRZmFC+pLHnBJw0n1n3C2V/Yo/BV4mQU7KKEetW/rp9BRNEyaBCmJtO/A1hBkxwKlg42IntUwTOiR91nZUkoTZMJteOsanTunhWBlXEvBU/TuRkcTaURK5zoTAwC56E/E/r51CfBVmXOoUmKSzRXEqMCg8eRv3uGEUxMgRQg13t2I6IIZQcOHMbQE+fJr7ItP9WAsFdpJVsJjMMmmcVwK/EtxdlKvXeWoFdIxO0BkK0CWqoltUQ3VEUYye0St68168d+/D+5y1rnj5zBGag/f1CwvqnmY=</latexit><latexit sha1_base64="ITH9/B8DM3b9vtYu9R5WKlDqYG0=">AAACEHicbVDLSgMxFM34rPVVdekmWARXZUYEXRbduKxiH9AOJZNm2tBMEpI7Qh36B64E/RZ34tY/8FPcmbazsK0HLhzOuZd774m04BZ8/9tbWV1b39gsbBW3d3b39ksHhw2rUkNZnSqhTCsilgkuWR04CNbShpEkEqwZDW8mfvORGcuVfICRZmFC+pLHnBJw0n1n3C2V/Yo/BV4mQU7KKEetW/rp9BRNEyaBCmJtO/A1hBkxwKlg42IntUwTOiR91nZUkoTZMJteOsanTunhWBlXEvBU/TuRkcTaURK5zoTAwC56E/E/r51CfBVmXOoUmKSzRXEqMCg8eRv3uGEUxMgRQg13t2I6IIZQcOHMbQE+fJr7ItP9WAsFdpJVsJjMMmmcVwK/EtxdlKvXeWoFdIxO0BkK0CWqoltUQ3VEUYye0St68168d+/D+5y1rnj5zBGag/f1CwvqnmY=</latexit>

Can be reduced to inclusive 4-body phase integral 
[Gehrmann-De Ridder, Gehrmann, Heinrich, 2003]



Plan of the talk

• Why Energy-Energy Correlation (EEC) is special

• The analytical calculation of EEC at the NLO in QCD

• Some interesting aspects of the results
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Check of the calculation

• After UV renormalized and adding up virtual and real, all IR singularities 
cancel

• Reproduce the N=4 EEC
• Perfect agreement with EVENT2 [Catani, Seymour]
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EEC in QCD at NLO

• Color decomposition
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• Individual real/virtual depends on 
HPL with imaginary argument, 
e.g. Bloch-Wigher function

• Cancel out in the physical results

Li2(ir)� Li2(�ir)� ln r ln
1 + ir

1� ir
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The leading color coefficient
• Leading color coefficient Blc

21

• Asymptotic of rational coefficients
z!0⇠ 1

z5
z!1⇠ z3



EEC in the back-to-back limit

• Back-to-back region dominated by soft/collinear emission
• NNLL resummation: Dokshitzer, Marchesini, Webber, 1998; de Florian, Grazzini, 

2002

• All order factorization in terms of operator matrix element: Moult, HXZ, 2018 
22

� ! ⇡

Leading
power

Valuable Next-to-
Leading Power data, 
see Ian Moult’s talk



Collinear limit z ~ 0

• The z -> 0 limit is governed by collinear splitting
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The leading log predicted by jet 
calculus [Konish et al., 1978, 79; 
Richards et al., 1983]

• Remarkable cancellation from 1/z5 to 1/z



z→∞ limit
• The z→∞ is unphysical. However, since we have ΣEEC(z) analytically, we 

can perform analytical continuation

24

z =

1� cos�

2

• Remarkable cancellation from z3 to 1/z
• z→0 and z→∞ imply very rigid structure for the full perturbative 

spectrum. Good news for bootstrap



LO v.s. NLO

• Divergent at both sides, no tail region
• Important to know how much of the corrections for moderate z 

comes from the remnant of large logs at z=0 and z=1

25
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LO + NLO LL approximation

• Adding the Leading log for z=0 at NLO on top of LO: poor approximation
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LO + NLO NLL approximation

• Adding the NLONLL term gives much better approximation
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• Will be very interesting to resum log(z) beyond LL
28

Collinearback-to-back
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Tulipant, Kardos, Somogyi, 2017



Conclusion

• First analytical results for event shape in QCD: EEC

• NLO results in terms of classical polylogarithms. Surprising degree of 
cancellation at z=0 and z=∞

• Provide data for resummation at small z (z=0) and large z (z=1) (power 
corrections)
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