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Outline

•γZ	box	contribu-ons	to	PV	electron	scaJering	
–amenable	to	dispersion	analysis	in	forward	limit	(Q²→ 0)	
–dis-nc-on	between	axial	and	vector	hadron	coupling	

–use	of	inelas-c	PV	data	in	resonance	and	DIS	regions 

•From	Thomson	to	scaJering	limits:	a	few	issues	
–Vertex	diagrams	

–Elas-c	γZ	contribu-on	(Coulomb	distor-ons)
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Left-right polarization asymmetry in                   scattering

in forward limit,  gives proton “weak charge”

Parity-viola-ng	e-p scaJering

(tree level only)Qp
W = 1� 4 sin2 �W

  

 

Forward limit:

A(e) x V(h)
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X

WW	and	ZZ	box	diagrams	large	but	dominated	by	short	
distances;	can	be	evaluated	perturba-vely

γZ	box	diagram	sensi-ve	to	long	distance	physics,	has	
two	contribu-ons: O �Z = O A

�Z + O V
�Z

V(e)	x	A(h) A(e)	x	V(h)
(inelastic vanishes at E=0)(finite at E=0)

Box corrections

box	diagrams

Correc-on	to	proton	weak	charge

including	one-loop	radia-ve	correc-ons						
e.w.	vertex	
correc-ons

Qp
W =⇢

�
1� 4PT(0)ŝ

2 +�0
e +�W

�

+⇤WW +⇤ZZ +⇤�Z
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high-energy	part	(above	scale		Λ ~ 1 GeV)	
computed	perturba-vely	in	terms	of	
scaJering	from	free	quarks

low-energy	part	approximated	by	Born	
contribu-on	(elas-c	intermediate	state)

Marciano, Sirlin, PRD 29 (1984) 75; Erler et al., PRD 68 (2003) 016006

computed	by	Marciano	&	Sirlin	in	1983	as	sum	of	two	parts:

axial	h	correc-on												dominant	γZ	correc-on	in	
atomic	parity	viola-on	at	very	low	(zero)	energy

Axial	h	correc-on

q q
q q
q q
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Forward	angle	dispersion	method

vector h

hadronic tensor: MWµ⇤
�Z = �gµ⇤F �Z

1 +
pµp⇤

p · q
F �Z

2 � i�µ⇤⇥⌅ p⇥q⌅

2p · q
F �Z

3

axial h

S = 1 + iM
S† = 1� iM†

SS† = 1

�i
�
M�M†� = 2⇥mM = M†M

�m ⇥f |M|i⇤ = 1

2

Z
d�

X

n

⇥f |M⇤|n⇤⇥n|M|i⇤

Unitarity →

Forward scattering amplitude:  | f 〉 ≈ | i 〉

⇤m⌅i|M|i⇧ =
1
2

Z
d�

X

n

|⌅n|M|i⇧|2 ⇥
Z

d3k1
Lµ�Wµ�

q2(q2 �M2
Z)

Gorchtein, Horowitz, PRL 102 (2009) 091806
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<e⇤A
�Z(E) =

2

�

Z 1

0
dE0 E0

E02 � E2
=m⇤A

�Z(E
0)

At	low	energy,	dominant																	correc-on	evaluated	
using	forward	dispersion	rela-ons

Ve ⇥Ah

Im A
�Z(E) =

1

(2ME)2

Z s

M2

dW 2

Z Q2

max

0
dQ2 ve(Q2)�(Q2)

1 +Q2/M2
Z

⇥
✓

2ME

W 2 �M2 +Q2
� 1

2

◆
F �Z
3

=m⇤A
�Z(E) =

imaginary	part	given	by										structure	func-onF �Z
3

Axial	h	correc-on
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with ve(Q
2) = 1� 4(Q2)ŝ2
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Axial	h	correc-on	DIS	part	(dominant	contribu-on)

in	DIS	region	(																										),	expand	integrand	in	powers	of	x Q2 & 1 GeV2

with	moments	

DIS	part	dominated	by	leading	twist	PDFs	at	small	x	
                                                                            (MSTW, CTEQ, Alekhin parametrizations)

<e⇤A(DIS)
�Z (E) =

3
2⇥

Z 1

Q2
0
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Q2(1 + Q2/M2
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9Q4
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Axial	h	correc-on

structure	func-on	moments

γZ analog	of	Gross-Llewellyn	Smith	sum	rule

n = 1

n = 3

related	to	x2-weighted	moment	of	valence	quarks

Re A(DIS)
⇥Z ⇥ (1� 4ŝ2) 5�2⇤

1R

Q2
0

dQ2

Q2(1+Q2/M2
Z)

⇣
1� �s(Q

2)
⇤

⌘

precisely	result	from	Marciano	&	Sirlin!

M�Z(3)
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Axial	h	elas-c	+	resonance	correc-on

elas-c	part:

resonance	part	from	parametriza-on	of	ν	scaJering	data;	includes	
lowest	four	spin	1/2	and	3/2	resonances	
[P33(1232), P11(1440), D13(1520), S11(1535)] 		   Lalakulich, Paschos PRD 74, 014009 (2007)

F �Z(el)
3 (Q2) = �Q2Gp

M (Q2)GZ
A(Q2)�(W 2 �M2)

�10

Blunden et al.,
PRL 107, 081801 (2011)
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correction at E = 0

correction at E = 1.165 GeV (Qweak)

  cf.  MS value:  0.0052(5)  (~1% shift in       )Qp
W

elastic resonance DIS

shifts        by  -0.0008Qp
W

Marciano, Sirlin, PRD 29, 75 (1984)

Axial	h	correc-on
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Vector	h	correc-on

forward	dispersion	rela-on

vector	h	correc-on												vanishes	at	E = 0 (inelastic only),	but	
experiment	has	E ~ 1 GeV. 	What	is	energy	dependence?				             

O V
�Z

�e OV
�Z(E) = 2E

⇥

R1
0 dE0 1

E02�E2 ⇥m OV
�Z(E

0)

inelas-c	imaginary	part	given	by

�mO V
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�

(s�M2)2

� s
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2
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• Several	groups	doing	independent	analyses	

• At	Qweak	energy	E = 1.165 GeV (rela-ve	to	weak	charge	of	0.0713)  

• Mainly	different	treatments	of	low	Q²,	low	W region	
background	contribu-ons	

• Agree	on	overall	magnitude,	but	disagree	on	errors	and	details	
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γZ box:	Vector	h	correc-on

new	results}



AJM	structure	func-on	model

Accurate	knowledge	of	γγ	and	γZ	structure	func-ons	(at	all	
kinema-cs)	vital	for	determina-on	of	radia-ve	correc-ons

Wealth	of	data	on									structure	func-ons	over	large	range	of	
kinema-cs	in	Q2	and	W	(or	x)	–	with	some	gaps

Rela-vely	liJle	known	about											interference	structure	
func-ons	below	HERA	measurements,	with	

F ��
i

F �Z
i

Q2 � 1500 GeV2

�14

Fit											over	all	kinema-cs	in	Q2	and	W,	then	“rotate”	to	
using	available	theore-cal/phenomenological	constraints	

F ��
i F �Z

i

e.g.	isospin	symmetry

hN⇤|Jµ
Z |pi = (1� 4 sin2 ✓W )hN⇤|Jµ

� |pi � hN⇤|Jµ
� |ni
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(quark-parton	model)
“elas-c”

“resonance”  
+	“background”

“DIS”

“Regge”	+	
“background”

Integra-on	region	(structure	func-on	map)

Bosted-Christy	γγ fit 
			+	isospin	rota-on	to	γZ

Leading	twist	PDFs

Pomeron	and	
Reggeon	exchange

�15

Matching	range

VMD	model	for	“background”



γγ structure	func-on	matching
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FIG. 5 (color online). Proton F!!
2 structure function versus Q2 at fixedW2 ¼ 4, 6, 9 and 12 GeV2 for the CB fit [24] (blue solid), the

ABM11 PDF parametrization [40] (green dotted), and the VMDþ Regge model [29] (red dashed), with the boundaries between
Regions I, II and III indicated by the vertical lines at fixedQ2. Note that the small disagreement between the VMDþ Regge model and
the PDF parametrization forQ2 ¼ 2:5 GeV2 appears only at largerW2 values where the contribution to the dispersion integral is small.
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FIG. 4 (color online). Proton F!!
2 structure function versusW2 at fixedQ2 ¼ 2:5, 5, 8 and 10 GeV2 for the CB fit [24] at lowW (blue

solid) and the ABM11 PDF parametrization [40] at high W (green dotted), with the boundary between Regions I and III at W2 ¼
4 GeV2 indicated by the vertical line. For the Q2 ¼ 2:5 GeV2 panel, the matching with the VMDþ Regge model [29] (red dashed),
corresponding to the boundary between Regions I and II, is indicated by the vertical line at W2 ¼ 9 GeV2.

HALL et al. PHYSICAL REVIEW D 88, 013011 (2013)
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Scaling	region	III

Basic	issue:	how	to	relate										to								?		F �Z
1,2 F �

1,2

F

�
2 =

X

q

e

2
qx(q + q̄)

F

�Z
2 =

X

q

2eqg
q
V x(q + q̄)

Resonance	region	I		largest	contribu-on	(unlike										)

�T,L = �T,L(res) + �T,L(bg)

For	γγ	use	Christy-Bosted	(CB)	fit	to	e-p	cross	sec-ons

�T,L(res) • Includes	7	most	prominent	N*	resonances	below	2 GeV. 
• Generally	agrees	with	data	to	~ 5% 
• For γZ modify	fit	by	ra-o	of	weak	to	e.m.	transi-on	
amplitudes.

F �Z
3
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W
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2 +Q

2



Background

Gorchtein et al. background fits

20

• Background estimated from VMD models 

p p
=

p p

Z Z

V V

• Got γZ from γγ by changing one coupling,

V
Z� coupling

�� coupling

= (2� 4 sin2 �
W

) = 1 + Q

p

W

Z� coupling

�� coupling

= �1 + Q

p

W

Z� coupling

�� coupling

= 2 + Q

p

W

�T,L(bg)

V = ρ, ω, φ + continuum

�18

Use	Vector	Meson	Dominance	(VMD)	models	fit	to	high	
energy	data,	plus	isospin	rota-ons

con-nuum	parameter	κC	not	constrained	in	VMD

⇥�Z

⇥��
=

�⇥ + �⌅ R⌅ + �⇤ R⇤ + �C RC

1 +R⌅ +R⇤ +RC

� = 3� 4 sin2 ✓W⇥� = 2� 4 sin2 �W , ⇥� = �4 sin2 �W ,Isospin	rota-on:

��Z
V = V ���

V

AJM	model:	constrain	con-nuum	(higher	Q²)	contribu-on	by	matching	
with	PDF	ra-os	(γZ	to	γγ)	across	boundaries	of	Regions	I, II and	III.

GHRM:	assign	100%	uncertainty	on	con-nuum	contribu-on	
(dominates	errors)



�Z     structure function matching
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matching at
different Q2

averaging over several Q  values gives best fit parameters2

T
C = 0.65± 0.14

L
C = �1.3± 1.7

15

Region where continuum contributions are relevant 
overlaps with typical reach of global PDF fits

(small contribution to asymmetry)

�T
C = 0.65± 0.14, �L

C = �1.3± 1.7

constrain       using PDF parametrizations by requiring matching 
of         to DIS structure functions:F �Z

1,2

C
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AJM	γZ model
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low W,  low 
�Z     structure function matching
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low W,  low 
�Z     structure function matching
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low W,  low 
�Z     structure function matching
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low W,  low 
�Z     structure function matching
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Contribution from 
different regions to

Breakdown of region I 
res + bgd

Region ⇤�Z (�10

�3
)

I (res) 2.18± 0.29

I (bgd) 2.46± 0.20

I (total) 4.64± 0.35

II 0.59± 0.05

III 0.35± 0.02

Total 5.57± 0.36

O V
�Z

(relative to weak  
 charge of 0.0713)
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V. RESULTS

A. !Z box corrections for Qweak

The detailed examination of the !Z interference struc-
ture functions and their uncertainties, constrained by data
in the DIS region and parity-violating asymmetries in the
resonance region, allows us to compute the =mhV

!Z cor-

rection in Eq. (12), and through the dispersion relation (6)
to make a reliable determination of the !Z box correction
to Qp

W . The dependence of <ehV
!Z on the incident energy

E is illustrated in Fig. 14, which also shows the individual
contributions of the various W and Q2 regions in Fig. 2.

At low energy (E & 1 GeV), the total correction<ehV
!Z

is dominated by the low-W, low-Q2 region (Region I in
Fig. 2). As found in earlier analyses [11–14,22], the reso-
nant contribution [mainly from the !ð1232Þ resonance]
peaks at around E # 0:7 GeV, and gradually decreases at
higher energies. The nonresonant and resonant compo-
nents of Region I are approximately equal at E$ 1 GeV,
with the nonresonant part growing with increasing energy.
The higher-W, higher-Q2 regions play a relatively minor
role in thehV

!Z correction, with Regions II and III contrib-

uting #20% and 10% of the total, at E ¼ 3 GeV,
respectively.

At the Qweak energy, E ¼ 1:165 GeV, the breakdown of
the <ehV

!Z correction into its individual contributions is

summarized in Table III. Including uncertainties from all
regions, the total correction is found to be

<ehV
!Z ¼ ð5:57& 0:21½bgd( & 0:29½res( & 0:02½DIS(Þ

) 10*3; (33)

where the uncertainties listed are from the nonresonant
background, the resonances, and the DIS region, respec-
tively. Adding the errors in quadrature gives <ehV

!Z ¼
ð5:57& 0:36Þ ) 10*3 at the Qweak energy. The # 7%
relative uncertainty on this correction remains largely
energy independent, even at large energies, where the
contributions from larger W and Q2 become more impor-
tant; since the structure functions are constrained by DIS
data, the uncertainty in <ehV

!Z does not grow with E.

The AJM model value of the !Z box correction
is similar to the result, <ehV

!Z ¼ ð5:40& 0:54Þ ) 10*3,

obtained using the !Z structure functions from Region II
extended over all kinematics, as in the GHRM Model II
[14], but with the "T;L

C parameters constrained by matching
to the DIS region structure functions [40]. This constraint
renders the uncertainty $ four times smaller than that in
Ref. [14], but still slightly larger than in the AJM model
calculation.

B. Predictions for parity-violating asymmetries

The !Z structure functions can be further constrained by
additional parity-violating asymmetry data from the E08-
011 experiment at Jefferson Lab [15,54]. The deep-
inelastic region data are currently being analyzed [54],
and the predictions from the AJM model are shown in
Fig. 15 as a function of W for the three experimental Q2

values (see also Table II). The uncertainties on the predic-
tions are computed both by fitting the continuum parame-
ters"T;L

C to theDIS structure functions [40] and the E08-011
resonance region data [15]. The asymmetries with the E08-
011 data constraints are marginally higher than those with
the parameters constrained by PDFs, with slightly larger
uncertainties. As for the resonance region comparison in
Figs. 12 and 13, these uncertainties are # four to five
times smaller than they would be without the constraints
on "T;L

C , assuming 100% errors along the lines of the proton
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FIG. 14 (color online). Energy dependence of the contribu-
tions to <ehV

!Z from the various regions in W and Q2 displayed

in Fig. 2 in the AJM model (top), and the breakdown of Region I
into its resonant and nonresonant background components
(bottom).

TABLE III. Contributions to <ehV
!Z from various regions in

W and Q2 in the AJM model (see Fig. 2) at the Qweak energy
E ¼ 1:165 GeV.

Region <ehV
!Z ()10*3)

I (res) 2:18& 0:29
I (bgd) 2:46& 0:20
I (total) 4:64& 0:35
II 0:59& 0:05
III 0:35& 0:02
Total 5:57& 0:36
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V. RESULTS

A. !Z box corrections for Qweak

The detailed examination of the !Z interference struc-
ture functions and their uncertainties, constrained by data
in the DIS region and parity-violating asymmetries in the
resonance region, allows us to compute the =mhV

!Z cor-

rection in Eq. (12), and through the dispersion relation (6)
to make a reliable determination of the !Z box correction
to Qp

W . The dependence of <ehV
!Z on the incident energy

E is illustrated in Fig. 14, which also shows the individual
contributions of the various W and Q2 regions in Fig. 2.

At low energy (E & 1 GeV), the total correction<ehV
!Z

is dominated by the low-W, low-Q2 region (Region I in
Fig. 2). As found in earlier analyses [11–14,22], the reso-
nant contribution [mainly from the !ð1232Þ resonance]
peaks at around E # 0:7 GeV, and gradually decreases at
higher energies. The nonresonant and resonant compo-
nents of Region I are approximately equal at E$ 1 GeV,
with the nonresonant part growing with increasing energy.
The higher-W, higher-Q2 regions play a relatively minor
role in thehV

!Z correction, with Regions II and III contrib-

uting #20% and 10% of the total, at E ¼ 3 GeV,
respectively.

At the Qweak energy, E ¼ 1:165 GeV, the breakdown of
the <ehV

!Z correction into its individual contributions is

summarized in Table III. Including uncertainties from all
regions, the total correction is found to be

<ehV
!Z ¼ ð5:57& 0:21½bgd( & 0:29½res( & 0:02½DIS(Þ

) 10*3; (33)

where the uncertainties listed are from the nonresonant
background, the resonances, and the DIS region, respec-
tively. Adding the errors in quadrature gives <ehV

!Z ¼
ð5:57& 0:36Þ ) 10*3 at the Qweak energy. The # 7%
relative uncertainty on this correction remains largely
energy independent, even at large energies, where the
contributions from larger W and Q2 become more impor-
tant; since the structure functions are constrained by DIS
data, the uncertainty in <ehV

!Z does not grow with E.

The AJM model value of the !Z box correction
is similar to the result, <ehV

!Z ¼ ð5:40& 0:54Þ ) 10*3,

obtained using the !Z structure functions from Region II
extended over all kinematics, as in the GHRM Model II
[14], but with the "T;L

C parameters constrained by matching
to the DIS region structure functions [40]. This constraint
renders the uncertainty $ four times smaller than that in
Ref. [14], but still slightly larger than in the AJM model
calculation.

B. Predictions for parity-violating asymmetries

The !Z structure functions can be further constrained by
additional parity-violating asymmetry data from the E08-
011 experiment at Jefferson Lab [15,54]. The deep-
inelastic region data are currently being analyzed [54],
and the predictions from the AJM model are shown in
Fig. 15 as a function of W for the three experimental Q2

values (see also Table II). The uncertainties on the predic-
tions are computed both by fitting the continuum parame-
ters"T;L

C to theDIS structure functions [40] and the E08-011
resonance region data [15]. The asymmetries with the E08-
011 data constraints are marginally higher than those with
the parameters constrained by PDFs, with slightly larger
uncertainties. As for the resonance region comparison in
Figs. 12 and 13, these uncertainties are # four to five
times smaller than they would be without the constraints
on "T;L

C , assuming 100% errors along the lines of the proton
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TABLE III. Contributions to <ehV
!Z from various regions in

W and Q2 in the AJM model (see Fig. 2) at the Qweak energy
E ¼ 1:165 GeV.

Region <ehV
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I (res) 2:18& 0:29
I (bgd) 2:46& 0:20
I (total) 4:64& 0:35
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calculation in Ref. [14]. The upcoming data will therefore
be extremely useful in determining the uncertainties on the
!Z structure functions and on the resulting <ehV

!Z

correction.
A further constraint will be provided by the inelastic

Qweak measurement [16], which was a special run of the
Qweak experiment tuned to the inelastic region at an aver-
age W ¼ 2:23 GeV. The AJM model prediction for the
proton asymmetry Ap

PV and its uncertainty are shown in
Fig. 16, where we find Ap

PV ¼ ð#7:8$ 0:6Þ ppm at the
experimental Q2 ¼ 0:09 GeV2 value. The uncertainty in
the AJM model, with the continuum parameters "T;L

C con-
strained by the DIS structure functions, is & two times
smaller at the inelastic Qweak kinematic point than that
from the GHRM model [14] without these constraints.
Note also that in the resonance region, W ' 1:5 GeV, the
uncertainty in the GHRM model almost doubles by taking
extrema values instead of the more conventional addition in

quadrature. The inelastic Qweak, and similar measurements
of the parity-violating inelastic asymmetries, will be valu-
able for constraining the !Z structure functions and the
<ehV

!Z corrections in the future.

VI. CONCLUSION

We have performed a comprehensive analysis of the !Z
box contribution to the forward electron-proton elastic
parity-violating asymmetry. Our primary result is a new
determination of the uncertainty on <ehV

!Z at the beam

energy of the Qweak experiment. In comparison with pre-
vious estimates, we report a significant reduction in this
uncertainty, driven largely by data on structure functions in
the DIS region, and measurements of parity-violating
asymmetries in the resonance region.
To isolate the dependence on the various inputs required

in the evaluation of <ehV
!Z, we have divided the disper-

sion integral into three kinematic regions. Region I, which
includes resonance contributions at low W and Q2, is
identified to totally dominate the value of <ehV

!Z. The

total uncertainty is therefore largely driven by how well the
!Z interference structure functions F!Z

i can be constrained
in this region.
The resonance region !Z structure functions are deter-

mined by an isospin transformation of the corresponding !!
structure functions. The input F!!

i functions are determined
by a fit [24] to the world’s inclusive electron-nucleon scat-
tering data in terms of resonance contributions and a non-
resonant background. For the resonance components, the
isospin transformation can be performed using the conser-
vation of the vector current and the isospin dependence of
the couplings, as reported by the PDG, with relatively
modest contribution to the overall uncertainty. For the back-
ground, following the approach of Ref. [14], the transfor-
mation is estimated using a prescription based on the VMD
model [29]. For the low-mass vector meson components the
isospin rotation is determined by isospin symmetry of

1.2 1.4 1.6 1.8 2.0 2.2 2.4
120

100

80

60

40

W GeV

A
PVd

Q
2

pp
m

G
eV

2

Q2 1.28 GeV2

PDF constrained

Q2 1.90 GeV2

Q2 1.09 GeV2

1.2 1.4 1.6 1.8 2.0 2.2 2.4
120

100

80

60

40

W GeV

E08 011 constrained

FIG. 15 (color online). Predictions for the parity-violating deuteron asymmetry Ad
PV=Q

2 as a function ofW (solid) for the DIS region
kinematics of the Jefferson Lab E08-011 experiment [54] atQ2 ¼ 1:28 GeV2 (green), 1:09 GeV2 (red) and 1:90 GeV2 (blue) (see also
Table II). The uncertainties (dashed) are computed in the AJM model with the continuum parameters "T;L

C constrained by DIS structure
functions (left), and by the E08-011 resonance region data (right). The predictions at the experimental W values [54] are shown as
pseudo-data points (open symbols).
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vector current, its uncertainty is smaller than that for
higher-mass resonances. The discrepancy may reflect
stronger isospin dependence of the nonresonant back-
ground for ! production [55], although the difference is
at the&2! level. Also, as seen in Fig. 10 above, the models
agree well with the G0 data [53] in the ! region, albeit
within larger errors.

By using the longitudinal structure function from the
global QCD fit in Ref. [40], we find for the longitudinal
continuum parameter "L

CðdÞ ¼ 0:2$ 3:4. Although the
specific implementation of the CB parametrization [24]
prevents this uncertainty from being propagated directly

into Ad
PV, we nevertheless can use the "T;L

C values for the
proton to ensure that the uncertainty in the longitudinal
piece is taken into account. For comparison, we also show
in Fig. 12 the uncertainty that would be obtained with a
similar 100% error on the continuum parameters as was
assumed by GHRM for the proton, with the VMDþ
Regge model [29] used for the entire kinematic region
[14]. In this case the uncertainties on Ad

PV in the W *
1:8 GeV region are &6 times larger than the AJM model
asymmetries. Using a reduced 25% uncertainty on "T

CðdÞ
results in asymmetries with a significantly smaller error
band, which is nevertheless slightly larger than in the
AJM model.

As a check, the parameter "T
CðdÞ was also constrained

by performing a #2 fit to the E08-011 data points. This fit
constrains the dominant, transverse continuum parameter
to be "T

CðdÞ ¼ 0:69$ 0:13. [Omitting the ! datum from
the fit would yield a marginally larger value, "T

CðdÞ ¼
0:72$ 0:13.] For the longitudinal contribution, the CB
parametrization of the deuteron structure function
provides only F$$

1 , while F$$
L is obtained through the

longitudinal to transverse cross section ratio !$$
L =!$$

T

[see Eq. (21)], with the deuteron ratio assumed to be the
same as for the proton. Within this parametrization, a
direct constraint on "L

CðdÞ as for the proton case is there-
fore not possible. However, as for the PDF-constrained
asymmetry, we can still propagate the uncertainty on
!L=!T through the final asymmetry by including the

uncertainties in the "T;L
C values of the proton which serve

as inputs into the !$Z
L =!$Z

T ratio.
The resulting asymmetries are again in very good

agreement with the E08-011 data, as is seen in Fig. 13.
Moreover, the uncertainties (dashed curves) are three to
four times smaller in the W * 1:8 GeV region than those
obtained by assuming a 100% uncertainty on the pa-
rameters, and remain smaller than even for the reduced,
25% uncertainty case. The consistency between the data
and the results given by the constrained expressions
gives us confidence in the reliability of the $Z structure
functions in the AJM model in the region of low to
intermediate W and Q2 that is of greatest importance
for the <ehV

$Z calculation.

Finally, the values of the calculated asymmetries and
their uncertainties, using both the resonance region data
and the PDF constraints, are summarized in Table II at each
of the kinematic points from the E08-011 experiment [15].
In addition, we list the AJM model predictions for Ad

PV at
the measured DIS region points atW > 2 GeV (marked by
asterisks), which will be discussed further in the next
section.
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FIG. 13 (color online). As in Fig. 12, but with the AJMmodel asymmetries (solid) and their uncertainties (dashed) constrained by the
E08-011 data [15]. Note the different scale on the ordinate to that in Fig. 12.

TABLE II. Parity-violating deuteron asymmetries in the AJM
model at the kinematics of the E08-011 experiment [15,54]. The
asymmetries are computed with the continuum parameters
"T;L
C ðdÞ constrained by the E08-011 data, or by matching to

the DIS region described in terms of PDFs. Note that the points
marked with asterisks ( ' ) are predictions.

E (GeV) W (GeV) Q2ðGeV2Þ
APV=Q

2 (ppm GeV(2)

PDF constraint E08-011 constraint

4.9 1.26 0.95 (93:7þ8:8
(9:0 (93:1þ8:8

(9:0

4.9 1.59 0.83 (82:7þ9:7
(9:9 (80:1þ10:1

(10:3

4.9 1.86 0.76 (86:2þ6:7
(6:9 (82:4þ7:9

(8:0

6.1 1.98 1.47 (84:7þ6:2
(6:4 (79:2þ8:6

(8:8

6.1 2.03 1.28 (84:9þ6:2
(6:4 (') (79:7þ8:4

(8:6 (')
6.1 2.07 1.09 (85:2þ6:2

(6:4 (') (80:3þ8:2
(8:3 (')

6.1 2.33 1.90 (82:7þ6:3
(6:5 (') (76:5þ9:3

(9:3 (')
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APV = �157.2± 12.2 ppm
APV = �92.4± 6.8 ppm

E08-011: Wang et al. Nature 506, 67 (2014)
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uncertainty on the GHRM model asymmetry at W !
2 GeV is around four times larger than the corresponding
uncertainty on the constrained AJM model asymmetry. For
comparison, we also show in Fig. 11 the asymmetry com-
puted directly from PDFs [40] in the region W > 2 GeV
where a partonic description is expected to be valid.

The uncertainty in the PDF-based calculation is slightly
smaller than, but qualitatively similar to, that in the AJM
model, while the GHRMmodel uncertainty is significantly
overestimated in the region of overlap. We stress that
although the DIS region makes only a modest contribution
to <ehV

!Z, the requirement that the !Z cross sections

match across the DIS-resonance region boundary imposes
strong constraints on the !Z structure functions also at
lower W and Q2. In the following section we confront this
against new data on parity-violating electron-deuteron
scattering in the resonance region.

B. Deuteron asymmetry

The E08-011 experiment [15,54] at Jefferson Lab re-
cently measured the parity-violating asymmetry in inclu-
sive electron-deuteron scattering over a range ofW andQ2

in both the resonance and DIS regions. While the DIS
region data are currently still being analyzed [54], the
available resonance region data [15] can be used to provide
an independent test of the procedure for estimating the !Z
structure functions. This is particularly important for
<ehV

!Z, since the integrals in Eq. (12) are dominated by

Region I in Fig. 2.
The measured parity-violating asymmetry Ad

PV, scaled by
1=Q2, is shown in Fig. 12 at W ¼ 1:26, 1.59, 1.86 and
1.98 GeV, with Q2 values ranging from 0.76 to 1:47 GeV2.
(The 1=Q2 scaling factor enables the various points to be
shown on the same graph.) The deuteron asymmetries in the
AJM model are computed with the continuum parameters
constrained by the DIS region structure functions computed
from global PDFs [40], as for the proton asymmetry in the
previous section (see Fig. 11). The resulting fit gives for the
transverse continuum parameter "T

CðdÞ ¼ 0:79% 0:05, and
is in excellent agreement with the E08-011 data [15] for
all kinematics, except at the ! region point at Q2 ¼
0:95 GeV2, where it lies slightly below the data. Since
the calculation of the! resonance contribution toAd

PV relies
only on isospin symmetry and the conservation of the
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FIG. 12 (color online). Deuteron parity-violating asymmetry Ad
PV=Q

2 as a function of W for incident electron energy E ¼ 4:9 GeV
(left) and E ¼ 6:1 GeV (right). The data points from the Jefferson Lab E08-011 experiment [15] atW ¼ 1:26 (green square), 1.59 (red
circle), 1.86 (blue triangle) and 1.98 GeV (black diamond) correspond to average values of Q2 ¼ 0:95, 0.83, 0.76 and 1:47 GeV2,
respectively. The AJM model uncertainties (inner dashed band) are constrained by matching the continuum parameters "T;L

C ðdÞ to the
DIS region !Z structure functions [40], and are compared with those computed with errors on "T;L

C ðdÞ of 100% (outer dotted bands)
and 25% (inner dotted bands).
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Estimate higher twist corrections using AJM model
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Estimate higher twist corrections using AJM model
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(Q2 ≤ 10 GeV2 for W 2
π ≤ W 2 ≤ 4 GeV2 and Q2 ≤ 2.5 GeV2 for 4 < W 2 ≤ 9 GeV2, ‘Region I’), the structure

functions are dominated by nucleon resonances; at low Q2 but high W 2 (Q2 ≤ 2.5 GeV2 and W 2 > 9 GeV2,
‘Region II’) a description in terms of Regge theory is applicable; and at high Q2 and W 2 (Q2 > 2.5 GeV2 and
W 2 > 4 GeV2, ‘Region III’) the deep-inelastic structure functions are well described in terms of universal
PDFs.

Construction of the F γZ
1,2 structure functions requires firstly choosing appropriate electromagnetic structure

functions, and then transforming these into their γZ analogs. In the AJM model, Region I is well described
by the empirical fit to electron–proton cross section data from Ref. [27], which is quoted with 3–5% accuracy.
The description of Region II follows Gorchtein et al. [23] in using the vector meson dominance (VMD) model
together with Regge parametrisations of the high-W behaviour [28, 29]. Finally, in Region III any suitable set
of leading twist parton distributions [30] can be utilised, and in practice we employ the fit from Alekhin et al.
[31].

Since the structure functions can be equivalently represented in terms of the cross sections σi for the
scattering of transverse (i = T ) and longitudinal (i = L) virtual photons or Z bosons, it is convenient to

separate these into their resonance and nonresonant background contributions, σi = σ(res)
i + σ(bgd)

i . These
can then be rotated from γγ → γZ independently. For the resonant part, the electromagnetic cross section
for the production of a given resonance R can be modified by the ratio [23]

σγZ(R)
i

σγγ(R)
i

= (1− 4 sin2 θW )− yR, (5)

where the parameter yR is computed from the helicity-1/2 and 3/2 nucleon → R transition amplitudes for
the proton and neutron [22, 23, 25]. While yR can in principle depend on Q2 in addition to W 2, it was
found in Ref. [23] that the uncertainty introduced by approximating yR to be independent of Q2 is minimal,
and well within the errors on the helicity amplitudes from the Particle Data Group [32]. The background

contribution to the γZ cross section, on the other hand, is determined via σγZ(bgd)
i = (σγZ

i /σγγ
i )σγγ(bgd)

i ,
where the ratio of the γZ to γγ cross sections is computed in the framework of the generalised VMD model
[23],

σγZ
i

σγγ
i

=
κρ + κω Ri

ω(Q
2) + κφ Ri

φ(Q
2) + κi

C Ri
C(Q

2)

1 +Ri
ω(Q

2) +Ri
φ(Q

2) +Ri
C(Q

2)
. (6)

Here the parameters κV (V = ρ, ω, φ) are ratios of weak and electric charges, while κi
C denotes the ratios of

the γZ to γγ continuum contributions. Similarly, Ri
V are the transverse and longitudinal ratios of the cross

sections for the V and ρ meson, with Ri
C the continuum equivalents. Although the VMD model does not

provide the parameters κi
C , in the AJM model these were constrained by matching the cross section ratio in

Eq. (6) with the ratios of PDFs at the boundaries of Regions I, II and III. This was found [25] to significantly
reduce the uncertainties in F γZ

1,2 compared with earlier estimates [23].
As a test of its veracity, the predictions of the AJM model for PV inelastic asymmetries were compared

[25] with recent ed scattering data from the E08-011 experiment [11] at Jefferson Lab in the resonance region
at Q2 = (0.76−1.47) GeV2, as well as with earlier ep results from the G0 experiment [33] in the ∆ resonance
region at Q2 = 0.34 GeV2. The excellent agreement with the data, which were entirely within the kinematics
defined by Region I, provides confidence in the extension of the AJM model to MOLLER energies.

Table 1: Contributions to ℜe!V
γZ in the AJM model from Regions I, II and III at the kinematics of the Qweak (E = 1.165 GeV)

and MOLLER (E = 11 GeV) experiments.

ℜe!V
γZ (×10−3)

Region Qweak MOLLER
I 4.64± 0.35 3.04± 0.26
II 0.59± 0.05 5.26± 0.49
III 0.35± 0.02 3.18± 0.16
total 5.57± 0.36 11.5± 0.6

3
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Fig. 2. Kinematic regions contributing to the !V
γ Z integrals in the AJM model. Re-

gion I (blue) includes the nucleon resonance region at low W 2 and Q 2; Region 
II (red) encompasses the low-Q 2, high-W 2 region described by Regge theory; and 
Region III (green) is the deep-inelastic region characterized by LT PDFs. The shaded 
band between Q 2 = 1 and 2.5 GeV2 represents the extension of Region III from its 
previous boundary in Ref. [14] (Q 2 = 2.5 GeV2) to its current reach (Q 2 = 1 GeV2). 
(For interpretation of the references to color in this figure legend, the reader is re-
ferred to the web version of this article.)

integrals over W 2 and Q 2 in Eq. (7) are split into three distinct re-
gions, characterized by different physical mechanisms underlying 
the scattering process. In each region the most accurate parame-
terizations or models of F γ Z

1 and F γ Z
2 available for the appropriate 

kinematics are used.
In the present analysis, we define the W 2 and Q 2 regions as 

illustrated in Fig. 2. “Region I” (low Q 2, low W 2) encompasses 
0 ! Q 2 ! 10 GeV2 for W 2

π ! W 2 ! 4 GeV2, and 0 ! Q 2 ! 1 GeV2

for 4 < W 2 ! 9 GeV2, using the γ γ → γ Z rotated Christy–Bosted 
parametrization [38] of the resonance + background structure 
functions. For “Region II” (low Q 2, high W 2), the vector meson 
dominance + Regge model of Alwall and Ingelman [49] is used 
over the range 0 ! Q 2 ! 1 GeV2 and W 2 > 9 GeV2. Finally, for 
“Region III” (high Q 2, high W 2) the perturbative QCD-based global 
fit from Alekhin et al. (ABM) [39] is used for Q 2 > 1 GeV2 and 
W 2 > 4 GeV2, which includes LT as well as subleading 1/Q 2 TMC 
and HT contributions. For x = 1, the elastic contributions to the 
structure functions are computed using the form factor parameter-
izations from Ref. [46].

While the uncertainties on the γ Z structure functions in Re-
gion III are small — typically a few %, reflecting the errors on 
the PDFs from which they are constructed through the simple re-
placement of quark charges eq → gq

V — the uncertainties in F γ Z
1

and F γ Z
2 are expected to be larger at lower W 2 and Q 2. In the 

previous analyses of the γ Z correction [14,50], the PDF-based de-
scription was limited to Q 2 > 2.5 GeV2 (and W 2 > 4 GeV2). Mo-
tivated by the observation of duality in the proton and neutron 
F γ γ

1 and F γ γ
2 structure functions, and in PVDIS from the deuteron, 

as discussed in Sec. 2, we further assume the approximate valid-
ity of duality in the γ Z proton structure functions and extend 
the QCD description of Region III down to Q 2 = 1 GeV2. Low-
ering the boundary of the DIS region, which is well constrained 
by leading twist PDFs, to smaller Q 2 decreases the contribution 
from Regions I and II, and hence reduces the model uncertainty 
on the γ γ → γ Z rotation of the structure functions in this re-
gion.

Table 1
Contributions to ℜe !V

γ Z from Regions I, II and III, and the total, at the kinematics 
of the Q weak, MOLLER, and MESA experiments.

Region ℜe!V
γ Z (×10−3)

Q weak
(E = 1.165 GeV)

MOLLER 
(E = 11 GeV)

MESA 
(E = 0.18 GeV)

I 4.3 ± 0.4 2.5 ± 0.3 1.0 ± 0.1
II 0.4 ± 0.05 3.2 ± 0.5 0.06 ± 0.01
III 0.7 ± 0.04 5.5 ± 0.3 0.1 ± 0.01

Total 5.4 ± 0.4 11.2 ± 0.7 1.2 ± 0.1

Fig. 3. Energy dependence of the γ Z box correction, ℜe !V
γ Z , to Q p

W . The con-

tributions from various regions in W 2 and Q 2 (Regions I, II and III) are shown 
separately, as is the total (solid curve). The dashed vertical lines indicate the beam 
energies of the various parity-violating experiments (E = 0.18 GeV for MESA [30], 
E = 1.165 GeV for Q weak [4], and E = 11 GeV for MOLLER [29].

Within the AJM γ Z structure function parameterization, the 
most uncertain elements are the κ T ,L

C continuum parameters used 
to relate the high-mass, non-resonant continuum part of the γ Z
transverse and longitudinal cross sections to the γ γ cross sec-
tions in the generalized vector meson dominance model [49,51]. 
The κ T ,L

C parameters are fitted by matching the γ Z to γ γ cross 
section ratios with the LT structure function ratios at Q 2 = 1 GeV2,

σ
γ Z
T (κ T

C )

σ
γγ
T

= F γ Z
1

F γ γ
1

∣∣∣∣∣
LT

,
σ

γ Z
L (κ L

C )

σ
γγ
L

= F γ Z
L

F γ γ
L

∣∣∣∣∣
LT

, (9)

where the longitudinal structure function F L is related to the F1
and F2 structure functions by F L = ρ2 F2 − 2xF1 [14]. (Note that, 
consistent with the duality hypothesis, we use the LT structure 
functions in Region III rather than the total structure functions that 
may include the small subleading contributions [39].) The resulting 
fit values,

κ T
C = 0.36 ± 0.15, κ L

C = 1.5 ± 3.1, (10)

are obtained by averaging over the κ T ,L
C parameter determined 

from 10 fits with the ratios in Eq. (9) matched at between W 2 =
4 GeV2 and 13 GeV2. These values are then used to compute the 
γ Z structure functions in the dispersion integral for 1 ! Q 2 !
10 GeV2 and W 2

π ! W 2 ! 4 GeV2. To allow for stronger violations 
of duality at lower Q 2, the uncertainties on κ T ,L

C are inflated to 
100% for the region 0 ! Q 2 < 1 GeV2 for all W 2. In the numerical 
calculations the uncertainties on the proton γ Z structure function 
parameterizations are taken to be the same as those used in the 
"V

γ Z calculation in Ref. [14], and a 5% uncertainty is assumed for 
the nucleon elastic contributions.

Using the γ Z structure functions obtained from the newly fit-
ted κ T ,L

C values, the ℜe "V
γ Z correction is displayed in Fig. 3 as a 

(rel to Qp
W = 0.0713)
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A	few	comments	on	Thomson	(atomic)	
versus	scaJering	limits
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Thompson limit (Q² ≪ mₑ²):

Scattering (Q² ≫ mₑ²):

Aep = A0

⇥
Qp

W (ep) +Q2B(Q2, E)
⇤
, A0 ⌘ � GFQ2

4⇡↵
p
2

Qp
W (ep) = lim

E!0
lim

Q2!0

Aep

A0
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Thompson limit (Q² ≪ mₑ²):

Scattering (Q² ≫ mₑ²):

Electromagnetic:

X

IR divergent
(cancelled by soft photon emission)

Overall Zee vertex has same (divergent) factor as γee
Cancels in APV (or include with standard rad. corr.).

Therefore take Δₑ = 0 for scattering. 

(0.1% of 0.0708)

Vertex correction:

�µ ! �µ(1 + �f1) +
�f2
2me

�µ⌫(�q⌫)

�µ�5 ! �µ�5(1 + �g1) +
�g2
me

�5(�qµ)

e e

Z
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Thompson limit (Q² ≪ mₑ²):

Scattering (Q² ≫ mₑ²):

Electroweak:                          (1.9% of 0.0708)

Vertex correction:

�
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Qweak Parity-Violating Asymmetry Extrapolated to Q2 = 0
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Log terms most likely to affect extraction of additional parameters 
from fit, not extracted value of QW

Assumption:
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V. RESULTS

A. !Z box corrections for Qweak

The detailed examination of the !Z interference struc-
ture functions and their uncertainties, constrained by data
in the DIS region and parity-violating asymmetries in the
resonance region, allows us to compute the =mhV

!Z cor-

rection in Eq. (12), and through the dispersion relation (6)
to make a reliable determination of the !Z box correction
to Qp

W . The dependence of <ehV
!Z on the incident energy

E is illustrated in Fig. 14, which also shows the individual
contributions of the various W and Q2 regions in Fig. 2.

At low energy (E & 1 GeV), the total correction<ehV
!Z

is dominated by the low-W, low-Q2 region (Region I in
Fig. 2). As found in earlier analyses [11–14,22], the reso-
nant contribution [mainly from the !ð1232Þ resonance]
peaks at around E # 0:7 GeV, and gradually decreases at
higher energies. The nonresonant and resonant compo-
nents of Region I are approximately equal at E$ 1 GeV,
with the nonresonant part growing with increasing energy.
The higher-W, higher-Q2 regions play a relatively minor
role in thehV

!Z correction, with Regions II and III contrib-

uting #20% and 10% of the total, at E ¼ 3 GeV,
respectively.

At the Qweak energy, E ¼ 1:165 GeV, the breakdown of
the <ehV

!Z correction into its individual contributions is

summarized in Table III. Including uncertainties from all
regions, the total correction is found to be

<ehV
!Z ¼ ð5:57& 0:21½bgd( & 0:29½res( & 0:02½DIS(Þ

) 10*3; (33)

where the uncertainties listed are from the nonresonant
background, the resonances, and the DIS region, respec-
tively. Adding the errors in quadrature gives <ehV

!Z ¼
ð5:57& 0:36Þ ) 10*3 at the Qweak energy. The # 7%
relative uncertainty on this correction remains largely
energy independent, even at large energies, where the
contributions from larger W and Q2 become more impor-
tant; since the structure functions are constrained by DIS
data, the uncertainty in <ehV

!Z does not grow with E.

The AJM model value of the !Z box correction
is similar to the result, <ehV

!Z ¼ ð5:40& 0:54Þ ) 10*3,

obtained using the !Z structure functions from Region II
extended over all kinematics, as in the GHRM Model II
[14], but with the "T;L

C parameters constrained by matching
to the DIS region structure functions [40]. This constraint
renders the uncertainty $ four times smaller than that in
Ref. [14], but still slightly larger than in the AJM model
calculation.

B. Predictions for parity-violating asymmetries

The !Z structure functions can be further constrained by
additional parity-violating asymmetry data from the E08-
011 experiment at Jefferson Lab [15,54]. The deep-
inelastic region data are currently being analyzed [54],
and the predictions from the AJM model are shown in
Fig. 15 as a function of W for the three experimental Q2

values (see also Table II). The uncertainties on the predic-
tions are computed both by fitting the continuum parame-
ters"T;L

C to theDIS structure functions [40] and the E08-011
resonance region data [15]. The asymmetries with the E08-
011 data constraints are marginally higher than those with
the parameters constrained by PDFs, with slightly larger
uncertainties. As for the resonance region comparison in
Figs. 12 and 13, these uncertainties are # four to five
times smaller than they would be without the constraints
on "T;L

C , assuming 100% errors along the lines of the proton
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FIG. 14 (color online). Energy dependence of the contribu-
tions to <ehV

!Z from the various regions in W and Q2 displayed

in Fig. 2 in the AJM model (top), and the breakdown of Region I
into its resonant and nonresonant background components
(bottom).

TABLE III. Contributions to <ehV
!Z from various regions in

W and Q2 in the AJM model (see Fig. 2) at the Qweak energy
E ¼ 1:165 GeV.

Region <ehV
!Z ()10*3)

I (res) 2:18& 0:29
I (bgd) 2:46& 0:20
I (total) 4:64& 0:35
II 0:59& 0:05
III 0:35& 0:02
Total 5:57& 0:36
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Elas-c	part	of	Vector	h	
correc-on

•Can	be	considered	a	
“Coulomb	distor-on”	effect	
•Rela-vely	insensi-ve	to	choice	
of	nucleon	form	factors	
•Equal	to	απ(1-4s²)	as	E→0 
independent	of	structure	
•Does	not	cancel	in	APV	ra-o	
•Excluded	by	Marciano-Sirlin	in	
atomic	systems	(bound	states)	
•More	important	for	P2	than	
Qweak
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Summary
• Dispersion	approach	significant	improvement	over	old	methods	

• PDF	region	provides	some	constraints	on	model-dependence	of	isospin	
rota-on	

• Direct	comparison	with	PV	inelas-c	data	in	resonance	and	DIS	regions	

• e-d	PVDIS	asymmetry	strongly	constrains	the	uncertainty	

• checking	Δ	region	for	inelas-c	APV	at	Mainz	or	JLab	would	be	useful	

• quark-hadron	duality	approach	allows	further	constraints	on	uncertain-es

!44


