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Motivation

» Various recipes already available for NNLO subtraction/slicing.

> Slicing: simpler but approximate, need to check cutoff independence.
QT [catani, Grazzini, et al.], N-jettiness [Boughezal, Petriello, et al.], [Gaunt, Tackmann, et al.].

» Subtraction: more complex but exact.
Antennae [Gehrmann, Glover, et al.], sector-improved [czakon, Mitov, et al.], nested soft-collinear
[Caola, Melnikov, et al.], colourful [pel Duca, Troscanyi, et al.], projection to Born [salam, et a1.],
sector decomposition [Anastasiou, et al.], [Binoth, et al.], £-prescription [Frixione, Grazzinil,
geometric [Herzogl.

» Unsubtraction: loop-tree duality [Rodrigo, et al.l.
» Complexity in the structure of the subtraction scheme increases substantially with

respect to NLO, NNLO subtraction problem not yet fully solved in general, room for
studies.

Paolo Torrielli A local analytic sector subtraction at NNLO 2/ 33



Motivation

» Various recipes already available for NNLO subtraction/slicing.

> Slicing: simpler but approximate, need to check cutoff independence.
QT [catani, Grazzini, et al.], N-jettiness [Boughezal, Petriello, et al.], [Gaunt, Tackmann, et al.].

» Subtraction: more complex but exact.
Antennae [Gehrmann, Glover, et al.], sector-improved [czakon, Mitov, et al.], nested soft-collinear
[Caola, Melnikov, et al.], colourful [pel Duca, Troscanyi, et al.], projection to Born [salam, et a1.],
sector decomposition [Anastasiou, et al.], [Binoth, et al.], £-prescription [Frixione, Grazzinil,
geometric [Herzogl.
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» Complexity in the structure of the subtraction scheme increases substantially with
respect to NLO, NNLO subtraction problem not yet fully solved in general, room for
studies.

» Our main motivation for studying a new scheme:
> investigate how much one can simplify subtraction and involved calculations;

» understand what properties/choices of NLO subtraction terms can be usefully exported
to NNLO.

> In the following, still partial results on massless and final-state-only QCD partons.
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NLO
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Subtracted NLO cross sections

> NLO coefficient of the differential cross section (X = IRC safe, X; = observable
computed with i-body kinematics, §; = 6(X — X;)):

donLo
dX

= /d@n Vén + /d@n_;,_l Ron1.
» Add and subtract counterterm:
/ d&;n+1 K 6y

» K = local counterterm: same phase-space singularities as R, but simple enough to be
integrated analytically in d dimensions.

> d-dimensional integrated counterterm:
I= /d@wd K, A®,pq = dPpi1/dP,.

» Subtracted NLO coefficient

donLo
dX

= /d@n (V + [) On + /(d¢n+1 R5n+1 — dzﬁn+1 ?571)

» Both integrals [(V +I) and [(R — K) are separately finite and evaluated numerically in
d=4.
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NLO sectors (& la FKS) tricione, xunszt, signers

> Partition phase space ®,1 with sector functions W;;, (normalised as ; ok Wij = 1),
such that R W;; is singular only in one soft (S;) and one collinear (C;;) configuration.

» Properties:

S; ZW“‘ =1, Ci; Z Waep = 1, +— sum rules
k#i ab € perm(ij)

> Sum rules: by summing over all sectors sharing the same singularity the W’s disappear.
Key for simplifying analytic integration of K.

» Example of sector functions (sq; = 2¢em - ki, si5 = 2k; - kj):

(2T X 1 Sqi S84
Wz'j — s with g = s e; = 2 s wi; = =7
S or €; Wij s Sqi Sqj
k, 1#£k
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Structure of NLO subtraction

» Singularity of real matrix element in sector ij known in advance in terms of dot
products s4p, without parametrising the sector (at variance with FKS).

» S; R = soft limit for parton i = leading term in R as k{' — 0.
C;; R = collinear limit for partons ij = leading term in R as relative k’j_ — 0.
SiR({k}) = —N1 Y 6 sz: Bim ({k};) ,
l,m k2 m
cyRURY) = M b, B(tk},,k MY By ({k} 15,k
GROED = T [P B0 k) + @ B (R0 k) |
SiCiy R({k}) = 2MN1Cy; b5, sb]sr B({k},) -
ij Sir

> Argument of Altarelli-Parisi kernel Pj; is ©; = $ir/(Sir + Sjr), with 7 # 4, j.

> Candidate counterterm in sector ij: K;; = (S; + C;; —S; Cij)RW;;
(limits applied to both R and W;;).

> As minimal as FKS, but no parametrisation yet: freedom to be exploited to simplify
analytic integration.
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Mapping from NLO to Born kinematics (& la CS) tcatant, seymours

» Need a momentum mapping {k1, ..., kn+1} — {k1,..., kn} to factorise radiation phase
space from Born phase-space, and integrate conuterterm in the latter.

» Catani-Seymour final-state massless mapping {k} — {k}(abe).

B = ki, ifi#a,b,c,

S - S
ab ke, kéabc) _ abce ke,

) gty S
Sac + Sbe Sac + Sbe

with Sgpe = Sab + Sac + Spe, and I;:(gabc) + I%ﬁ“bc) = kq + kp + ke
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Local-counterterm definition

» Mapping {k} — {E}<abc): at this stage there is still full freedom to choose labels a, b, c as
we want. Adapt the choice to the invariants appearing in the kernels.

» C;; R features invariants s;j;, si, and sj.: choose (abc) = (ijr).
> Each term in the eikonal sum in S; R features s;;, Sim, and sp,: choose (abc) = (ilm).

» Remapped singular limits:

SiR({k}) = -M ;ﬂ 81ig s;l::m Bi, ({];}(nm)) 7
C;jR(k) = NT; [PMB({];}(UT)) + Q%u B‘w({];}(”,‘))} 7

(),

J
Sig Sir

S; Ci; R({k}) 2N1Cy; 85,4

» Local-counterterm definition:
K = Z ?ijv F’ij = (§i+6ij—si6ij)RWij,
1,571
where barred limits on W’s act as unbarred ones.
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NLO-counterterm integration (I)

> Catani-Seymour variables y, z € [0, 1] for mapping {k} — {k}(2%°):
Sab = Y Sabe Sac = Z(l_y) Sabc » Sbe = (1—Z)(1—y) Sabc -
» Phase-space factorisation:

db,p = ol doleh) do(?) = d,,4 (52(260);y,z,¢>) ,
n 1 1 e
[avua vz = N@s[Taosin o [y [ dsfu-wPa-2] 0,
0 0 0

(471')6_2 _(abe) 7.(abc) 7.(abc)
N = — =2k -k
© VrD(1/2 =€)’ Sbe b ¢

> ¢ = azimuth between Ea and an reference three-momentum (# Eb, EC)

= Sabc -
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NLO-counterterm integration (II)

K = > Kiy= > [Si+Ciy(1-8)]RW;;
i,j7#% S
= Z ZW” + Z (CijR)[Cij(Wij + Wii)] — Zgiain
J#i 4,7>1 i,j7#1
= ZS R+ Z Cl] 1 - S, — S, ) <— used sum rules
i, J>1

> Integrated counterterm, explicit soft example (¢ = symmetry factor of k-body ph. sp.):

s N 7 (ilm i Sim
= N LSS B (1) [ a5y,
2 l?;’L S1iSmi
Sn+41 ilm ilm 1—2
= -M ZangZ Blm({k} (it > 7(um) /d<I>rad sl(m )iy, 2 ,¢) v
i 1#1
m;:éz

» Measure and integrand completely factorised, results available at all orders in e:

s _ _af Sntl 7 (ilm) (4m)™? T - r2—¢)
IS = A, Z Sf.g > Bim <{k} ) simye T2 3¢)
lfg “lm

Paolo Torrielli A local analytic sector subtraction at NNLO 10 / 33



NLO-counterterm integration (III)

> Full result, including hard-collinear (note: [ d®;aq ijy =0):

(4m)e 2 T(1 — )2 —

€)
el'(2 — 3¢) CB({k})

IR = —M Z

(47r)6*2 Ir'1—er2-e

-M e2T(2 — 3e)

Bl'm ({E}) ’

< €
I, m#l Sim

CA+4Tg N

. C
with C = 2320 6fpg + Tpéfp{qﬁ}'

» Used d@md = d®,,q in the massless final-state case. This may be reconsidered in the
general case.

> Virtual e poles analytically reproduced in general.
Finite parts checked differentially in a variety of cases.
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NLO summary

> Sectors are useful for minimising the subtraction problem, as pioneered by FKS.

> Enhanced flexibility from parametrisation-independent (i.e. in terms of dot products)
counterterm definition and from adaption of parametrisation/mapping to the involved
invariants == simplifications in analytic counterterm integration.

» Subtraction scheme at NLO like a bridge between FKS and CS, retaining the strengths
of both (sector approach, and minimal structure from FKS; Lorentz invariance, and

phase-space mappings/parametrisations from Catani-Seymour).

> These features can be exported to NNLO.
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NNLO
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Subtracted NNLO cross sections (I)
» NNLO coefficient of the differential cross section:

donnvLo

AX /d@n VVén +/d<bn+1 RV 5n+1 +/d<bn+2 RR5n+2.

» Add and subtract

/dzf)n+2 ?(1) 6n+1 s /d@nJ’»Q (? @ + ?(12)) on s /d%nJrl ?(RV) On .

» €™ and (F@) +f(12)): same single- and double-unresolved singularities as RR.

K@ - double-unresolved limits (dubbed pure);
?(12)

=(RV)

— single-unresolved limits of double-unresolved ones (dubbed mixed);

— same phase-space singularities as RV.

» d-dimensional integrated counterterms:

1 = /d@md,lf(l), 1@ = /d@rad,zf(”,
a2 _ /d'i’ramf(lz), JRV) _ /C@radf(rw),

where d$rad,1 = d6n+2/d&>n+1, d’/:f)rad,g = d$n+2/dq>n, and d:i)rad = d5n+1/d¢n.
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Subtracted NNLO cross sections (II)

» Subtracted NNLO coefficient of the differential cross section:

donnro (2) (RV)
fmo /d<I>n<VV+1 +1RV)) 5,

+/ [(d¢n+1 RV + d®,, 41 1<1>) Spi1 — dBrys (?(RV’ - 1<12>) 6,1}
+/ [d@nH RRpi2 — d®p o K" 6py1 — dBrss (K‘Q" +K“2)) 54 .
> Singularity-cancellation pattern:
» RR—-E® - (E® + ™) finite in d = 4, and in ®p4s.
» RV + IV finite in d = 4, but singular in ®,, 1.
» B®Y) _ 132 finite in d = 4, but singular in ®,, ;.
» RV4AT® — (E®Y) _ 1(2)) fnjte in d = 4, and in $pys.

> VV 4+ 1@ 4 IB’Y) finite in d = 4, and in ®,,.
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NNLO sectors

> Introduce a partition of ®;, 2 through sector functions W;;;, normalised as
Zijkl Wikt = 1, to select as few singularities at a time as possible.

Indices ij linked to single-unresolved singularities, k and ! may or may not be = j, but
k # 1. Three possible combinations: W;;;x, Wijxj, and Wi, We define:

Tijkl 1 1
Wiiki = ————=—— Oiikl = a>p>1.
Y > Cabed 4 e w? (e +0pjei) wyr |
a,b#a c#a J
d#a,c

> In each sector, RRWgpcq is singular only in few kinematic configurations

Wijik - Si, Cij, Sij, Cijk, SCijk;
Wik - Si, Cij, Sik, Cijr, SCijr, CSijk;
Wikl - Si, Cij, Sik, Cijr, SCiki, CSiji -

> Sab:€a, ey — 0, eq/ep, — constant, and similarly for C;jx, Cjjp.
SCiap = CapSi, and similarly for CS; .

» All limits above commute when acting on RR and on W’s.
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NNLO sectors: properties (I)

> Sum rules in double-unresolved limits: by summing over all sectors sharing the same
singularity, VW functions disappear.

Sik (Z > Wika+ > Y. kaid) =1,

b#i dstik btk d#k,i

7 — s .. — ,
Cijk Z (Wabbe + Wapep) = 1 Cijrl Z (Wabcd + Weday) = 1

abc € perm(ijk) ab € perm(ij)
cd € perm(kl)
SCikt Y Witk + Wipie) = 1, Csijk( > Wiska+ Y Wjikd) =1.
bt d#ik d#j.k

» Key for simplifying analytic integration of double-unresolved counterterms.

Paolo Torrielli A local analytic sector subtraction at NNLO 17 / 33



NNLO sectors: properties (I)

> In the single-unresolved limits, NNLO sector functions factorise NLO sector functions
([ig] = parent of i and j)

Cij Wijjr = Wiijik Cij W(Q’B), Si Wijje = Wik Si W(QB),
Cij Wijk; = Wilij) Ci'Wv(q’B), Si Wijk; = Wi; S W(QB),
Cij Wijri = Wi Cij W( 8 SiWijki = Wi Si W(aﬁ),
where
o(eh)
wed _ _ % S8 _ 1 ,
Wi > ol Tab 7 (ea)@ (wap)?
a, b#a

with the same properties of NLO sector functions.

» This factorisation property will be important to have full NNLO single-unresolved
integrated poles in each NLO sector.

> This allows (RV + I (1)) and (K®Y) — [ (12)) to be finite in d = 4 NLO sector by NLO
sector.
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NNLO counterterms

» In each sector, candidate (i.e. not yet momentum-remapped) counterterms built
collecting singular limits of RRW, written in terms of dot products.

» Example for sector W;jy; (where nonzero limits are S;, Csj, Sik, Cijk, SCijk, CSyjr):

1
Klgk)J = [Si +Ci; (1 - Si)] RRWijj,
Kl(fk)] = [Sik + Ciji(1 —Sik) +SCy k(1 —Sip) (1 — Cyj)
+CSijr(1 —SCyjr)(1 — Six)(1 — Cijk)] RRWijkj,
K,glki) = - [Si +Ci(1 - Si)] [Sik + Cijr(1 = Six) + SCijr(1 — Sir) (1 — Cyjx)

+CSijr(1—SCijp)(1 — Si)(1 — cijk)] RRW,j;,
and analogously for sectors W;;r and Wi k.

» S;; RR, C;;; RR, and SC;j;, RR are universal kernels (catani, Grazzini, 9810389, 99085231,

[Campbell, Glover, 9710255], [Berends, Giele, 1989].

» All limits commute.
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NNLO-counterterm simplifications

» Further simplifications possible, thanks to idempotency relations
(1 — Sz') SCica RRW;pea =0, (1 — CZ'J') CSijk RRWijkd =0.
» Limits SC and CS disappear from K (2) + K (12) (see also [caola, Melnikov, Roentsch]l about
redundancy of SC in another scheme):
KS 4+ KSD = (a-s)a-cy) [Sik: + Cijr(1 - Sik)] RRWijkj,

and analogously for sectors W, and Wjjx;.

» Still, since integrated I (12) and I (2) enter separately, they receive contributions from
SC and CS (which however cancel in the sum).
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(1)

Single-unresolved counterterm K

» Candidate counterterm:

KO = S KW =3 [8i4Cy (1-S)IRR > Wijsk + Wijkj + > Wijk)
abed i i ki g,k

L . B .
» Use factorisation properties of W,peq, and sum rules of W((L: ). For example, collinear:

K@®o = Z (C,‘J RR) (Cij Wi(;-xﬁ)) Z (W[,‘j]k + Wk[ij] + Z Wkl)
i, jAi k#i,j 14,5,k
= > (CyRR) > Wijlk + Wapis) + D Wii)
ij>i ki, 1#i,5,k

» Map momenta {k}1 .. n+2 to momenta {k}1 . ,+1. For example, collinear:

R(l’c) = Z (61] RR) Z (W[ij]k +Wk[i]‘] + Z Wkl) = Z Z (611 RR) Wk’l'

1,5>1 k#1,j 1#i,5,k i,5>1 k,1

» Analogously for soft. Full result:

&Y= ZWM 3 C,(1-5,-5)) RR—i—ZS RR|| = S &Y.
k.l

z j>i

in each NLO sector . . .
full structure of single-unres. singularities
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Integrated single-unresolved counterterm I (1)

i = Wklz"”/d@md,l > Ci;(1-5;-5)) RR+ZS RR
n+1
iy >0

> Same integral as the NLO integrated counterterm I (known to all orders in €):
1
1) ({R)) =

)T 2r al'(2 —e I _
Y Z (4 (EF(;};E) ) ¢ R((RY) Wi (R}

471'5—21‘ (2 — € S
5 (612 F(; 7(236) ) R ({k}) Wit ({k})

*le

o€
I,mAl Sim

> Result valid in general (for FSR massless).

> Same 1/e structure as RV ({k}) Wy, ({k}) sector by sector in the NLO phase space.

» RV Wy + I( ) finite in d = 4 (analogously to NLO subtraction, virtual plus integrated
counterterm)
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(12)

Integration of the mixed double-unresolved counterterm K

. . . B — (1
» Use factorisation properties of W,peq, and sum rules of W((l(b” ), as for K( ).

(12) (1)

> I in the end reduces to the collection of phase-space singularities of I;;:

7(32) _
T

D> i me;(;’i(i; D C[Si+Cu (1 - 50) | RUEY) Wt (RY)

m)E 2 T(1—e)[(2—¢€) [= — — [ _
S ) T (5 O (50 [ Run () W (1)

> Result valid in general (for FSR massless).
> Same 1/€ structure as Kl(cl ({k}) sector by sector in the NLO phase space.

> K(Rv) Ik(lu) finite in d = 4.
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2)

Pure double-unresolved counterterm F(

2)

» Using sum rules, WW’s disappear from f( and from its integral I (2). In the end:

=3 {Zsij +>_ > Cijk (1-Si5 —Si —Sji)

i Uj>i >ik>g
+Zzzczgkl(lf ik — gk:f 1l jl)
J>i k>i >k
k#j 1#£]5
373" §Cyu (1-8y — 5 (1 T -3 éﬂjk)
J#i k#i 14,5,k
kSj
+ Z Z CSijk (1 —Sik —Sji) (1 —Cyjk — Z éijkl) } RR,
J>i ki, 14,5,k

> Analytic integration of a set of universal NNLO kernels with no W functions.

> As at NLO, different kernels and/or different terms in the same kernel can be
mapped /parametrised differently to ease integration.
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Mappings from NNLO to Born kinematics

» Different kernels and/or different terms in the same kernel can be mapped/parametrised
differently to ease integration.

> One of the choices {k} — {k}(abcd).
E?&ab‘:d) = kn, n 7£ a,b,c,d,

E(abcd) = kg + kp + ke — Sabc ky, E(abcd) _ Sabed kg,
¢ e T i T S+ Sed ¢ Sad + Sbd + Sca

with Sgped = Sab + Sac + Sad + Spe + Sbd + Seq and Egabc@ + I_Cilab(:d) = ko + kp + ke + kq.

» This is used to define double-collinear éij k RR and (part of) the double-soft §ij RR

counterterms:
_ N2 e
Sij RR = 71 > Iid])Bcd ({k}( / 'd)) + ..,
c#i,j
d#1i,j
rel N2 7 (tgkr v 71 (tgkr
Cijx RR = sTl [PijkB<{/€}< ik )) +Q¢jk Bm,({k}(']k ))]
ijk

(argument of the collinear kernels are z4 = sar/(Sir + Sjr + Skr), a = i, 4, k)
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. —(2
Integration of the pure double-unresolved counterterm K @ (I)
» Catani-Seymour variables y, z, vy, 2’, 2’ € [0, 1] for mapping {k} — {E}(abcd):

Sab =Y U Sabed » sea=(1—9") (1 —y) (1 - 2) Sabed »
Sac =7 (1 - y/) Y Sabed » Sbe = (1 - y,) (1 - Z,) Y Sabed 5
Sqqd = (1 —y) [y’ 1-2")1—-2)+2'2-2(1—-22) V' (1—=2") z(1 fz)] Sabed »

spa = (1 —y) [y'z'(l —2)+ (1 — z') z+2 (1 —2:1:') \/y’z’ (1—-2") 21— z)] Sabed »
» Phase-space factorisation:

_ (abed) (abed)
dPpyz = i 4o (el

/d(br(:é)cgd) = /d(brad,Q (Sabcd; y,27¢>, y/,Z/w/)
N2(€) (Sapea)? /d:c /dy /dz/d¢ (sing)™ /dy/dz
><[4:v' (1-2a) y/(l—y') 2 (1-2") 2 (1 —y)? (l—z)]

x[o (1—2)] 72 (1—y) y(1—vy).
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Integration of the double-unresolved counterterm K? (1I1)

» Example double-soft ¢G: each term of the eikonal sum parametrised and mapped

differently with (abed) = (ijlm).
2
S 7 (il ijlm) Si + SimS;jl = SijSim
i Sy RR=N2Tr S Bu({F}im) /dcb( Jim) SilSjm 5 j
/ rad2 o ! Rl,mzl lm({ J ) b2 52 (s + s51) (sim + Sjm)
8 Z(1-2") y(1-=2)
2 Y ’ 3
= BTrCp — [ d®,, SYUs 2 QY 5 2 2.2 a1 — o1
Ny R FSZ/ a2 (59,2, 0,9, 2, 2) 2y? gy (1—2)+z

2e
as " 117 1/7 , 232 38 131 , 2918
= B(2) 1o L g+ — O(e).
(271') R F( ) { 33 02 T e\1s" 2 9%t 5 1)) tow
» Double-collinear ¢ — qq’q’, parametrised and mapped with (abed) = (ijkr)
(ijkr) 2 (Gijkry 1 g | 4%+ (2 — ) Sik
do\ /1) CijkRR = NPTrCrpB | do2, - + +(1—2¢)( 2z 42, —
28;jkSik SikSikj zi + 2 Sikj
as 12\ > 1 31 11 , 889 31 5 23941
= B(2) 1o — Y (e O(e).
(27r) R F( ) { 38 1se T (2” 108 Q “o1s )| OO
» Other kernels more complicated, but manageable analytically (ongoing)
27 / 33

A local analytic sector subtraction at NNLO

Paolo Torrielli



A proof-of-concept example
» TrCr NNLO contribution to the total cross section for ete™ — @ (analytic matrix

elements from (Hamberg, van Neerven, Matsuura, 19911, [Gehrmann De Ridder, Gehrmann, Glover, 0403057, [Ellis, Ross

Terrano, 1980])

q(1) q(1) a(1)
a'@)
9 )
¥ q’(4) 3
9([34])
q(2) al2) q(2)
RR w RV
as\ 2 12\ % { 114 1( 1, 353) ( 2% 77, 7541)]
= B(EY 1mhopd (B R A (i L
v (27\') R C { ( s ) 3 Toe T U T )T e T T T,
2\ € . ;
N[l 2 1T, 16 2. 12_2)]
+(s)|:3€3 e2+e(97r 3)*’(9C3+67r 3 '
/d@rad RV = & lZTR/d@md}?
21 e 3
asy 2 W2\T4 2 1/ 7T, 19 00, 7, 109
- B(2)'7 Yy | 4242 (28L it = L =
(Z‘rr) RCF(S) [363+52+6< 97r + 3 + 9 G 67r * 6 ’
s\ 2 p\*[ 1 14 1 /11, 407 134 77, 11753
B = B()'r [ T N I P N .
/d red,2 R ( Tr) rCF ( s ) 3@ st \mT )t S etET T o;m
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Integrated counterterms: I(Z), I(l), I(12), JRY)
» 1(2): in the case at hand only S34 RR, C134 RR, C234 RR are non-zero, so

1@ — /d@rad,z [§34 +Ci34 (1—S34) +Cass (1— §34)]RR

2e
as\ 2 2 1 14 1/11, 4% 122 74 12149
= B(®Y rrer (B |- - 24122 =z )
(211') R F(s) [ 3¢ et \B™ T m g & 324

» I and 7(12) from general formulae above:

2\ €
a _ _os (p 2 1 =
L, = o (?> 3 Tr (— —In9zq, + RWhpq + O(e),
N
12) as [ 2 1 8\ T4 — a _
2 = = (?) Tn (7 — I, + 5 [sh, +Chy (1- S,L)]RW;W + 0.

> Finiteness of contributions in the (n + 1)-body phase space, sector by sector:

55 (1) as 2 12 8) —

RV W, I = ——-Tgr|! - | RW, Ofe) .
hg t Ipg o7 3 R(ns34T+3 hq + O(e)

To(RV) (az) _ _oas?2 28\ Ta L& e _

Ky W = I, = o7 3 Tr (1 Sanr + 3 [S;,, + Chq (1 Sh)]Rth + O(e).
> Real-virtual counterterm:
as 21 — _

) o 22l TR/erad 341 + Capaa) (1~ Siagy) + Copa (1 — 34])] R

B () e () [ 2L (L M) (10
- B(Qﬂ-) TRCF(S) |:3€3+€z 6(9 3 C3+ 0)|+0@,
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Collection of results
> Subtracted double-virtual (analytic):

2 1 4 4 2
VV4+I® 4 ®Y) o B(;“—S) TRC’F(gg—ng—H—gln“—)
vy S

2
- B (‘;—S) TrCp x 0.01949914.  +—  p//s=0.35
vy

> Subtracted real-virtual and double-real (numerical in d = 4):

2
/d(brad (RV+1M _(k®V) _1(2))) _ p (‘;i) TrCp x (—0.90635 + 0.00011),
s
2
/dcbm2 (RR—-K®M _Kg® 12y — p (;is> TrCF x (+2.29491 + 0.00038).
s

> Rescaled NNLO coefficient, from the subtraction method

1
— INNLO 140806 + 0.00040.
(8)7TaCr vo
> Analytic result
11 2
,?4»4@”37111#— —  1.40787186.
S
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Renormalisation-scale dependence

rescaled NNLO correction
o

1.002
1.0015
1.001
1.0005

IC

Iyt

0.9995
0.999
0.9985
0.998

ratio to anal

Paolo Torrielli

analytic

numerical ——
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NNLO summary

> Sector functions at NNLO can be engineered to factorise NLO-sector structure.

> Straightforward analytic integration of single-unresolved counterterm ?(1) (NLO
complexity) and cancellation of 1/e poles of RV NLO-sector by NLO-sector.

» Straightforward analytic integration of mixed double-unresolved counterterm ?(12)

(NLO complexity) and cancellation of 1/e poles of KEY) NLO-sector by NLO-sector.

> Sector-function sum rules to simplify as much as possible pure double-unresolved

integrands F@) : only sums of universal kernels.

» Exploit full freedom in mapping and parametrisation of each contribution separately.
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Status

v

Method for the moment applied to FSR only and massless.

v

Analytic integration of F(z) to be finished. Most probably possible without IBP
methods for the massless case.

> Real-virtual counterterms to be integrated (simpler than ?(2)).

> Ongoing implementation in a differential code.

Thank you
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Soft/collinear commutation at NLO
> Soft limit S; (k! — 0): sia/sp — constant, siq/spe — 0, Va,b,c #i.

» Collinear limit Cij (kL — 0)2 si]-/sia — 0, Sij/Sjb — 0, sij/sab — 0, Va,,b 75 Z,]
Sia/8ja — independent of a.

» Commutation in case ¢ = gluon and j = quark.

» Altarelli-Parisi collinear kernel involved is P;;(z;) = [1 + (1 — z;)2]/z;, with
x; = Sir/(sir + sjr), with arbitrary = # 1, j.

s
S, R = —le lﬂ.q Bim
1#i SilSim
m#£i
= CijS;R = —2M Z L B;; = —-2M Sjr (—ijB),
14,5 18 Sir8ij
1 1+ [1— 84/ (54 ir)]?
Ci,; R = N1fojB +1 sir/(sir + 55r)]
Sij Sir/(Sir + Sjr)
= S;Ci ;R = —2M Sir (*ijB).
SirSij
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Soft counterterm in FKS

> The soft FKS counterterm does not feature gluon energy, thus it reduces to an angular
integral:

1 —cosOm,
(1 —cos@;)(1 — cosOpmi)

Ifkg x Z/dcos@d<j>(sin<1>sin0)_26
lm

» Doable (actually relevant to angular-ordering), but not maximally easy: relations among
O1m, 01; and 6,,; are non-trivial in terms of integration variables.

» Analogous features at NNLO may be much more severe.
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Cancellation of virtual NLO poles

> Integrated counterterm I computed at all orders in e.

> € expansion:

I{k) = g(u;) {{B({%})Z<i“+>+ > Bu({k}) hlml]

k k, l#k

+ [sz}) 5 (5 CatATuNs 1y, - %)

k

7 Cr
+687,.4Ca (6* 5(2) + 05 {a.a) 5 (107§2+1UTIM)>

5t (2= o)}

k, 1%k

_ _ 11C4—4TgrN
> Tab = Sap/s, and 7y = 0 g — 1L 5 AL 4 O ia.a} %CF-

> Same structure of e singularities as V' (up to a sign).
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NNLO sector-function sum rules for composite limits

S: Cijik (Wi]-aﬁ) +Wi(,?5)) =1,

SiiCijk > Wabbk + Ware) = 1,
ab € perm(ij)
SC; ik Sij ZWibjk =1,
b
CSijk Cijik Wijkj + Wiiki) = 1,

CSijk Cijk Sik Wijk; = 1,

Scijk Cijk Z Wiaab + Wiaba) = 1,
ab € perm(jk)

SCijk Cijk Sik. Wijkj + Wikkj) = 1,

Paolo Torrielli
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Sik Cijit Wijkt + Wiaij) = 1.
CSijkSik > Wijka = 1,

d#i,k
CSijk Cijit Wijkt + Wiik) = 1,
CSijk Cijrt Sik Wirt = 1,

SCiki Cijrr Wijkt + Wijik) = 1,

SCijk Cijrt Sik Wiy = 1.
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