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Plan of the talk

* Why Energy-Energy Correlation (EEC) is special
* The analytical calculation of EEC at the NLO in QCD

* Some interesting aspects of the results



;! 1012 = T T T T T =
(o) 9 :_ anti-k( R=0.4 ATLAS _:
— 0. —
Q) 10 F 1s=13TeV, 81nb'-3.21" ® |y|<0.5(x10% —
Fe) 6 = O 05<y|<1.0(x10%) ]
o 10 il B 1.0<|y<1.5(x10°) 3
N 3 ® ®e, O 1.5<|y|<2.0(x 10 =
E o) 10 il .'oo... A 20<|y|<25(x10"%) ]
(- 1z OOOO o A 255]y|<3.0(x10™)
g 1%, :
= ey e =
© 10°F Ny o -
N =— ng, ™ -
© =0 i o —
-6 (=) o —— |
10 - DD:}D © —]
oF A4 - 1] O S
10_ E A A, [ ] ]
— AAAAA = —]
oA Ay —
1072 AAAAA Aaas, = =
:— AA/\A “A e ]
10715 — Systematic AAAA A““ —
= uncertainties AAA A A —
—18 [ Ba 3
100 ° = NLOJET++ (CT14 PDF) x By =
- Non-pert. corr. x EW corr. =i T
—21[ =

10 C 1 1 R R L

10° 10°

o
_|
(%)
@
=

Motivation

e High precision jet data

over large energy
range

e Probe QCD dynamics

from weak to strong
coupling

For a recent review LarkoskKi,
Moult, Nachmann, 2017

Can we have analytical understanding of structure of jet?

Not just at LL etc., but for the whole perturbative spectrum

Easier to study this problem in e+e- collider first



Energy-Energy Correlation (EEC)

* Energy correlation of two calorimeter detector with angle x, and sum over
orientation Basham, Brown, Ellis, Love, 1978
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An interesting distribution with two ends

* Only the EEC distribution for an ensemble can be perturbatively computed
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Some history for the Numerical calculation of EEC

/sin2+m x cos” x dX(x) dcosx =

+ Zs plmom) + CF

(CaBGY™ + CrBI™ + TeNpBYT™ ) + O(al)

e C—Clay, Ellis, 95

e S—Catani, Seymour,
96

e G—Glover, Sutton, 95

e N—Kunszt, Nason,
Marchesini, Webber,
89

Summarize in “QCD” by
Nason et al., 1996

2m
Comparison of different computations of the ng;”) coefficients
m | n N G S ot
010 50.82 £+ 0.05 50.54 £+ 0.03 50.72 £ 0.02 46.4 £ 0.2
110 35.76 £ 0.04 35.93 £ 0.02 35.64 £ 0.02 32.09 £ 0.06
210 28.94 = 0.03 28.75 £ 0.02 28.82 £ 0.02 25.73 £ 0.04
310 24.92 = 0.03 24.75 £+ 0.02 24.80 = 0.02 22.03 £0.04
4 10 22.20 £ 0.03 22.05 £+ 0.02 22.09 £ 0.02 19.54 = 0.04
5|0 20.21 = 0.03 20.07 = 0.02 20.10 £+ 0.02 17.74 = 0.03
O | 1| —6.468 £ 0.006 —6.50 = 0.01 —6.455 £ 0.005 | —6.0£0.15
1T 11| —2.356+£0.004 | —2.365£0.009 | —2.344 +£0.003 | —2.15 £+ 0.03
2 | 1] —1.189+0.003 | —1.194 +0.008 | —1.177 £0.003 | —1.06 £ 0.02
3 | 1] —0.714+£0.003 | —0.718 &£ 0.007 | —0.702 £0.003 | —0.62 £ 0.01
4 11 1] —0.478 £0.003 | —0.479 +0.007 | —0.466 = 0.003 | —0.41 +0.01
S | 1T | —0.344 £0.003 | —0.344 = 0.006 | —0.331 & 0.003 | —0.28 4+ 0.01
5 Large angle soft radiation contribute to full
— spectrum, not just the end point

NNLO results now available Del Duca, Duhr, Kardos, Somogyi, and Trocsanyi, 2016;
Tulipant, Kardos, Somogyi, 2017



Analytical event shape

* Very few analytical fixed-order predictions

Opseraie | Falaic | Flac
('-parameter No' No
Thrust Yes [De Rujula et al., 1978] No
Heavy jet mass Yes? No
EEC Yes [Basham etal., 1978] | Yes [THIS WORK]

dx Integral representation for C parameter@LO

1 d0(3)_ A C fx2+(C)

J; dC —2'17' x5 (C)

6x| C(x* + (x —2)%) — 6(1 — x)(1 + x2) |

C(C+6)*(x—6/(C+6)W(6/(C+6) —x)(x; —x)(x—x;7 )x

Ellis, Ross, Terrano, 1981



EEC as integral of four-point correlation function
Z(X) — 0_1 /dﬂ’n1dﬂn25(n1 " Ty — COS X)

<3 [ e 0/0! @ (n)e (n) X) (X100)0

Korchemsky,Sterman; Belitsky,Korchemsky,Sterman; Hofman,Maldacena

e O(x): operator that create QCD radiation. e.g. e+e- to jets O (z) = yYy"(z)

e Energy flow operator Sveshnikov,Tkachov; Korchemsky,Oderda,Sterman;
Bauer, Fleming, Lee, Sterman

En)|X) = ZEa5(2)(QI)a — Q)| X) E(n) = / dt lim r*n'Ty;(t,rn)
. 0 r—00
e EEC now expressed as four-point wightman correlation
 Known to high orders in N=4 SYM in Euclidean region
* Tour de force calculation for EEC in N=4 SYM from four-point correlation
e Compute the Mellin amplitude, for which analytic continuation is easier

* Then Inverse the Mellin transformation to momentum space
Belitsky, Hohenegger, Korchemsky, Sokatchev, Zhiboedov, 2013 8



EEC@NLO in N=4 SYM

1 2 Q%MN
EN:4(Z) — 422(1_2) (aFl(Z)+a’ [(1_Z)F2<Z)+F5('Z)])7 a = A2
L 1 — COS'Y Fi(z)= —In(1 — 2),
2 Fy(z)= 4z [Liz (—vz) — Lis (Vz) + h;z In (1 j_L \‘Z)]

Simple and compact results

_ +(1 + 2) 2Li2(z)—|—ln2(1—z) + 2In(1 — 2) 1In - —I—zW‘—,
Only polylogarithms, no [ | <1 - ) 3

= l — z 2) |1n? Lt vz n — — 1 vz

elliptic function F)= {0 - a0l (1 . ﬁ)l (—7) s <¢z_ 1)
: : vz _ : 27 ~
Symmetry N '\/Z 'to -'\/Z —8Lij (\/E—{— . )} — 4(z — 4)Lig(z) + 6(3 + 3z — 427 )Ligs <z - 1)
Uniform tl’anSCendentah’[y —22z(1 +4z){3 + 2 [2(22:2 —2z—2)In(1 — 2)+ (3 —4z)z1In z} Lis(2)
violated +§ In? (1 — 2) [4(322 — 22— 1)In(l — 2) +3(3 — 42)z1n z]
e 2 2
—I—? [2,2 Inz — (22 —l—z—2)ln(1—z)} }

Belitsky, Hohenegger, Korchemsky, Sokatchev, Zhiboedov, 2013
e Simplicity of EEC in N=4 SYM strongly encourage calculation in QCD



Plan of the talk

* The analytical calculation of EEC at the NLO in QCD
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Can we compute EEC in QCD?

The Mellin space approach not realistic for QCD
Four-point correlation and the Mellin amplitudes not known in QCD
Doing the inverse Mellin integral is too difficult

We pursue a more canonical approach: calculating the scattering
amplitudes, and do the energy weighted phase space integrals

11



NLO virtual corrections
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Figure from Ellis, Ross, Terrano, 1981

* One-loop amplitudes known in compact form

 Can be integrated directly in 4 dimension. No phase space singularity ”



Real corrections
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Flgure from Ellis, Ross, Terrano, 1981

e Standard techniques: 1
e Reverse unitarity [Anastasiou, Melnikov] O (pz) — |
%

e |BP equations [Chetyrkin, Tkachov; Tkachov] L ] cut
e Differential equations [Kotikov; Gehrmann, Remiddi; Henn; ...]

e Would be almost trivial if not for the quartic measurement function

- Qp2 - QO((1 —cos x)p1 - Qp2 - Q — Q2P1 - p2)

(B81)

/>\\4,
n (8Y]

(B2)

- W N W

3

4& /%& ;%\

(B4)
4

d(cosy — cosbi) = p1
13



IBP equation: One-loop example

1
Q y Measuring the energy correlation of p1 and p2
0 d(cos x — cosbi2) = p1 - Qpz - QS((1 — cos x)p1 - Qpz - Q — Q°p1 - p2)
e = / pR1et 3] [(Q — p1 — p2)?]e*[(Q — pl)z]“f(péddfz)ﬂ% 22(p1 - Q)(p2 - Q) — Q*(p1 - p2)]c®
IBP equation from pga%,f
1 1

1
—§6+ 2° agz — 612 a6z +5_6,2_agz — 5 52 6,06z — §6+a62 +9-64a62 —342-a3

+4.2 a4 +6,2 _ag—3-1,a;+4_1,a;+5_-1ya; —1ya1+4_3,a3—a3—3_4,a4+a4=20

To terminate the IBP reduction, crucial to have another equation, which
IS nothing but that the measurement function is nonlinear combination of
ordinary propagator

/ d’p1dpz(22(p1 - Q) (P2 - Q) — Q*(p1 - p2))
1]t [p3)e*[(Q — p1 — p2) 2] [(Q — p1)2]e* [(Q — p2)?]e® [22(p1 - @)(p2 - Q) — @ (p1 - p2)]2°

- I(aflaa’27a3aa’4aa’57 ae — 1 )

—(1_—4_+1)(2_—5_41)z+3_—4_—-5_+26_+1=0 12




System of differential EQ

* The IBP reduction with FIRE [Smirnov] requires 3 days on a server
equipped with Xeon E5-2965 (18 cores) and 128GB RAM

* After reduction we get 40 master integrals

df(,g7 €) = e{dZAk In ak(z)} f(,z, e) Canonical form [Henn, 2013]
k

e alphabet (hinted by the N=4 results):
{z,l—z,x,l—x,y,l—y,1+y}

_ _; VZ
CE—\/E, y_z\/l—Z

e Once the correct alphabet is identified, convert to canonical form via
automatic tool [Gituliar, Magerya, 2017]

15



Boundary constant I

e Scaling behavior in the collinear limit z—0
* An LO example, pure phase space

I Z/ddp1ddp25+(p%)&r(p%)&r((Q — D1 —p2)2)5(22(p1 ' Q)(pz ' Q) - Qz(p1 °p2))

1
z

x = [(=In(1 = 2) 4+ ¢1) + € (—4Lis(1 — 2) + n*(1 —2) —3InzIn(l —2) + c2) + O(e?)]

* Inthe p1//p2 limit, p,-p ~A2«1

lim [ ~ /d812d813d8235(Q2 — 512 — 513 — $23)0(22(p1 - Q) (p2 - Q) — Q%s12/2) ~ O(1)

A—0

 Therefore the 1/z pole in | must be spurious =

c1 =0 c2 = 4(2

* Can be systematically generalized beyond LO. Only collinear and hard

modes involved 6



Boundary constant 11

* For most of the Mls, boundary constant determined by integrating z and
compare with inclusive integral

Fiilze) = / APSOT({p})5(22(pi - Q)(p; - Q) — pi - ;)

1 1
2" (1 —z)™m

In general F could have poles at z=0 and z=1 F(Z, 6) ~

/ d"”%“ 3 Z@”””’ )= [arsy éz{f(;) Q) <2<pz- o @))n <1 ~ o Ol Q))m

eliminate the poles —_—

Can be reduced to inclusive 4-body phase integral
[Gehrmann-De Ridder, Gehrmann, Heinrich, 2003]

17



Plan of the talk

* Some interesting aspects of the results
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Check of the calculation

e After UV renormalized and adding up virtual and real, all IR singularities
cancel

* Reproduce the N=4 EEC
* Perfect agreement with EVENT2 [Catani, Seymour]

120 T T T T | T T T T |

= Analytic

I * EVENT2
100

60 +

B

40k Py
EVENT2 CUTOFF=10

o3+
" o EVENT2-Analytic bt

0.02 E |Analytic| {
0.01

0.00
-0.01F

-0.02 -

-0.03 . ) . . 1 L L A ) I A ) A . ] .
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EEC in QCD at NLO

e Color decomposition
B = C%Blc + Cp(Cyq — 2CF)Bpic + CFNfoBNf

gV =log(1—2), g =log(z),  ¢\¥ =2(Lia(2) + C2) + log’(1 — 2),
957 = Liz(1 — 2) — Lia(2),

952 = —2Lia (—v/z) +2Li2 (Vz) + log (1 — \/E) log(2), ¢y = ¢,

14+ 2
g§3) = —6 !Lig (— 7 i z) — C3:| — log (1 i . (2(Li2(z) + (2) + log2(1 — z)) :
g = —12 [Lig(z) + Lis (—1f—z>] +6Lia(2)log(l — 2) + log®(1 — 2)
g3 = 6log(1 — 2) (Lia(2) — C2) — 12Lis(z) + log®(1 — 2), * Individual real/virtual depends on
. p HPL with imaginary argument,
(3) — — — ogl\z 3, . .
T L'3< 1 —Z> 3ealoglz) +8¢ e.g. Bloch-Wigher function

o=l (20) v () |+ (55 Li(ir) — Lin(—ir) — InrIn ~—
14

1 — 1 —ar
+ 4¢2 log(1 — 2) —I—log( . z) log® (

e (Cancel out in the physical results 20



The leading color coetficient
* [eading color coefficient Bic

12240027 — 2448002° + 1570602° — 3100024 + 20642° + 7230522 — 1435772 + 63298

+ 1440(1 — )24

—2448002” + 6732002° — 66728027 + 2831402° — 481222° 4 27162* — 62012° 4 113092* — 9329z + 3007 (4
_ = 91

720(1 — 2)z

2448002° — 5508002 + 4224802° — 1269002° + 130522" — 3362° 4 172612% — 382952 + 19938 (1)

J— 1 J2
720(1 — 2)z
n 427 +102° — 172° + 252" — 962° +2962° — 2112 + 87 (9
24(1 — 2)25 1

—408002z° 4 6120027 — 284802° + 40402° — 3202 — 1602° + 11262% — 47262 + 3323 (o)

+ = 9>
1202

1 —11z (9 1202° +602° + 1602" — 22462° + 88122° — 101592 + 4193 (o)
— as”) — )

4827/2 I3 120(1 — 2)25 I

—42° +182% =212+ 5 (3 22 4+1 (3
— 2 (852" —1702° +1162° — 312 + 3 3y & )
(852 2 +1162" — 312 + 3)g,” + 6(1 — 2)z5 P TP
z—0 1
N —
- Asymptotic of rational coefficients A
zZ—00 3 21

~ 2



EEC in the back-to-back limit

1 1 11C4  9Cp N;T
B(z) :CF{l—z [§CF 10g3(1—2)+10g2(1—z)< 12‘4 + ,f1f — ’:3 f>
. g V .
Leading +log(1 — 2) (cA <%2 - %) +Cr (@ n 14_7> . {§f>
power -

11¢z 3¢z 35 45 3
C, ' — Cr |30 —(+ — N:Ts | = — (o
—+ A( 1 + 5 16>+ F ( G2 — (3 + 16>+ ¢l <4 CH>]

((% + CF) log®(1 — z) + log*(1 — 2) (27§A + 132CF — N;Tf>

+ log(1 — 2) [CA (22(2 — 23%) + Cr(47 — 19¢2) + N1 (% — 46:2)]
- - Valuable Next-to-
+Ca ( o~ 216 log(2) - == - 7) Leading Power data,

L O (_ 17;;@ 420 log(2) + 12;@:3 N 3gz7> see lan Moult’s talk

1747 2099
—|-\Nfo (— 120<2 + 12C3 + m)} + 0(1 — Z) J

* Back-to-back region dominated by soft/collinear emission

e NNLL resummation: Dokshitzer, Marchesini, Webber, 1998; de Florian, Grazzini,
2002

o All order factorization in terms of operator matrix element: Moult, HXZ, 2018
22




Collinear limitz ~ 0

* The z -> 0 limit is governed by collinear splitting

o (_ 2?52 . ¢2_3 i 1277%) Richards et al., 1983]
+ Cp (4f§2 e %) . 491:3?25](\)[6Tf] © log(2) lCA ( 33¢5

+Cr (% - 21(2) + N Ty (% - 4@)]

+Ca (212@ - 10;(:3 ~ 256299826000007> o (_15;:3(2 L 65+
A (_ 462’52 126+ 2393807765207> } +0),

e Remarkable cancellation from 1/z5to 1/z

703439
25200

18563
2700

! 107Ca  25Cr 53N, T, The leading log predicted by jet
B(z) :CF{Z log(z){ =—55~ T 35t ~24p ) calculus [Konish et al., 1978, 79;
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1 —cosyx
Z—00 limit ° 2

* The z— is unphysical. However, since we have 2eec(z) analytically, we
can perform analytical continuation
Cr [

A(z) =2 |2 log(—2) — g] L o(1/2Y),

1 699 991 85595
Bic(2) =3 [<4C2 + —> log(—2) —8¢3 + —7= G2 — ]

288 1728
=3 [ (24 ) ogtom - D B 2T
isignilgn(z)) [ 2059 sz/_ w<_%1 a(—2) + g N 210252158>] +01/7?),
Bry () = 5 |~ 5 08(—2) = Jos G2+ 5
N Z'S‘g”i';“(z)) [_§ Cov/—z + 7 (Emg(— ) — 18986200003>] +0(1/27?).

e Remarkable cancellation from z3 to 1/z

e z—0 and z— imply very rigid structure for the full perturbative
spectrum. Good news for bootstrap



LO v.s. NLO

- L.O
1| — NLO

0.50 |
N ,
=)
~
N
=

0.10|

0.05 |

00 02 04 06 08 10

Collinear // back-to-back

* Divergent at both sides, no tail region

 Important to know how much of the corrections for moderate z
comes from the remnant of large logs at z=0 and z=1

25



LO + NLO LL approximation

LO
1| NLO
‘ LO+NLOyr 1, ¢
050/ ¥
N i
=)
S~
N
=
0.10|
0.05|
00 02 04 06 08 10
Z
Qg \ 2 In z
NLO 1,0 = (—) _1.4416722
27T A

e Adding the Leading log for z=0 at NLO on top of LO: poor approximation

20



LO + NLO NLL approximation
1 ' ' ' I ' ' ' I LO ' ' I ' ' ' I ' ' ' ﬁ ]
! NLO 4” |
B LO+NLOL1- o |
0.50 | | |
: LO+NLON1 Lz 0 *

dX/dz

@)
0.10 | \ 66

0.05| = !
00 02 04 06 08 10
Z
O\ 2 In 2 Qg 2 In 2z
NLOq 1,0 = (—) 14416722 NLONI10 = (—) _1.4416722 4
27T A 27 A

e Adding the NLOnLL term gives much better approximation

10.1851

<
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Tulipant, Kardos, Somogyi, 2017 =
. Q =91.2 GeV
Oés(Q) =0.118

1 /oy d¥/dx [1/rad

0O 20 40 60 &0 100 120 140 160 180

back-to-back X |deg]

 Will be very interesting to resum log(z) beyond LL

Collinear

28



Conclusion

* First analytical results for event shape in QCD: EEC

* NLO results in terms of classical polylogarithms. Surprising degree of
cancellation at z=0 and z=

* Provide data for resummation at small z (z=0) and large z (z=1) (power
corrections)
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