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Supernovae are hot! 
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Credit:	  xkcd	  

Which is brighter 
-  a hydrogen bomb 

pressed against 
your eyeball, or  

-  a supernova at the 
distance of the Sun? 

SN are typically more 
intense than any 
source you might 
think of. 
  



Supernovae are hot! 
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They are amazing 
•  Most powerful explosions. Almost as bright as an 

entire galaxy! 

The are important 
•  Makes heavy elements, e.g., Gold, Silver, and 

recycles Carbon, Oxygen, etc., as well as black 
holes! 

They are interesting 
•  Connections to very cool physics leading to 

several Nobel prizes: Chandrasekhar and Fowler 
in 1983, Hulse and Taylor in 1993, Koshiba in 2002, 
Perlmutter, Schmidt, and Riess in 2011, … 



Neutrinos are cool! 
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Which heats better? 
-  Sunlight falling on 

a sidewalk on 
Earth  

-  Solar neutrinos at 
the surface of the 
Sun 

Neutrinos are 
typically not very 
efficient at depositing 
energy 



Neutrinos are cool! 
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You are here,  
aren’t you?  J 



Supernova Neutrinos 

Battle of extremes: Incredible intensity of 
SN and the supreme shyness of neutrinos! 
 

Nevertheless, in this fight, we all win! 
 

•  SN explode because of neutrinos 

•  Unique tool to study some SN and neutrino properties 

•  Neutrino signal intensity can be very high 

•  Neutrino-neutrino interactions are important 
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Outline 

Lecture 1 
Supernovae: What, When, & Why? 
Supernova and the neutrino mechanism 
SN neutrino detection 
Physics with (non-oscillating) SN neutrinos: What can be measured? 
 
 

Lecture 2 
MSW Physics of SN neutrinos 
Collective oscillations of SN neutrinos 
Physics with SN neutrinos: What can be measured? 
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Supernovae 
What, When, & Why? 
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Life of a Star 
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Image	  credit:	  Khan	  Academy	  



Classification of Supernovae 
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Type	   Ia	   Ib	   Ic	   II	  

Emission/
Absorption	  

lines	  

No	  Hydrogen	  

Hydrogen	  
Silicon	  

No	  Silicon	  

Helium	   No	  Helium	  

Light-‐curve	   Standard	   Large	  Diversity	  

Mechanism	  

Nuclear	  
explosion	  

following	  mass	  
gain	  

Collapse	  of	  the	  core	  of	  a	  massive	  star	  

Neutrinos	   Negligible	   Dominant	  (99%	  of	  all	  SN	  energy;	  1%	  in	  light	  etc.)	  

Compact	  
Remnant	   None	   Neutron	  star	  /	  Black	  hole	  



Thermonuclear SN 
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Distance Determination 
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Empirically Standardizable Sources 

Supernova	  Cosmology	  Project	  

Can use the 1/D2 law of dimming and a calibration to determine distances! 

Perlmutter,	  Schmidt,	  and	  Riess	  



Mechanism of Core-Collapse 
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Image	  credit:	  Pearson	  Inc	  



Historical Supernovae 
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“Guest Star” of 1054, Chinese records 



Historical Supernovae 
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Credit:	  NASA	  



Historically observed SNe 
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Source:	  Wikipedia	  



Thousands seen every year … 
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Optical UV X Ray Optical UV X Ray Optical UV X Ray 

Image:	  NASA/SWIFT	  



SN Rate in the Milky Way 
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Graphic	  by	  Georg	  Raffelt	  

Gamma	  rays	  from	  
26Al	  (Milky	  Way)	  

Historical	  galac8c	  
SNe	  (all	  types)	  

SN	  sta8s8cs	  in	  
external	  galaxies	  

No	  galac8c	  
neutrino	  burst	  

Core-‐collapse	  SNe	  per	  century	  
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van	  den	  Bergh	  &	  McClure	  (1994)	  

Cappellaro	  &	  TuraLo	  (2000)	  

Diehl	  et	  al.	  (2006)	  

Tammann	  et	  al.	  (1994)	  

Strom	  (1994)	  

90	  %	  CL	  (25	  y	  obserserva8on)	   Alekseev	  et	  al.	  (1993)	  

References:	  van	  den	  Bergh	  &	  McClure,	  ApJ	  425	  (1994)	  205.	  Cappellaro	  &	  TuraLo,	  astro-‐ph/0012455.	  
Diehl	  et	  al.,	  Nature	  439	  (2006)	  45.	  Strom,	  Astron.	  Astrophys.	  288	  (1994)	  L1.	  Tammann	  et	  al.,	  ApJ	  92	  
(1994)	  487.	  Alekeseev	  et	  al.,	  JETP	  77	  (1993)	  339	  and	  Raffelt’s	  updates.	  



Lots of SN in the ‘hood 
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Kistler	  et	  al.	  (2008)	  	  	  



SN Rate vs z 
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The SN rate is approx 1-3 SN /1010 Lsun /  100 yr 
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Cast a wide net 



Betelgeuse 

•  Red supergiant 
•  18 times mass of Sun 
•  1180 times larger diameter 

•  640 lightyears away 

Once it goes supernova … 

•  Within 105 to  106 years 
•  Peak app. Mag. = -12.4 

•  Brighter than the moon 

•  Visible during day for 2-3 
months 
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Typical SN Distance 
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JUNO	  Yellow	  Book	  



Main-sequence star 

Hydrogen	  Burning	  

Helium-burning star 

Helium	  
Burning	  

Hydrogen	  
Burning	  

Onion structure 

Degenerate	  iron	  core:	  
	  	  r	  	  	  	  	  ≈	  109	  	  g	  cm-‐3	  

	  	  T	  	  	  	  ≈	  1010	  	  K	  
	  	  MFe	  	  ≈	  1.5	  Msun	  
	  	  RFe	  	  	  ≈	  8000	  km	  

Collapse (implosion) 

Supernova Explosion Mechanism 

Adapted	  from	  Georg	  Raffelt	  
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Collapse (implosion) Bounce (explosion) 

νe 
Burst	  

Prompt Shock Stalls Neutrino Heating Neutrino Driven Explosion Newborn Neutron Star 

~	  50	  km	  

Proto-Neutron Star 
ρ ≈ ρnuc = 3 × 1014  g cm-3  

T ≈ 30 MeV 

Neutrino Cooling 

Supernova Explosion Mechanism 

Adapted	  from	  Georg	  Raffelt	  
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Typical Size of PNS 
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The protoneutron star is the post-collapse dense core, which will 
eventually become the neutron star by emitting neutrinos via 

p+ e ! n+ ⌫e

The core mass is roughly given by the Chandrasekhar limit 

What is its density? It is supported by nuclear degeneracy, so  

The radius is therefore approximately 

⇢PNS ⇡ ⇢Nuc ⇡ 3⇥ 1014g cm�3

MPNS = MCh ⇡ 1.5M� = 3⇥ 1033 g

4⇡

3
R3

PNS ⇢PNS = MPNS =) RPNS ⇡ 10 km

Its Schwarzchild radius is about 4.5 km, so this is not a black hole yet	  



Typical Energy Output 
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The gravitational binding energy of the uniform star is 

This must be released to become the smaller denser neutron star. 
Thus the net energy output is  

This can be in any thing – light, neutrinos, axions, gravitons! But we 
will see that it is 99% neutrinos!	  

⇡ 3⇥ 1053 erg
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Typical  Neutrino Energy 
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Degenerate 
PNS 
Core 

PNS 
Atmosphere 

Vgrav = �GNMPNS mN

RPNS
⇡ 30MeV
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The virial theorem predicts neutrino energies in the 10 MeV range	  

The neutrinos are emitted by 
nucleons in the PNS atmosphere 
virialized with nucleons in the 
PNS. The gravitational potential 
energy for a nucleon is 

Now use virial  theorem to relate 
nucleon PE to its KE, which we 
relate to the neutrino energy 



Typical Timescale 
Neutrinos are trapped via weak interactions, so the their 
scattering cross section goes as 
 
 

 

 

Nucleon number density is 

 
 

Mean free path is 

 

Diffusion time is 
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Why No Prompt Explosion 

Shock is formed inside the iron core, and has to get out 
 
In doing so, it breaks Fe nuclei and loses 8.8 MeV/nuc 

 

The total binding energy of the material outside is 

 

 
 

 

The kinetic energy of the shock wave is comparable 

 

So shock can be launched but does break through 
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    SN Mechanism 
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Collapse 

Bounce 

EXPLOSION! 



         The  ν Mechanism 
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Bounce 
Shock stalls 

Shock revived and 
 EXPLOSION! 

Neutrinos heat  
the shock 

Collapse 



Heating vs. Cooling 
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At the shell at radius r, due to neutrinos 
from below, heating is at a rate 

The shell radiates away heat at a rate 
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These are  equal at the gain radius  

Just above the gain radius, there’s heating 
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Heating rate depends on electron 
neutrinos and anti neutrinos 

But they have the least average energy 

With a swap of the flavors, i.e.,  

Significant increase in heating rate is possible 



Explosion: 20 Solar Mass  
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Melson	  et	  al.	  (2015)	  



Neutrino Signal 

Main features 
 
•  Burst phase 

•  Mostly nue 

•  Accretion phase 
•  Differences in luminosity 

•  Differences in av. Energy 

•  Cooling phase 
•  Luminosity or energy becomes 

same across all  flavors 
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Melson	  et	  al.	  (2015)	  



Spectra Formation 
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Keil,	  Raffelt,	  Janka	  (2002)	  



Alpha Fit Eta Fit 

Based on a power-law Based on Fermi-Dirac 

Fits to the Energy Spectrum 

Often neutrino spectra are parametrized using an “alpha-fit” 
or an “eta-fit”. These work quite well for the spectra from 
simulations. But parameters are flavor and time-dependent. 
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Electron flavors have larger alpha say 3-4, vs, 2 for others 
Typically pinching decreases with time 



Examples of Alpha-fit 
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Tamborra,	  Müller,	  Hüdepohl,	  Janka	  &	  Raffelt,	  arXiv:1211.3920	  



Neutrinos from a SN 

Epoch dependence 
•  Pre-collapse 
•  Neutronization burst 

•  Accretion phase 

•  Cooling phase 

 

Flavor dependence 
•  Electron neutrinos 

•  Electron antineutrinos 

•  Non-electron neutrinos 
and antineutrinos 
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Image:	  Fischer	  et	  al	  (2010)	  



Multidimensional Effects 
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Georg Raffelt, MPI Physics, Munich Massive Neutrinos, NTU, Singapore, 9–13 Feb 2015 

First Exploding 3D Simulation (9.6 M⊙ Garching) 

Tobias Melson, Hans-Thomas Janka & Andreas Marek, arXiv:1501.01961 

Garching group 



SASI 

Basudeb Dasgupta (TIFR Mumbai)                                                                11th International Neutrino Summer School, Mainz 42

Lund	  et	  al.	  (2010)	  

Standing Accretion Shock Instability 
Large scale motion of the stellar material on a 
millisecond timescale 

Fluctuations in the neutrino signal, 
luminosities and energies 



LESA 
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Georg Raffelt, MPI Physics, Munich Massive Neutrinos, NTU, Singapore, 9–13 Feb 2015 

Sky Map of Lepton-Number Flux (11.2 MSUN Model) 

Tamborra, Hanke, Janka, Müller, Raffelt & Marek, arXiv:1402.5418 

Lepton-number flux (𝝂𝒆 − 𝝂𝒆) relative to 4p average 
Deleptonization flux into one hemisphere, roughly dipole distribution 

(LESA — Lepton Emission Self-Sustained Asymmetry)  
 

Positive dipole 
direction and 
track on sky 

Tamborra et al. (2014) 

Lepton-# Emission Self-Sustained Asymmetry 



Remnants of Massive Star 
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Heger	  et	  al.,	  ApJ	  (2003)	  

Nakamura	  et	  al	  (2015)	  

Compactness	  	  ~	  1/R	  enclosing	  M	  
	  
Good	  predictor	  of	  SN	  properties	  
O’Connor	  and	  Ott	  (2013)	  
See	  also,	  Sukhbold	  et	  al.	  (2016),	  
Ertl	  et	  al.	  (2016),..	  	  

O’ Connor and Ott 



Failed Supernovae 
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Red Supergiant ??? 

A	  Survey	  about	  Nothing	  :	  Gerke,	  Kochanek,	  Stanek	  (2015)	  
Adams	  et	  al.	  (2017)	  
	  	  



SN-GRB Connection 
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Reviews:	  Woosley	  And	  Bloom	  (2006),	  Hjorth	  and	  Bloom	  (2011)	  ,	  …,	  Cano	  et	  al.	  (2016),	  …	  

Margutti	  et	  al	  (2014)	  	  

Long duration GRBs are closely related to SN 



Summary for Lecture 1 

Lecture 1 
Supernovae:  

 What: Final stages of > 8-10 solar mass stars 
 When: Roughly 1-3 times per century 
 Why: Core collapse of massive stars, neutrino aided explosion 

 
Supernova and the neutrino mechanism: 

 Rich hydrodynamics:  
  Shock revival,  
  Convection, 
  SASI 
  LESA, 
  Failed SN 
 Time dependent neutrino emission in all flavors 
  Energy, Luminosity, Pinching, etc. 
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How to detect 
Supernova Neutrinos? 

Basudeb Dasgupta (TIFR Mumbai)                                                                11th International Neutrino Summer School, Mainz 48



Present Detectors 
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Georg Raffelt, MPI Physics, Munich Massive Neutrinos, NTU, Singapore, 9–13 Feb 2015 

Operational Detectors for Supernova Neutrinos 

Super-K (104) 
KamLAND (400) 

SNO+ 
(300) 

In brackets events 
for a “fiducial SN” 
at distance 10 kpc 

LVD (400) 
Borexino (100) 

IceCube (106) 

 Baksan 
 (100) 

 HALO 
 (tens) 

 Daya Bay 
 (100) 



Future Detectors 
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IceCube 
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Pryor,	  Roos	  &	  Webster	  (1988)	  
Halzen,	  Jacobsen	  &	  Zas	  (1995)	  

SN	  signal	  at	  10	  kpc	  
10.8	  Msun	  simula8on	  
of	  Basel	  group	  
[arXiv:0908.1871]	  Accre2on	   Cooling	  

SN neutrinos are not energetic  enough to fire multiple DOMs 
 
300 photons in 1 DOM for SN at  10 kpc. Noise < 300 Hz/DOM. 
 
SN signal appears as a correlated increase in noise rate of 5000 
optical modules 



Oscillation-Immune Data 
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Beacom,	  Farr,	  Vogel	  (2003)	  
Dasgupta	  and	  Beacom	  (2011)	  
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Neutrino – Proton elastic 
scattering can give the 
unoscillated fluxes if measured 
with enough statistics and 
reconstructed with precision  

Li	  et	  al	  (2018)	  



Gadzooks 
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Positron and gamma ray 
vertices are within 
~50cm. 

[reac8on	  schema8c	  by	  M.	  Nakahata]	  

νe

e+

p
n

γ

γ

p

Gd n+Gd → ~8 MeV γ (90%) 

n+p → d + 2.2 MeV γ (10%)

Beacom	  and	  Vagins	  (2003)	  

Can identify each 
antineutrino on an 
event-by-event basis 

Gadolinium Anti-nu 
Detector Zealously 
Outperforming Old 
Kamiokande. Super! 



Gravitational Waves 
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	  Müller,	  et	  al.	  (2003)	  
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Multimessenger Studies  
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Nakamura	  et	  al	  (2016)	  



SNEWs 
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h5p://snews.bnl.gov	  

Coincidence	  
Server	  @	  BNL	  

Super-‐K	  

	  	  Alert	  

Borexino	  

LVD	  

IceCube	  

Supernova Early Warning System 



SN 1987A in Neutrinos 
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SN1987A events 
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Image	  credit:	  Suzuki	  (2003)	  

See	  review	  by	  Vissani	  (2015)	  



SN1987 problems 
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Unexpected	  angular	  distribution	  

See	  review	  by	  Vissani	  (2015)	  

Mont	  Blanc	  events	  
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SN1987A Lessons 
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Average	  Neutrino	  Energy	  =	  12	  MeV	  
+/-‐	  10%	  
Total	  Energy	  in	  an8-‐nue	  =	  5	  x	  1052	  erg	  
+50%	  -‐	  20%	  

Review	  by	  Vissanni	  (2014)	  

Jegerlehner,	  Neubig	  &	  Raffelt	  (1996)	  

Rough	  agreement	  with	  SN	  theory	  



Next Galactic SN 
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Georg Raffelt, MPI Physics, Munich Massive Neutrinos, NTU, Singapore, 9–13 Feb 2015 

Operational Detectors for Supernova Neutrinos 

Super-K (104) 
KamLAND (400) 

SNO+ 
(300) 

In brackets events 
for a “fiducial SN” 
at distance 10 kpc 

LVD (400) 
Borexino (100) 

IceCube (106) 

 Baksan 
 (100) 

 HALO 
 (tens) 

 Daya Bay 
 (100) 



DSNB 
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 Present-day SN rate of  1 SNu,  extrapolated to the entire universe, 

 corresponds to flux of 1 cm-2 s-1  

We are in the ballpark. See	  review	  by	  Beacom	  (2010)	  

Kirk	  Bays	  et	  al.	  (Super-‐Kamiokande	  Collabora8on)	  (2011)	  



What can we learn? 
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Timing 
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SN neutrino-curve is an excellent probe of the bounce time. 
This can be used to great advantage for coincidence 

measurement with gravitational wave detectors  

Pagliaroni,	  et	  al.	  (2009)	  
Halzen	  and	  Raffelt	  (2009)	  



Pointing 
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Beacom	  and	  Vogel	  (1998)	  
	  
Tomas	  et	  al.	  (2003)	  

Neutrinos reach before the light from SN explosion 
 
SN at 10 kpc may be localized to a cone of 5 degree at 
SK, factor of 3 better with Gd (90% tagging), and factor 
of 10 better with a 30 times larger detector than SK 
 

This may be crucial for  
dust-obscured supernovae! 

Mini-project: Find the SN 



Neutrino Mass Bounds 
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The SN signal gets stretched out in time if neutrinos are too 
heavy and all neutrino energies do not travel at the same speed 
close to speed of light 
 
This is proportional to source distance, and (m/E)2 

�t ⇡ 5ms

✓
D

10 kpc

◆✓
10MeV

E

◆2 ⇣ m

eV

⌘2
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Limit improves by a factor of 10 or so with Galactic SN whose 
time structure can be measured more precisely. E.g., the 
neutronization burst peak can get stretched or a BH formation 
cut-off of signal gets smeared. 

Zatsepin	  (1968)	  

See	  	  “Stars	  as	  Laboratories	  for	  Fundamental	  Physics”	  by	  Georg	  Raffelt	  



Other bounds… 
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Neutrino	  magnetic	  moment,	  lifetime	   Exotic	  energy	  losses	  via	  
any	  new	  particles	  or	  interactions	  of	  neutrinos	  

See	  	  “Stars	  as	  Laboratories	  for	  Fundamental	  Physics”	  by	  Georg	  Raffelt	  



Convection Physics 
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IceCube and Hyper-Kamiokande rates at 10 kpc 

•  Multiple episodes of SASI & convection 
•  Different frequencies 
•  Progenitor dependence 

	  Tamborra	  et	  al.	  (2014)	  
	  



Exotic Physics within 10s 
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2nd Shock Break-out 

Dasgupta	  et	  al.	  (2009)	  

 QCD transition in the SN can trigger a second burst which is mostly anti-nue 



Oscillation Physics 
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Neutrino Oscillations 
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MSW	  effect	  depends	  on	  
ordinary	  maLer	  density	  L,	  i.e.	  
mainly	  electron	  density	  
	  

Vacuum	  oscilla8ons	  
• 	  M	  is	  neutrino	  mass	  matrix	  
• 	  Overall	  minus	  sign	  for	  
an8neutrinos	  

 
Nonlinear nu-nu effects are important when nu-nu interaction  
frequency exceeds the typical vacuum oscillation frequency 
 
These interactions give rise to “Collective” flavor conversions 

Nonlinear	  Effects	  
depends	  on	  the	  
neutrino	  density	  r	  
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BBN, CMB, and large-scale structure if we allow them
to be charged under a new gauge interaction mediated
by a MeV-scale boson. In this case, sterile neutrino pro-
duction in the early Universe is suppressed due to the
thermal MSW potential generated by the mediator and
by sterile neutrinos themselves. Our proposed scenario
leads to a small fractional number of extra relativistic
degrees of freedom in the early Universe, which may be
experimentally testable in the future. If the considered
boson also couples to DM, it could simultaneously ex-
plain observed departures of small-scale structures from
the predictions of cold DM simulations.

ACKNOWLEDGMENTS

We are grateful to Torsten Bringmann, Xiaoyong Chu,
Maxim Pospelov, and Georg Ra⇤elt for useful discus-
sions. JK would like to thank the Aspen Center for
Physics, funded by the US National Science Foundation
under grant No. 1066293, for kind hospitality and sup-
port during part of this work. We acknowledge the use
of the FeynCalc [49] and JaxoDraw [50] packages.

Appendix A: Thermal Corrections to Self-Energy

Here, we derive the dispersion relation for sterile neu-
trinos coupled to a U(1)⇤ gauge force in the regime of
nonzero temperature and density. Our approach closely
follows [19, 20, 51, 52].

From considerations of Lorentz invariance, the sterile
neutrino self energy at one-loop can be expressed as

⇥(k) = (m� a/k � b/u)PL . (8)

Here, PL = (1 � �5)/2 is a chirality projector, m is the
sterile neutrino mass, p is its 4-momentum and u is the
4-momentum of the heat bath. We work in the rest frame
of the heat bath, so we take u = (1, 0, 0, 0).

This thermal self-energy modifies the dispersion rela-
tion to

det(/k � ⇥(k)) = 0 , (9)

which, in the ultrarelativistic regime, k0 ⇤ |k|, gives

k0 = |k|+ m2

2|k| � b (10)

to linear order in the coe⇧cients a and b. Note that the
usual dispersion relation for an ultrarelativistic neutrino,

k0 = |k|+ m2

2|k| , is modified by an e⇤ective potential

Ve� ⇥ �b . (11)

The coe⇧cient b can then be obtained according to the
relation

b =
1

2k2

�
[(k0)2 � k2]tr /u⇥(k)� k0tr /k⇥(k)

⇥
. (12)

So, the remaining job is to calculate ⇥(k).

�s �s

A�

A�

�s �s

f

�s

Figure 3. Bubble and tadpole contributions to the sterile neu-
trino self-energy, which create an e�ective “matter” potential.

We assume a Lagrangian Lint = e⇤f̄�µPLfA⇤
µ, where

e⇤ is the U(1)⇤ gauge coupling. At lowest order, ⇥(k)
receives contributions from the bubble and tadpole dia-
grams shown in Fig. 3. In the real time formalism, these
diagrams are calculated using the unitary gauge thermal
propagators for the fermion,

S(p) = (/p+m)

⇤
1

p2 �m2
+ i�f (p)

⌅
, (13)

and the gauge boson

Dµ⇥(p) = (�gµ⇥ + pµp⇥/M2)

⇤
1

p2 �M2
+ i�b(p)

⌅
.

(14)

The thermal parts are given by

�f (p) = 2⇧⇥(p2 �m2)⇤f (p) , (15)

�b(p) = 2⇧⇥(p2 �M2)⇤b(p) , (16)

respectively, with the distribution functions

⇤f (p) = [e|p·u|/Ts + 1]�1 , (17)

⇤b(p) = [e|p·u|/Ts � 1]�1 . (18)

The form of S(p) and Dµ⇥(p) can be understood from
the fact that at finite temperature and density, there are
not only virtual ⌅s and A⇤ in the medium, but also real
particles that have been thermally excited.

The diagrams in Fig. 3 are given by

⇥bubble(k) = �ie2⇤

⇧
d4p

(2⇧)4
�µ PL iS(p+ k) �⇥ iDµ⇥(p) ,

(19)

⇥tadpole(k) = ie2⇤�
µ PL iDµ⇥(0)

⇧
d4p

(2⇧)4
tr

⇤
�⇥ PL iS(p)

⌅
.

(20)
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⌫
<latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit>

⌫
<latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit>

Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

⌫
<latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit>

⌫
<latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit>

Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

, e
<latexit sha1_base64="LTAkcobDonvL9DxmeL05SndpB9M=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KCURQY9FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dtbWNza3tks75d29/YPDytFx20SJZthikYh0N6AGBVfYstwK7MYaqQwEdoLJXe53nlAbHqlHO43Rl3SkeMgZtblU69dwUKm6dXcOskq8glShQHNQ+eoPI5ZIVJYJakzPc2Prp1RbzgTOyv3EYEzZhI6wl1FFJRo/nd86I+eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDGz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeIpZyF4yy+vkvZl3XPr3sNVtXFbxFGCUziDC/DgGhpwD01oAYMxPMMrvDnSeXHenY9F65pTzJzAHzifP0p1jbs=</latexit><latexit sha1_base64="LTAkcobDonvL9DxmeL05SndpB9M=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KCURQY9FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dtbWNza3tks75d29/YPDytFx20SJZthikYh0N6AGBVfYstwK7MYaqQwEdoLJXe53nlAbHqlHO43Rl3SkeMgZtblU69dwUKm6dXcOskq8glShQHNQ+eoPI5ZIVJYJakzPc2Prp1RbzgTOyv3EYEzZhI6wl1FFJRo/nd86I+eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDGz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeIpZyF4yy+vkvZl3XPr3sNVtXFbxFGCUziDC/DgGhpwD01oAYMxPMMrvDnSeXHenY9F65pTzJzAHzifP0p1jbs=</latexit><latexit sha1_base64="LTAkcobDonvL9DxmeL05SndpB9M=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KCURQY9FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dtbWNza3tks75d29/YPDytFx20SJZthikYh0N6AGBVfYstwK7MYaqQwEdoLJXe53nlAbHqlHO43Rl3SkeMgZtblU69dwUKm6dXcOskq8glShQHNQ+eoPI5ZIVJYJakzPc2Prp1RbzgTOyv3EYEzZhI6wl1FFJRo/nd86I+eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDGz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeIpZyF4yy+vkvZl3XPr3sNVtXFbxFGCUziDC/DgGhpwD01oAYMxPMMrvDnSeXHenY9F65pTzJzAHzifP0p1jbs=</latexit><latexit sha1_base64="LTAkcobDonvL9DxmeL05SndpB9M=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KCURQY9FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dtbWNza3tks75d29/YPDytFx20SJZthikYh0N6AGBVfYstwK7MYaqQwEdoLJXe53nlAbHqlHO43Rl3SkeMgZtblU69dwUKm6dXcOskq8glShQHNQ+eoPI5ZIVJYJakzPc2Prp1RbzgTOyv3EYEzZhI6wl1FFJRo/nd86I+eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDGz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeIpZyF4yy+vkvZl3XPr3sNVtXFbxFGCUziDC/DgGhpwD01oAYMxPMMrvDnSeXHenY9F65pTzJzAHzifP0p1jbs=</latexit>

, W
<latexit sha1_base64="I0IeoXAU5zedUfseFj7tXqWucfo=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8lLIrgh6LXjxWsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8MBHcWM/7RmvrG5tb26Wd8u7e/sFh5ei4beJUU9aisYh1NySGCa5Yy3IrWDfRjMhQsE44ucv9zhPThsfq0U4TFkgyUjzilNhcqvVrnUGl6tW9OfAq8QtShQLNQeWrP4xpKpmyVBBjer6X2CAj2nIq2KzcTw1LCJ2QEes5qohkJsjmt87wuVOGOIq1K2XxXP09kRFpzFSGrlMSOzbLXi7+5/VSG90EGVdJapmii0VRKrCNcf44HnLNqBVTRwjV3N2K6ZhoQq2Lp+xC8JdfXiXty7rv1f2Hq2rjtoijBKdwBhfgwzU04B6a0AIKY3iGV3hDEr2gd/SxaF1DxcwJ/AH6/AE1PY2t</latexit><latexit sha1_base64="I0IeoXAU5zedUfseFj7tXqWucfo=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8lLIrgh6LXjxWsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8MBHcWM/7RmvrG5tb26Wd8u7e/sFh5ei4beJUU9aisYh1NySGCa5Yy3IrWDfRjMhQsE44ucv9zhPThsfq0U4TFkgyUjzilNhcqvVrnUGl6tW9OfAq8QtShQLNQeWrP4xpKpmyVBBjer6X2CAj2nIq2KzcTw1LCJ2QEes5qohkJsjmt87wuVOGOIq1K2XxXP09kRFpzFSGrlMSOzbLXi7+5/VSG90EGVdJapmii0VRKrCNcf44HnLNqBVTRwjV3N2K6ZhoQq2Lp+xC8JdfXiXty7rv1f2Hq2rjtoijBKdwBhfgwzU04B6a0AIKY3iGV3hDEr2gd/SxaF1DxcwJ/AH6/AE1PY2t</latexit><latexit sha1_base64="I0IeoXAU5zedUfseFj7tXqWucfo=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8lLIrgh6LXjxWsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8MBHcWM/7RmvrG5tb26Wd8u7e/sFh5ei4beJUU9aisYh1NySGCa5Yy3IrWDfRjMhQsE44ucv9zhPThsfq0U4TFkgyUjzilNhcqvVrnUGl6tW9OfAq8QtShQLNQeWrP4xpKpmyVBBjer6X2CAj2nIq2KzcTw1LCJ2QEes5qohkJsjmt87wuVOGOIq1K2XxXP09kRFpzFSGrlMSOzbLXi7+5/VSG90EGVdJapmii0VRKrCNcf44HnLNqBVTRwjV3N2K6ZhoQq2Lp+xC8JdfXiXty7rv1f2Hq2rjtoijBKdwBhfgwzU04B6a0AIKY3iGV3hDEr2gd/SxaF1DxcwJ/AH6/AE1PY2t</latexit><latexit sha1_base64="I0IeoXAU5zedUfseFj7tXqWucfo=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8lLIrgh6LXjxWsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8MBHcWM/7RmvrG5tb26Wd8u7e/sFh5ei4beJUU9aisYh1NySGCa5Yy3IrWDfRjMhQsE44ucv9zhPThsfq0U4TFkgyUjzilNhcqvVrnUGl6tW9OfAq8QtShQLNQeWrP4xpKpmyVBBjer6X2CAj2nIq2KzcTw1LCJ2QEes5qohkJsjmt87wuVOGOIq1K2XxXP09kRFpzFSGrlMSOzbLXi7+5/VSG90EGVdJapmii0VRKrCNcf44HnLNqBVTRwjV3N2K6ZhoQq2Lp+xC8JdfXiXty7rv1f2Hq2rjtoijBKdwBhfgwzU04B6a0AIKY3iGV3hDEr2gd/SxaF1DxcwJ/AH6/AE1PY2t</latexit> ⌫

<latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit>

, e
<latexit sha1_base64="LTAkcobDonvL9DxmeL05SndpB9M=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KCURQY9FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dtbWNza3tks75d29/YPDytFx20SJZthikYh0N6AGBVfYstwK7MYaqQwEdoLJXe53nlAbHqlHO43Rl3SkeMgZtblU69dwUKm6dXcOskq8glShQHNQ+eoPI5ZIVJYJakzPc2Prp1RbzgTOyv3EYEzZhI6wl1FFJRo/nd86I+eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDGz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeIpZyF4yy+vkvZl3XPr3sNVtXFbxFGCUziDC/DgGhpwD01oAYMxPMMrvDnSeXHenY9F65pTzJzAHzifP0p1jbs=</latexit><latexit sha1_base64="LTAkcobDonvL9DxmeL05SndpB9M=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KCURQY9FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dtbWNza3tks75d29/YPDytFx20SJZthikYh0N6AGBVfYstwK7MYaqQwEdoLJXe53nlAbHqlHO43Rl3SkeMgZtblU69dwUKm6dXcOskq8glShQHNQ+eoPI5ZIVJYJakzPc2Prp1RbzgTOyv3EYEzZhI6wl1FFJRo/nd86I+eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDGz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeIpZyF4yy+vkvZl3XPr3sNVtXFbxFGCUziDC/DgGhpwD01oAYMxPMMrvDnSeXHenY9F65pTzJzAHzifP0p1jbs=</latexit><latexit sha1_base64="LTAkcobDonvL9DxmeL05SndpB9M=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KCURQY9FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dtbWNza3tks75d29/YPDytFx20SJZthikYh0N6AGBVfYstwK7MYaqQwEdoLJXe53nlAbHqlHO43Rl3SkeMgZtblU69dwUKm6dXcOskq8glShQHNQ+eoPI5ZIVJYJakzPc2Prp1RbzgTOyv3EYEzZhI6wl1FFJRo/nd86I+eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDGz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeIpZyF4yy+vkvZl3XPr3sNVtXFbxFGCUziDC/DgGhpwD01oAYMxPMMrvDnSeXHenY9F65pTzJzAHzifP0p1jbs=</latexit><latexit sha1_base64="LTAkcobDonvL9DxmeL05SndpB9M=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KCURQY9FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dtbWNza3tks75d29/YPDytFx20SJZthikYh0N6AGBVfYstwK7MYaqQwEdoLJXe53nlAbHqlHO43Rl3SkeMgZtblU69dwUKm6dXcOskq8glShQHNQ+eoPI5ZIVJYJakzPc2Prp1RbzgTOyv3EYEzZhI6wl1FFJRo/nd86I+eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDGz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeIpZyF4yy+vkvZl3XPr3sNVtXFbxFGCUziDC/DgGhpwD01oAYMxPMMrvDnSeXHenY9F65pTzJzAHzifP0p1jbs=</latexit>

Neutrinos forward-scatter (no momentum exchange) off background fermions 
 

This amplitude must be added to the amplitude for free propagation. 
 

Contributes as interference at order GF  
 

Diagonal in flavor basis because background is electron flavor 



MSW physics of SN Neutrinos 
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NH IH 

Spectral Splits in H resonance : ν1/ν2       ν3 
 (Δmatm

2	  ,	  θ13)	  at 103 – 104 g/cc 

In neutrinos for NH; antinus for IH 
 Adiabaticity ≈ sin2θ13 
 

Spectral Splits in 
Inverted  
Hierarchy 

L resonance : ν1  ν2 
 
(Δmsol

2	  ,	  θ12)	  at 101 – 102 g/cc 

Always in neutrinos.  

Always adiabatic.  
Dighe	  and	  Smirnov	  (1999)	  



Multiple Resonances 
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Density along a trajectory is 
non-monotonic 

Multiple resonances give 
interference effects that 
manifest as oscillations in E, 
due to optical phase between 
resonances.  

Typically expected to be 
averaged out by energy 
resolution of detectors.  

Dasgupta	  and	  Dighe	  (2005)	  



Turbulence 
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Borriello	  et	  al.	  (2013).	  See	  also	  Friedland	  and	  Gruzinov	  (2006),	  and	  papers	  by	  Kneller++	  

Extreme case of multiple resonances is turbulence 



Delta CP? 

SN is essentially a 2 flavor problem because mu and tau 
behave identically in a SN 
 
Any dependence on d_CP must be proportional to the 
breaking of mu-tau symmetry. 
 

One can show that SN neutrino observations are insensitive 
to  CP violation even if mu and tau neutrino fluxes are 
unequal initially. This is because only their sum enters the 
equations. 
 

 
Can some small genuine 3-flavor effect depend on CP? 
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Akhmedov,	  Lunardini,	  Smirnov	  (2002)	  



Earth Matter Effects 
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Electron flavor flux = cos2 θ12 ν1  + sin2 θ12 ν2  

Electron flavor: = (1-P2e) ν1  + P2e ν2 
P2e is the probability of ν2	  to	  νe	  

which depends on Earth density and L 

L	  

Detector Location 
Matters! 



Pantaleone Potential 
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where	  

Two neutrinos forward-scattering off each-other can exchange flavor 

Pantaleone	  (1992)	  



Typical Collective Effects 

Neutrinos of all  
energies oscillate 
together. 
 
Usually if GF times 
neutrino density far 
exceeds vacuum osc. 
frequency, no large 
conversions but Sync.  
Osc. 
 
Once system is 
dilute, conversions 
occur via Bipolar 
oscillations. 
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           Synchronized Oscillations 

Pee	  
L	  

0	  

1	  

Pee	  
L	  

0	  

1	  

Bipolar Oscillations 

Pioneering	  work	  by	  Pantaleone,	  Kostelecky,	  Samuel	  
Seminal	  papers:	  Duan,	  Fuller,	  Carlson	  and	  Qian	  in	  2005,	  2006	  



Swaps 

Portions of the energy 
spectra get exchanged 
 
Initially thought to occur 
for Inverted ordering 
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Dasgupta	  et	  al.	  (2009)	  

Raffelt	  and	  Smirnov	  (2007)	  
Plot	  from	  Fogli	  et	  al.	  (2007)	  

Later realized that this occurs 
for both orderings and there 
can be multiple spectral 
splits. 

	  



Theory of Splits 
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The main dynamical quantity turns out to be Fe – Febar 
This is often what we refer to as the “spectrum” as a function of 

energy, or emission angle, etc. It this spectrum has a “crossing” the 
system tends to unstable and there is flavor conversion. 

Dasgupta	  et	  al.	  (2009)	  



Dense Matter Effect 
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The electron background is different for the different trajectories, 
so while most of it drops out as a common phase, the difference is 
large enough to “block” collective effects. This important result 
would imply that there are no collective effects if the matter 
potential exceeds the neutrino potential. 

Esteban-‐Pretel	  et	  al.	  (2010)	  



Linear Stability Analysis 
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5

FIG. 1. Schematic geometry of the model and flavor-dependent zenith-angle distributions of neu-
trino fluxes. The 3 ellipses are schematic polar plots of the normalized angular distributions of the
⌫
e

(blue), ⌫̄
e

(red), and ⌫
x

(green) fluxes at the point where the arrows originate.

Interestingly, a major simplification suggests itself if one is interested in studying flavor
conversions only at small distances from the SN core. Most of the neutrinos are emitted
around a radius O(10) km from the center of the SN. For phenomena that take place very
close to this emission region, the curvature of the neutrinosphere is not relevant. We therefore
model the source region as a di↵use flat infinite plane, as shown in Fig. 1.

The neutrinos are conveniently labelled by !, v

z

, and', that define the Cartesian com-
ponents of the momenta

p =
⇣
E

p
1 � v

2
z

cos', E
p
1 � v

2
z

sin', Ev

z

⌘
, (5)

where v
z

= cos# is the component of the neutrino velocity along the z-axis, and # and ' the
zenith and azimuthal angles, respectively. Note that v

z

can take negative values, i.e., the
zenith angle # can take values between 0 and ⇡, not merely up to ⇡/2 as usually taken in
the “bulb” model, representing neutrinos with trajectories that range from radially outward
to radially inward into the star.

The state of the neutrino population can then be represented as
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where �1 < s
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|2 = 1. Neutrinos are produced as fla-
vor eigenstates and no flavor mixing occurs as long as S
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= 0. What is relevant
for oscillations is the di↵erence of the di↵erential flux distributions for the two flavors,
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/d� for antineutrinos rep-
resented by negative !, where we have assumed identical angular distributions for ⌫
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and
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x

. This encodes the distribution of neutrino fluxes in energy, zenith angle, and azimuthal
angle, i.e., over d� = d! dv
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d'/(2⇡), and �
⌫

is the normalization of g
!,v

z

,'

, determined by

Off-‐diagonal	  part	  of	  density	  matrix	  is	  nonzero	  =	  Not	  flavor	  eigenstate	  

Look	  at	  just	  the	  growth	  of	  this	  off-‐diagonal	  part	  
Banerjee,	  Dighe,	  Raffelt	  (2010)	  



Footprint of Instability 
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Azimuthal!asymmetry!develops!in!neutrino!flavor!field!
above!neutron!star!!

enhanced!instability!!
in!the!neutrino!flavor!field!!
–!not!easily!macer_suppressed!

nonlinearity:))
neutrino)flavor)field)may)not)retain)the)symmetry)
of)the)neutrino)sphere)ini8al)condi8ons))

G. Raffelt, S. Sarikas, and D. de Sousa; ArXiv:1308.142 

A. Mirrizi; ArXiv:1308.5255 

Raffelt,	  Sarikas,	  Seixas	  

For	  some	  values	  of	  maLer	  
and	  neutrino	  density,	  the	  
system	  is	  unstable	  and	  
flavor	  conversion	  occurs.	  
NH	  seems	  more	  	  
unstable!	  
	  
Remember	  maLer	  
suppression?	  



Symmetry Breaking 
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i@r ! i(@t + v ·r)

•  Solu8on	  can	  depend	  on	  8me	  
•  Solu8on	  can	  depend	  on	  angular	  coordinates	  even	  if	  the	  

source	  is	  approximately	  spherical	  

Think	  of	  the	  off-‐diagonal	  component	  as	  a	  field	  over	  x	  and	  t	  

S(t, x) ! Q(!, k)



Inhomogeneous Solutions 
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System picks an inhomogeneous solution spontaneously 

Mirizzi	  et	  al.	  
Duan	  and	  Shalgar	  



Nonstationary Solutions 
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Dasgupta	  and	  Mirizzi	  (2015)	  
Capozzi,	  Dasgupta,	  Mirizzi	  (2015)	  

Figure 5. Amplitude of non stationary flavor conversions (log10 |%eµ! |) as a function of the distance
from the neutrino source (z) and of the Fourier mode with index np, for the case A (left panel) and
B (right panel). (see the text for details)
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Figure 6. Comparison linear vs nonlinear growth of log10 |%eµ! | for di↵erent Fourier modes for the
case A (left panel), and A (right panel) respectively. [to be updated]

(B)

�0 = 1⇥ 105 ,

µ0 = 60 ,

⌧

�

= 7.5⌧
µ

= 15.

In Fig. 5 the amplitudes of flavor conversion, log10|%eµn
p

(z)| are shown at distance z

for various Fourier modes n

p

for the A (left) and B (right) cases. In the A case we realize
that the instability starts at z ' 2 from modes at N

p

' 100 and develops at smaller scales,

– 9 –

System picks a pulsating instability spontaneously which 
can cascade to stationary solutions 



Distance	  from	  the	  center	  of	  SN	  (km)	  

Shifting Footprints 
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Why Fast Oscillations 
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5

FIG. 1. Schematic geometry of the model and flavor-dependent zenith-angle distributions of neu-
trino fluxes. The 3 ellipses are schematic polar plots of the normalized angular distributions of the
⌫
e

(blue), ⌫̄
e

(red), and ⌫
x

(green) fluxes at the point where the arrows originate.

Interestingly, a major simplification suggests itself if one is interested in studying flavor
conversions only at small distances from the SN core. Most of the neutrinos are emitted
around a radius O(10) km from the center of the SN. For phenomena that take place very
close to this emission region, the curvature of the neutrinosphere is not relevant. We therefore
model the source region as a di↵use flat infinite plane, as shown in Fig. 1.

The neutrinos are conveniently labelled by !, v

z

, and', that define the Cartesian com-
ponents of the momenta

p =
⇣
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, (5)

where v
z

= cos# is the component of the neutrino velocity along the z-axis, and # and ' the
zenith and azimuthal angles, respectively. Note that v

z

can take negative values, i.e., the
zenith angle # can take values between 0 and ⇡, not merely up to ⇡/2 as usually taken in
the “bulb” model, representing neutrinos with trajectories that range from radially outward
to radially inward into the star.

The state of the neutrino population can then be represented as
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Main	  insight	  by	  Ray	  Sawyer	  (2005,	  2015)	  

The electron antineutrinos are more forward peaked than the 
neutrinos. This can leads to  a new instability. 



Crossing of Spectra is Key 
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vz
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1 + a
1/(1 � b)
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⌫e
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1/(1 � b)

�1
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FIG. 2. Sketches of the schematic zenith angle distributions of ⌫
e

(blue) and ⌫̄
e

(red), used for
the calculations in this section. The left panel shows a spectrum that corresponds to Eq. (9) with
no ingoing ⌫

e

or ⌫̄
e

, while the right panel shows a spectrum with ingoing ⌫
e

and ⌫̄
e

as in Eq. (24).
The ⌫

e

and ⌫̄
e

have a flux ratio 1 + a, i.e., more ⌫
e

than ⌫̄
e

when a > 0, and the ⌫̄
e

have a more
forward-peaked distribution, controlled by the parameter b which we always choose to be larger
than the min(v

z

) for ⌫
e

.

spectrum is independent of '. However, we shall find that this azimuthal symmetry often
gets spontaneously broken. Most importantly, however, the zenith angle distributions for the
neutrinos and antineutrinos are not the same. While neutrinos are emitted over the entire
forward hemisphere (0  v

z

 1), the antineutrinos are contained in a narrower forward
cone b  v

z

 1, with b > 0. As long as 1/(1 � b) > 1 + a, there is a crossing of the
two flux-weighted angular spectra. This kind of a “non-trivial” flavor-dependent angular
distribution is believed to be be crucial for fast conversion.

We will also investigate the impact of extending the range of v
z

to negative values, i.e.,
(�1  v

z

 1) for neutrinos and with b > �1, as shown in the right panel of Fig. 2, to
understand the role of inward going neutrinos and antineutrinos. However, we limit our
focus to physically motivated spectra such that ⌫

e

have larger fluxes and wider distributions
in the zenith angle, compared to ⌫̄

e

.

A. Stationary Solutions with Evolution in Space

We begin by looking for a steady state or stationary solution, i.e., the density matrices do
not change with time. In that case it is appropriate to drop the time-derivative in Eq. (8),
and the eigenvalue equation for S = Qe

�i⌦z becomes
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where we have defined the integrals over the spectrum,
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No	  backward	  flux	   Has	  backward	  flux	   10

FIG. 4. Instability rates for di↵erent values of a and b, for evolution in time, without including
inward going modes (left panel) and including inward going modes (right panel). These instabilities
are azimuthally asymmetric, and we found no instabilities if the azimuthal symmetry were to be
exact. There is no dependence on �.

same eigenvalue equation for Q as in Eq. (15), but with the integrals I↵,�
m,n

replaced by a new
family of integrals
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which di↵er by the replacement v
z

⌦ ! ⌦ in the denominator of the integrand of I↵,�
m,n

.
For a spectrum which is independent of ', Eq. (15) simplifies as before. The upper

block gives the azimuthally symmetric solution whereas the lower block gives the azimuthal
symmetry breaking solution. The eigenvalues for the azimuthally symmetric instabilities are
given by

(J0,0 � 1) (J2,0 + 1) � (J1,0)
2 = 0 , (22)

while for the azimuthally non-symmetric instabilities one has

✓
J0,2

2
+ 1

◆
= 0 . (23)

An important fact here is that � does not a↵ect the temporal stability in any crucial
manner. If there is an unstable solution for � = 0, one will find an unstable solution with
the same imaginary part for any other value of � by simply shifting the real part of ⌦, i.e.,
by shifting ⌦ ! ⌦ + �, as is apparent from Eq. (21), which is the only manner in which �

enters our equations.
In Fig. 4 (left panel) we show the instability rates for evolution in time, without including

inward going modes, i.e., g
!,v

z

,'

is given by Eq. (9). It is apparent that fast instabilities,
which are azimuthal symmetry breaking solutions to Eq. (23), exist only for small values of
a and large values of b. There is no dependence on �, which can be absorbed into the real
part of ⌦.

Stronger	  Instability	  
Chakraborty,	  Hansen,	  Izagguire,	  Raffelt	  (2016)	  
Dasgupta,	  Mirizzi,	  Sen	  (2016)	  



Dispersion Relations 
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Some	  combina8ons	  of	  	  

(!, k)

not	  allowed	  to	  propagate	  

Are	  these	  all	  instabili8es?	  

Izagguire,	  Raffelt,	  Tambora	  (2016)	  



Dispersion Relations 
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16

FIG. 10: Two-beams model: Absolute instability in the k-plane, for the same two-mode parameters as in Fig. 8. Nearly vertical
and solid lines indicate the two roots K±(!) (distinguished by color) of the dispersion relation for fixed Re(!). Nearly horizontal
and dashed lines indicate isocontours of Im(!). Lowering Im(!) eventually leads to a pinching of the two roots, denoted by the
dot.

From Eq. (63) one obtains as dispersion relation

!

2

c̄

2
� k

2 = m

2
c̄

2
. (65)

If m

2
> 0, this quantity plays the role of a mass term, then Eq. (65) is the dispersion relation of a particle, having a

gap in !. From the dispersion relation, one realizes that if !

2
> m

2
c̄

4, Eq. (63) would have oscillatory waves as the
solution, while if ! < m

2
c̄

4 it would represent damped oscillatory waves. This is consistent with what found for the
in the damped case in the previous Section for two counter-propagating modes with " > 0.

If we now move to the case of m

2
< 0, Eq. (63) would represent a Klein-Gordon equation with imaginary mass.

In this case the dispersion relation of Eq. (65), with a gap in k, would be the one expected for “tachyons” [58, 59].
From this dispersion relation if k

2
> m

2
c̄

2 one would expect normal oscillatory motion. Conversely, for k

2
< m

2
c̄

2

we would have an exponential growing solution. It is intriguing to realize that the absolute instability found for two
counter-propagating modes with " < 0 is of a “tachyonic” type.

C. Numerical Results

In order to illustrate the predictions of the stability analysis for the four cases discussed in the previous Sections,
we work out representative numerical solutions of Eq. (44). We assume a length interval z 2 [0, L]. In the following
we will work in the units in which the neutrino potential in Eq. (9) is µ = 1. Therefore times and length are expressed
in units of µ

�1. Moreover, we will assume O(1) initial values for f1 and f2, since in the linear regime these are just
arbitrary normalization factors.

When v1v2 > 0 we assume that the two modes are emitted at z = 0. Conversely when v1v2 < 0 we assume that
the mode with v1 > 0 is emitted at z = 0, while the mode with v2 < 0 is emitted at z = L.

At first, we look for plane-wave solutions, given by Eq. (45). We assume the same numerical parameters as for the
four cases in Sec. V A. In Fig. 11 we plot the orbits of the solution (f1, f2) as a function of time t at some fixed z

Detailed	  understanding	  of	  the	  complex	  analy8c	  structure	  of	  
poles	  of	  the	  dispersion	  rela8on	  gives	  the	  instabili8es	  

Capozzi	  et	  al.	  (2017)	  



Semi-Realistic Case 
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This instability occurs for physically interesting neutrino fluxes 

Dasgupta,	  Mirizzi,	  Sen	  (2017)	  
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For	  direc8ons	  with	  small	  lepton	  asymmetry	  ~20%	  flavor	  con.	  
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Flavor 
Phenomenology 
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Burst: MSW / NSI Physics 
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But	  flavor	  changing	  NSI	  can	  create	  an	  effective	  crossing	  (by	  a	  shift	  in	  the	  zero	  of	  lepton	  
number)	   Das,	  Dighe,	  Sen	  (2016)	  

Usually	  we	  do	  not	  expect	  collective	  effects	  in	  the	  burst	  phase	  because	  there	  is	  no	  antinu,	  
and	  hence	  no	  crossing.	  So	  only	  MSW	  physics.	  Can	  have	  sensitivity	  to	  NH/IH.	  



Accretion: Mass Hierarchy 
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Consider accretion phase, where without fast conversions 
there are no collective effects (due to matter suppression). 
 
Signal rises faster for Inverted Hierarchy Serpico	  et	  al	  (2012)	  



Cooling: Shock tracking 
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Tomas	  et	  al.	  (2004)	  

The shockwave creates possibility for the MSW resonance to become 
non-adiabatic, the E vs, t encodes information about shock radius vs. t. 
May be… but only if spectra sufficiently different in cooling phase. 



Earth Effects 
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Hard to do… even with SN at 1 kpc 

Boriello	  et	  al.	  (2010)	  



Summary for Lecture 2 

SN neutrino detection 
 Need multiple large detectors with different channels 
 Gd loading, multimessenger stategies 

 
Physics with (non-oscillating) SN neutrinos: Under Control 

 Timing, Pointing, Mass, Lifetimes, Energy Loss, SASI LESA, … 
 IceCube very important for these 

 
Oscillation Physics of SN neutrinos 

 MSW Same as circa 2000; otherwise a developing subject 
 Phase effects, Shock, Turbulence etc. harder to see in cooling 

 
Collective oscillations of SN neutrinos 

 Slow, Symmetry Breaking,  Fast, Collisions? 
Signatures of SN and neutrinos that use flavor information 

 Mass Hierarchy, Shock tracking, Decoherence, … 
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Summary 

Lecture 1 
Supernovae: What, When, & Why? 
Supernova and the neutrino mechanism 
SN neutrino detection 
Physics with (non-oscillating) SN neutrinos: What can be measured? 
 
 

Lecture 2 
MSW Physics of SN neutrinos 
Collective oscillations of SN neutrinos 
Physics with SN neutrinos: What can be measured? 
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