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Characterization of the GW signal

V = m2

2 �2 , Axion scale = Mp/35
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• In chaotic inflation, PBH bound (if computation of ⇣ is accurate)

prevents GW from being observable.

Linde, Mooij, Pajer ’13

• PBH at N ⇠ 10. GW (particularly LISA) probe 6= scales

• In relating N ' 10 with N ' 25, a given V (�) must be assumed.

Do PBH bounds at the LISA scales prevent GW to be seen at LISA ?

Garcia-Bellido, MP, Unal ’16

• Due to / e�̇, significant di↵erences from a minor change of V
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H
. Inflaton speeds up during inflation

) naturally greater e↵ects at later times ⌘ smaller scales

• Backreaction on background �(0)

�̈(0) + 3H�̇(0) +
dV

d�
=

↵

f

⌦
~E · ~B

↵

• Observable NG for f/↵ <⇠ 1016 GeV , natural in axion inflation !

(5 orders of magnitude stronger bound than aQCD�� coupling)

• In principle, �A �A ! h of a given chirality

However, unobservable due to NG limits

• �A ⇠ e⇡⇠ and ⇠ / �̇. Inflaton speeds up during inflation. Possible

GW signal at interferometer scales (where weaker limits from ⇣)

Cook, Sorbo’11

• Actually, for interesting ⇠

strong backreaction of �A

at the end of inflation

Barnaby, Pajer, MP ’12
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• Larger GW production at interferometer scales

Cook, Sorbo ’11
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Larger scalar perturbations ⇣ at smaller scales
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• As in the CMB case, the main obstacle in getting sourced visible GW

at LISA is to avoid simultaneous overproduction of ⇣

• Uncertainty in scalar perturbations in large ⇠ regime. Beside r.h.s

additional e↵ect from A
⇥
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. Friction also on ��
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6

ing additional friction and a modified speed of sound. In
[28, 32] it was proposed how to estimate these effects in
the regime of strong backreaction by just considering the
additional friction term ˙��. The equation of motion for
the perturbation �� becomes

¨��+ 3�H ˙��� r2

a2
��+

@2V

@�2

�� = ↵
h
~E · ~B � h ~E · ~Bi

i
,

(27)

with the additional friction term

� ⌘ 1� 2⇡⇠↵
h ~E · ~Bi
3H�̇

. (28)

Here the new term in � is caused by the dependence of
h ~E · ~Bi on �̇ (via its dependence on ⇠). The behavior of
� has been plotted in Figure 3. It is always positive5.

The new source of backreaction can be neglected as
long as

2⇡⇠↵
h ~E · ~Bi
3H�̇

⌧ 1. (29)

Note (from comparison with (23)) that the factor of 2⇡⇠
makes that backreaction on the power spectrum will be-
come significant before backreaction on H and � does.
For ⇠(N = 60) = 2.2 we find that backreaction becomes
of order 10% (� = 1.1) at N = 22.

The modified equation of motion (27) suggests that (as
was already noted in [32], see also appendix B) we can
estimate

�� ⇡
↵
⇣
~E · ~B � h ~E · ~Bi

⌘

3�H2

(30)

which leads to the power spectrum

�

2

⇣(k) ' h⇣(x)2i '
 
↵h ~E · ~Bi
3�H�̇

!
2

. (31)

This estimate turns out to be particularly good in the
regime in which we can check it, i.e. when ⇠ . 4 when
the backreaction is negligible and we can compare with
(24) (see appendix B). This gives us confidence to use it
also in the strong backreaction regime. It is easy to see

5 We work with negative �̇ which yields positive h ~E · ~Bi, while
working with �̇ > 0 gives h ~E · ~Bi < 0.

10 20 30 40 50 60 N
10�4

0.01

1

100

⇥ � 1

FIG. 3. Evolution of (��1) as function of N , for ⇠(N = 60) = 2.2.
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0.01

1
⇥⇤
2

FIG. 4. Evolution of the power spectrum as function of N , for
⇠(N = 60) = 2.2. The expression (24) that does not take back-
reaction into account is in tinily dashed blue. In solid red is the
estimate (31). When backreaction becomes significant this esti-
mate coincides with the late-time estimate (2⇡⇠[N ])�2, in largely
dashed green.

that when backreaction becomes large, the second term
in (28) dominates, and we end up with

�

2

⇣(k) '
✓

1

2⇡⇠

◆
2

. (32)

The estimate (31) for the power spectrum has been plot-
ted in Figure 4 together with the formula (24), valid only
when backreaction is negligible. Indeed, in the regime of
strong backreaction the power spectrum asymptotes the
estimate in (32). At the end of inflation we have ⇠ ' 6.7
(for ⇠(N = 60) = 2.2), which gives

�

2

⇣(k) ' 7.5 · 10�4. (33)
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• Analyses limited to the regime of no backreaction

• � ~A ⇠ e
⇡ �̇

2 f H ! Too large loops ? �(1)hAAi = ; �(1)h��i =

�(1)hAAi = ; �(1)h��i =

So far, we have used fairly general arguments for the size of additional loops but have not
calculated any diagrams. Thus, it behooves us to find a scenario where we can compare the size of a
diagram with that of a similar one but with an additional loop of the type shown in Fig. 2. This will
give us a sanity check on our results. Specifically, we will calculate the 1-loop correction to hAAi in
the case of an Abelian gauge field.

The dominant tree level calculation follows immediately from canonical quantization
⌦
Al(k, ⌘)Al(k

0, ⌘)
↵
tree

= (2⇡)3 |A+(k, ⌘)|2 �(k+ k

0
) ,

⌦
A0

l(k, ⌘)A
0
l(k

0, ⌘)
↵
tree

= (2⇡)3
��A0

+(k, ⌘)
��2 �(k+ k

0
) , (17)

where the mode functions A+(k, ⌘) are given by (34). The first correction is, in fact, the diagram in
Fig. 2. Since this is not a “special diagram”, as in the case in Fig. 4, we expect its amplitude to be
given by (15).

We explicitly performed the calculation of the 1-loop correction to hAAi (details are presented
in Appendix B). In Fig. 5, we present the ratio of the tree-level and 1-loop terms for both

⌦
A2

↵
and⌦

A02↵.
We see that the 1-loop result becomes as large as the tree-level result at ⇠ � 3.7 for both

⌦
A2

↵

and
⌦
A02↵. This is close to our parametric estimate (15), highlighting the perturbative problems for

⇠ in this regime, as well as reinforcing the validity of our approximations.

3.2 3.4 3.6 3.8 4.0 4.2 4.4

ξ0.01

0.10

1

10

100

1000

〈A
A〉
1-
lo
op
/〈A
A〉
tre
e Non-perturbative regime

Figure 5: The blue, solid line shows the ratio of the numerical 1-loop calculation of hAAi divided by
the tree level calculation. The orange, dashed line shows the parametric estimate using (14), which
is slightly more restrictive but close the exact calculation. The dotted line shows when the ratio
reaches one. The shaded region represents the non-perturbative regime, where the terms grow in size
as we increase the order we consider. In principle, the numerical 1-loop over tree level calculation is
a function of �k⌘ but, in fact, we find that that it is the same for a wide range of values, as well
as for hAAi vs. hA0A0i. This plot was made using the exact numerical calculation of the correlation
described in App. B.

We can also consider another bound that is similar in spirit, namely from demanding the validity
of the effective description used to treat the model. If the resonance is too strong, the fluctuations of
the axion �� are enhanced through loop corrections as in Fig. 4 and can possibly grow larger than the
period of the potential �� & f . If this happens, higher-order interactions between the axion and the
gauge fields become equally important as the ones that are usually studied, e.g. in the Lagrangian
(26). In that regime, non-linear effects become important, such as the damping of the fluctuations
themselves due to the periodicity of the potential. Using the calculation of the loop correction to the
axion perturbations presented in [23], we can estimate the condition this imposes on the parameters

7

Note, first of all, that ↵ + n, � must be even because the operators must contract in pairs. By
our observation (8), we must have n pairs of operators with one imaginary part. However, we can
select at most (↵+ n)/2 of these from among the pairs of ⇣ so that, if n > (↵+ n)/2 we must have
n� (↵+ n)/2 = (n� ↵)/2 pairs of A, and thus

the commutator (12) will have at least max

⇢
0,

n� ↵

2

�
imaginary mode functions of A .

We now see why the naive counting works for Fig. 4: the diagram has ↵ = n = 2 and thus does not
need any imaginary parts for A. On the other hand, we see why the naive counting fails for Fig. 2:
the diagram has ↵ = 0 but n = 2 and thus must have at least one imaginary mode function for A.
Note that even for the case of h⇣⇣i in Fig. 4, all higher order loops will follow the more-suppressed
counting.

We can now state the size of the parametric enhancements of higher loop diagrams involving this
type of vertex. Since additional vertices must come in pairs, consider adding a pair of vertices to a
diagram:

⇥
⇣A2,

⇥
⇣A2, · · · ⇤⇤. By the same counting argument as before, at least one of the gauge fields

must be imaginary. We have already expressed in (9) the resonant behavior of A. The curvature
perturbation is not resonant so around horizon crossing

Re[⇣] ' Im[⇣] / P1/2 , (13)

where5 P = 2.2⇥ 10

�9. Therefore, the proper counting in the in-in formalism would be

hAqAki
(n+1)-loop

hAqAki
n-loop

�����
⇣A2

=

h⇣q⇣ki
(n+1)-loop

h⇣q⇣ki
n-loop (n>1)

�����
⇣A2

⇠ �2

`
Re[A]

3
Im[A] Im[⇣] Re[⇣] ⇠ �2

`

⇤

2

M2
p

e2z(⇠) . (14)

Note that we have also included a loop suppression factor of 1/` ⇡ 10

�2.
It is interesting to note in these setups that, when considering correlators not of the classicalized

(i.e. resonant) field, there is a regime where the calculation remains under perturbative control even
when the 1-loop correction is significantly larger than the tree level. However, these are special dia-
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Figure 1. Time evolution of the contribution to the gauge field physical energy density from modes
with a given comoving momentum k. The three di↵erent curves correspond to the three approximated
solutions (2.5), (2.6) and (2.7). From early to late times (from right to left), the figure shows the
UV-divergent vacuum energy density, the gauge field amplification due its interaction with X (t), and
the dilution due to the expansion of the universe. For definiteness, the constant parameter ⇠ = 3 is
assumed.

renormalized away (we stress that this has nothing to do with the gauge field amplification
studied in this work). As done in the literature, we simply cut-o↵ this UV regime when
we compute the observable e↵ects of the gauge modes. Following the time evolution of the
curves in the figure, we observe a decrease of this vacuum energy contribution, and then a
growth of the energy density. For ⇠ = O (1), this growth takes place near horizon crossing
(for definiteness, ⇠ = 3 was assumed in the evolutions shown in the figure). This growth is
then followed by a decrease at the latest times shown in the figure, leading to a peak of the
physical energy density close to horizon crossing. We stress that we are showing only the
energy density of modes with a given comoving momentum k. At any times during inflation,
there is a nearly constant energy density in gauge fields, due to the modes that have size
comparable to the horizon at that given moment.

The growth visible in the figure shows the gauge field amplification due to its coupling
to X (t). The dilution is due to the expansion of the universe. The resulting peak is well
separated from the UV-diverging part (we note that the vertical axis of the figure is in log
scale), leading to a clear distinction between the physical field amplification, and the standard
divergence associated with the empty vacuum state.

The produced gauge field, before being diluted away, sources scalar perturbations and
gravitational waves. The phenomenological implications have been studied in a number of
works in the literature that have used the approximate solution (2.7). The goal of this
work is to study whether these results are stable under quantum correction and backreaction
considerations. To do this, we need to consistently use the same approximation also in this
work. 7

The condition 1

8⇠ ⌧ �k⌧ ⌧ 2⇠ are mathematical conditions for (2.6) to reproduce (2.5),
and for (2.7) to reproduce (2.6). However, we can see from the figure that the specific values
�k⌧ = 1

8⇠ , 2 ⇠ do not have an immediate physical meaning. In setting a UV cut-o↵, we
rather use �k⌧ |

max

= ⇠, which, as visible in the figure, well approximates the position of
the minimum between the unphysical vacuum energy density, and the physical bump in the

7In Appendix E we show that the results do not change significantly if one instead uses the Coulomb
functions (2.5).
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Figure 4. Ratio RA for the X = � case, as a function of ⇠. The ratio is evaluated for a fixed mode
(fixed k) of the size of the Planck pivot scale (due to approximate scale invariance, nearly the same
bound is obtained at smaller scales). The di↵erent curves shown correspond to di↵erent values of the
rescaled time x ⌘ �k⌧ at which RA is evaluated. For instance x0.1 indicates that RA is evaluated
when the energy density in that mode is 10% of the peaked value that it had previously assumed (as
shown in Figure 1, the energy density in one given mode reaches a peak value, and it then decreases).

We recall that the limit in Figure 4 assumes a mode with wave number equal the Planck
pivot scale. For signatures at smaller scales (k > k

p

), eq. (C.10) presents the extra factor⇣
k
1

k
p

⌘n
s

�1

' e�(1�n
s

)(60�N
k

), where Nk is the number of e-folds before the end of inflation

when the mode of wavenumber k exited the horizon, while we have assumed that k
p

exited
the horizon 60 e-folds before the end of inflation. Taking this into account, the perturbativity
limit can be cast in the form

e2.01⇡(⇠k�4.60) e�(1�n
s

)(60�N
k

) ⌧ 1 . (5.11)

This condition is a function of wavenumber, since both ⇠k and Nk refer to the value assumed
by ⇠ and by N when the mode of wave number k exited the horizon during inflation. We
discuss this condition in Section 6.1.

5.2 Perturbativity for X = �

In the case in which X = � is a pseudo-scalar di↵erent from the inflaton, that has a nonvan-
ishing speed only for a few e-folds during inflation, we find the two perturbativity conditions

RA ⌘ RA


x⇤, ⇠⇤, �,

⌧

⌧⇤

�
✏�
✏�⇤

⌧ 1 , R� ⌘ R�


⇠⇤, �,

⌧

⌧⇤

�
✏�
✏�⇤

⌧ 1 , (5.12)

where RA and R� are given in eqs. (D.14) and (D.21), respectively.
The ratio RA is evaluated mode by mode, and it therefore depends on the comoving

momentum k of the mode through x⇤ = �k⌧⇤. We recall that ⌧⇤ is the conformal time
at which �̇ is maximum, and � 1

⌧⇤
is the comoving momentum of the mode that left the

horizon at this time. For each mode, the quantity RA then depends on the time at which
it is evaluated; we express this dependence as a dependence on the ratio ⌧

⌧⇤
. The ratio R�

is instead obtained after an integral over momentum (performed at any given fixed time)
and so it depends on the time variable ⌧

⌧⇤
. Finally, both ratios depend on the parameter ⇠⇤

(the maximum value of acquired by ⇠; this is the parameter that controls the amount of field
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Figure 1. Time evolution of the contribution to the gauge field physical energy density from modes
with a given comoving momentum k. The three di↵erent curves correspond to the three approximated
solutions (2.5), (2.6) and (2.7). From early to late times (from right to left), the figure shows the
UV-divergent vacuum energy density, the gauge field amplification due its interaction with X (t), and
the dilution due to the expansion of the universe. For definiteness, the constant parameter ⇠ = 3 is
assumed.

renormalized away (we stress that this has nothing to do with the gauge field amplification
studied in this work). As done in the literature, we simply cut-o↵ this UV regime when
we compute the observable e↵ects of the gauge modes. Following the time evolution of the
curves in the figure, we observe a decrease of this vacuum energy contribution, and then a
growth of the energy density. For ⇠ = O (1), this growth takes place near horizon crossing
(for definiteness, ⇠ = 3 was assumed in the evolutions shown in the figure). This growth is
then followed by a decrease at the latest times shown in the figure, leading to a peak of the
physical energy density close to horizon crossing. We stress that we are showing only the
energy density of modes with a given comoving momentum k. At any times during inflation,
there is a nearly constant energy density in gauge fields, due to the modes that have size
comparable to the horizon at that given moment.

The growth visible in the figure shows the gauge field amplification due to its coupling
to X (t). The dilution is due to the expansion of the universe. The resulting peak is well
separated from the UV-diverging part (we note that the vertical axis of the figure is in log
scale), leading to a clear distinction between the physical field amplification, and the standard
divergence associated with the empty vacuum state.

The produced gauge field, before being diluted away, sources scalar perturbations and
gravitational waves. The phenomenological implications have been studied in a number of
works in the literature that have used the approximate solution (2.7). The goal of this
work is to study whether these results are stable under quantum correction and backreaction
considerations. To do this, we need to consistently use the same approximation also in this
work. 7

The condition 1

8⇠ ⌧ �k⌧ ⌧ 2⇠ are mathematical conditions for (2.6) to reproduce (2.5),
and for (2.7) to reproduce (2.6). However, we can see from the figure that the specific values
�k⌧ = 1

8⇠ , 2 ⇠ do not have an immediate physical meaning. In setting a UV cut-o↵, we
rather use �k⌧ |

max

= ⇠, which, as visible in the figure, well approximates the position of
the minimum between the unphysical vacuum energy density, and the physical bump in the

7In Appendix E we show that the results do not change significantly if one instead uses the Coulomb
functions (2.5).
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FIG. 8: Possible designs for future space-based laser interferometers. The blue arrows show the laser links used in the Michelson
interferometer signals defined in Equation 18. Left panel: One constellation design of a space-based interferometer, this
corresponds to the baseline LISA design. The points xi show the ith satellite. Right panel: An advanced stage design of
LISA or BBO with two constellations. The points xij show the jth satellite on the ith constellation.

where Dab is the single-arm transfer function which contains all the geometric information about the instrument and
must be derived individually for each interferometer set-up [63], and ûij is a unit vector pointing from detector i to

detector j. We now define the Fourier transform of a signal g(t) observed for a time T : g(f) =
R T/2
T/2 g(t) exp(�2⇡ift).

The Fourier transform of the phase change �� is then:

��ij(f) =

Z T/2

�T/2
dt

Z 1

�1
df 0
Z

d2⌦̂
X

P

hP (f
0, ⌦̂) exp

 
i2⇡f 0(t� x · ⌦̂

c
)� 2⇡ift)

!
Dab(ûij · n̂, f 0)

=

Z 1

�1
df 0�T (f � f 0)

Z
d2⌦̂

X

P

hP (f
0, ⌦̂) exp

 
�i2⇡f 0x · ⌦̂

c

!
Dab(ûij · n̂, f 0),

(15)

where �T is a finite-time approximation to the delta function defined as �T (f � f 0) ⌘ T sinc (⇡T (f � f 0)), with the
properties: �T (0) = T , limT!1 �T (f) ! �(f). We may form a signal by constructing a linear combination of phase
changes along di↵erent paths around the instrument, and then cross-correlating these signals. The signal we seek to
measure is stochastic and so to distinguish it from noise we must cross-correlate the detector output with the output
from a detector with independent noise properties. The expectation of the cross correlated signal will be composed
of terms like:

h��ij(f1)��kl(f2)i =
Z 1

�1
df 0
Z 1

�1
df 00

Z
d2⌦̂1

Z
d2⌦̂2

X

P
1

P
2

�T (f1 � f 0)�T (f2 � f 00)hhP
1

(f 0, ⌦̂1)hP
2

(f 00, ⌦̂2)i

exp
⇣
�2⇡if 0t⌦̂1 ·xi

⌘
exp

⇣
�2⇡if 00t⌦̂2 ·xk

⌘
Dab(ûij · ⌦̂1, f

0)Dcd(ûkl · ⌦̂2, f
00)eP1

ab (⌦̂1)e
P

2

cd (⌦̂2).

(16)

Using hhP
1

(f 0, ⌦̂1)hP
2

(f 00, ⌦̂2)i = hhP
1

(f 0, ⌦̂1)h⇤
P

2

(�f 00, ⌦̂2)i, and Dab(ûij · ⌦̂,�f) = Dab⇤(ûij · ⌦̂, f) we can write this
as:

h��ij(f1)��kl(f2)i = 1

2
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1
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2
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(17)

Rijkl
P

1

P
2

is referred to as the response function of the detector. R depends on the relative position and orientation of
the arms i ! j and k ! l, as well as the transfer functions of the two arms.
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A stochastic gravitational-wave background (SGWB) is expected to arise from the superposition of
many independent and unresolved gravitational-wave signals, of either cosmological or astrophysical
origin. Some cosmological models (characterized, for instance, by a pseudo-scalar inflaton, or by
some modification of gravity) break parity, leading to a polarized SGWB.We present a new technique
to measure this parity violation, which we then apply to the recent results from LIGO to produce the
first upper limit on parity violation in the SGWB, assuming a generic power-law SGWB spectrum
across the LIGO sensitive frequency region. We also estimate sensitivity to parity violation of the
future generations of gravitational-wave detectors, both for a power-law spectrum and for a model
of axion inflation. This technique offers a new way of differentiating between the cosmological and
astrophysical sources of the isotropic SGWB, as astrophysical sources are not expected to produce
a polarized SGWB.

PACS numbers:

Introduction.—A stochastic gravitational-wave back-
ground (SGWB) is expected to arise from the superpo-
sition of gravitational waves (GWs) from many uncor-
related and unresolved sources. Numerous cosmological
SGWB models have been proposed, including inflation-
ary models [1–4], models based on cosmic (super)strings
[5, 6], and models of alternative cosmologies [7]. Further-
more, various astrophysical models have been proposed
based on integrating contributions from astrophysical ob-
jects across the universe, such as compact binary coales-
cences of binary neutron stars and/or black holes [8, 9],
magnetars [10, 11], or rotating neutron stars [12]. Sev-
eral searches for the unpolarized isotropic [13–15] and
anisotropic SGWB [16, 17] have been conducted using
data acquired by interferometric GW detectors LIGO
[18, 19] and Virgo [20]. These searches have established
upper limits on the energy density in the SGWB, and
have started to constrain some of the proposed models
[6, 9, 21].

In this Letter we present the first upper limits on the
circularly polarized isotropic SGWB. Since astrophysi-
cal sources are unlikely to produce a circularly polar-
ized isotropic SGWB, detecting polarization asymmetry
in the SGWB is potentially an excellent way of distin-
guishing the cosmological component from the possibly
dominant astrophysical one. Such asymmetry could be
generated, for instance, through the gravitational Chern-
Simons term [22, 23], from the imaginary part of the Im-

∗crowder@physics.umn.edu
†namba@physics.umn.edu

mirzi parameter [24], in some power-counting renormal-
izable theories of gravity [25], or, as we discuss in more
detail, from an axion inflaton [26]. We follow the for-
malism developed in [27], modified to address a polarized
SGWB as discussed in [23]. Using the latest SGWB mea-
surement with LIGO detectors [15], we apply this formal-
ism to produce the first constraints on parity violation
for a generic power-law SGWB spectrum. We also esti-
mate the sensitivity of the upcoming second-generation
GW detectors to the power-law and axion-inflation par-
ity violating models—Advanced LIGO (aLIGO) [28] de-
tectors at Hanford, WA (H1) and Livingston, LA (L1),
Advanced Virgo [29] in Italy (V1), GEO-HF [30] in Ger-
many, and KAGRA [31, 32] in Japan (K1) are expected
to have ∼ 10× better strain sensitivities than the first-
generation detectors, and to produce first science-quality
data in 2015. Finally, we consider an example configu-
ration of a pair of third-generation GW detectors, with
strain sensitivity similar to the proposed Einstein Tele-
scope [33].
Search Formalism.—We start from the plane-wave ex-

pansion of the metric at time t and position x⃗ [23, 27]

hab(t, x⃗) =
∑

A

∫ ∞

−∞

df

∫

S2

dΩ̂hA(f, Ω̂)e
−2πif(t−x⃗·Ω̂)eAab(Ω̂),

(1)
where eAab(Ω̂) is the polarization tensor associated with a
wave traveling in the direction Ω̂, and f is frequency (we
use natural units c = ! = 1). We consider the left- and
right-handed correlators [23]:

⟨hR/L(f, Ω̂)h
∗
R/L(f

′, Ω̂′)⟩

=
δ(f − f ′)δ2(Ω̂− Ω̂′)

4π
(I(f)± V (f)) (2)
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eral searches for the unpolarized isotropic [13–15] and
anisotropic SGWB [16, 17] have been conducted using
data acquired by interferometric GW detectors LIGO
[18, 19] and Virgo [20]. These searches have established
upper limits on the energy density in the SGWB, and
have started to constrain some of the proposed models
[6, 9, 21].

In this Letter we present the first upper limits on the
circularly polarized isotropic SGWB. Since astrophysi-
cal sources are unlikely to produce a circularly polar-
ized isotropic SGWB, detecting polarization asymmetry
in the SGWB is potentially an excellent way of distin-
guishing the cosmological component from the possibly
dominant astrophysical one. Such asymmetry could be
generated, for instance, through the gravitational Chern-
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mirzi parameter [24], in some power-counting renormal-
izable theories of gravity [25], or, as we discuss in more
detail, from an axion inflaton [26]. We follow the for-
malism developed in [27], modified to address a polarized
SGWB as discussed in [23]. Using the latest SGWB mea-
surement with LIGO detectors [15], we apply this formal-
ism to produce the first constraints on parity violation
for a generic power-law SGWB spectrum. We also esti-
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GW detectors to the power-law and axion-inflation par-
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Advanced Virgo [29] in Italy (V1), GEO-HF [30] in Ger-
many, and KAGRA [31, 32] in Japan (K1) are expected
to have ∼ 10× better strain sensitivities than the first-
generation detectors, and to produce first science-quality
data in 2015. Finally, we consider an example configu-
ration of a pair of third-generation GW detectors, with
strain sensitivity similar to the proposed Einstein Tele-
scope [33].
Search Formalism.—We start from the plane-wave ex-

pansion of the metric at time t and position x⃗ [23, 27]
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(1)
where eAab(Ω̂) is the polarization tensor associated with a
wave traveling in the direction Ω̂, and f is frequency (we
use natural units c = ! = 1). We consider the left- and
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In the remainder of this section we consider two interferometer designs. In §IVB1 we consider the baseline design for
near-future space-based interferometers such as the European Space Agency-led Laser Interferometer Space Antenna
(LISA) [36], and in §IVB2 we consider two futuristic ‘advanced stage’ LISA-like missions similar to the proposed Big
Bang Observatory (BBO) [59].

1. One constellation

In this section, we consider the design shown in the left panel of Figure 8. This is the baseline design of the LISA
mission, and consists of three satellites placed at the vertices xi of an equilateral triangle of side L, and a total of six
laser links between the satellites, allowing for measurement of the phase change ��ij where i, j = {1, 2, 3}, i 6= j. We
define the following three signals:

s↵(t) =
1

2
(��12(t� 2L) +��21(t� L)���13(t� 2L)���31(t� L)) + n↵(t),

s�(t) =
1

2
(��31(t� 2L) +��13(t� L)���32(t� 2L)���23(t� L)) + n�(t),

s�(t) = s↵(t) + 2s�(t).

(18)

The equilateral design means that the laser phase noise, which is the dominant contribution to the noise terms n(t),
cancels [63]. Furthermore Ref. [33] shows that signals ↵ and � have independent noise properties. We therefore
consider their cross-correlations:

hsX1(f)sX2(f 0)i = 1

2
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h
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X
2
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and [33, 63, 64]:

FP
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i
,

TMI(f, ⌦̂ · û) = 1
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Consider the instrument’s response to a gravitational wave travelling in the direction ⌦̂ = (✓,�), and another
travelling in a direction with ✓ ! ⇡ � ✓, i.e. reflected in the x � y plane. Since the vectors û, v̂, ŵ,xi are all in the
x � y plane it is easy to see that the products x · ⌦̂, û · ⌦̂ etc. are invariant. Under this transformation only the z
part of the basis tensor e+ab(⌦̂) is altered. Since Dab(f, ⌦̂ · û) is non-zero only in the x � y part, then the product

Dab(f, ⌦̂ · û)e+ab(⌦̂) is invariant. On the other hand the x � y part of the e⇥ab(⌦̂) tensor changes sign, meaning that

Dab(f, ⌦̂ · û)e⇥ab(⌦̂) changes sign. Therefore, when performing the angular integral in Equation 20 the terms with a

single power of F⇥
X (f, ⌦̂ · û) go to zero, giving RX

1

X
2

V (f) = 0. The conclusion is that co-planar detectors are not
sensitive to the circular polarization of the gravitational wave background. This is true of other types of detectors
with planar geometries such as pulsar timing arrays and individual ground-based detectors such as LIGO [57].

To gain sensitivity to circular polarization we need to introduce non-co-planar detector arms. Others [31] have
considered using cross-correlations between ground-based detectors like LIGO, VIRGO [58], and KAGRA [65], which
have a suitable geometry. In the next subsection we consider an extension to LISA in which we add a second
constellation of three satellites to break the co-planar geometry.
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Consider the instrument’s response to a gravitational wave travelling in the direction ⌦̂ = (✓,�), and another
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sensitive to the circular polarization of the gravitational wave background. This is true of other types of detectors
with planar geometries such as pulsar timing arrays and individual ground-based detectors such as LIGO [57].

To gain sensitivity to circular polarization we need to introduce non-co-planar detector arms. Others [31] have
considered using cross-correlations between ground-based detectors like LIGO, VIRGO [58], and KAGRA [65], which
have a suitable geometry. In the next subsection we consider an extension to LISA in which we add a second
constellation of three satellites to break the co-planar geometry.
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FIG. 1: Evolution of the anisotropy factor α̇/σ̇ for two different values of c in the function (9), as a function of the number of
e-folds. N = 0 corresponds to the end of inflation.

observable nonstandard signature. The result will however be sensitive on the initial conditions, and not only on the
model. On the other hand, for c > 1 we can start in the attractor anisotropic solution characterized by (11). The
underlying idea is that inflation lasted much more than the observable last 60 e-folds, and that the solution converged
to the attractor one during that time. In this case, the phenomenological signatures of the model are insensitive on
the initial conditions, precisely as in the standard inflationary case. 11 For this reason, we only study the c > 1 case
in this work.
We conclude this Section with two remarks. Firstly, we note that the anisotropy is proportional to c − 1. The

anisotropic attractor solution is continuously connected to a FRW solution in the c → 1 limit. We expect standard
results for the perturbations in this limit, as the computations presented in the next Sections confirm. Secondly, while
the anisotropy increases during inflation, it decreases after inflation. Indeed, after inflation φ oscillates around zero,
with a decreasing amplitude. Then f → 1, and the mechanism of prolonged anisotropy becomes ineffective. The
amplitude of the vector rapidly decreases, and the background evolution becomes isotropic.
For illustrative purposes, we show in Figure 1 the evolution of the anisotropy σ̇/α̇ as a function of the number of

e-folds N ≡ α, normalized to zero at the end of inflation. 12 We show the evolution for two different values of c,
starting from the slow roll anisotropic initial condition. 13 We also show the evolution of the anisotropy parameter
given by the slow roll solution, eq. (12). We see that the slow roll expression is very accurate during most of the
inflationary evolution.

III. PERTURBATIONS

This Section studies the perturbations of the model [36] discussed in the previous Section. The discussion is
divided in several Subsections. In Subsection IIIA we introduce the perturbations, and we classify them according
to how they behave with respect to 2d spatial rotations in the isotropic yz plane. We also perform the gauge choices

11 Even in the standard case, one can assume that the inflaton was not yet in the attractor solution when the largest observed multipoles
left the horizon. For instance, a fast roll evolution at that stage results in a suppression of the CMB quadrupole [42]. This signal is
however dependent on the assumed initial conditions.

12 Since σ̇ ≪ α̇, we define the number of e-folds N and the end of inflation as in the FRW case. This gives N = α, and the end of inflation
occurs when α̈+ α̇2 becomes negative.

13 Specifically, we use the last three equations of (6) in our numerical evolutions. We also satisfy the first of (6) through the initial
conditions (if this equation holds at the initial time, it is preserved by the remaining equations): we relate the initial value of φ̇ and of
σ̇ to that of α̇ through eqs. (11) and (12); we insert these expressions in the first of (6), and we then use this equation to relate α̇in

to the initial value of φ. In this way, all the initial conditions are given in terms of φin, which completely specifies any point along the
attractor solution.
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Figure 3. Diagrammatic expression for the GW induced by scalar perturbations in the Gaussian
bump model.

4 Primordial vs. Induced Gravitational Waves

We identify three distinct populations of GW associated with PBH.6

In order of their formation, they are:

1. The GW produced during inflation by the same mechanism that produces the enhanced
scalar perturbations that later become PBH at reentry. We refer to this population as
the “primordial GW”, and we denote it as hp.7

2. The GW sourced by the enhanced scalar perturbations. This gravitational production is
maximized when the scalar modes re-enter the horizon during the radiation dominated
era. We refer to this population as the “induced GW”, and we denote it as hi.

3. The GW produced by the merging of PBH binaries, since formation until today [23, 24].

In this work we study the first two populations, in the context of the Gaussian bump
model and of the rolling axion bump model introduced in the previous section.

The Gaussian bump model assumes that no significant primordial GW are produced.
The induced GW are produced by the scalar curvature modes through standard nonlinear
gravitational interactions, through a process diagrammatically shown in Figure 3. The gravi-
tational interaction is schematically of the type h⇣2, where h is a tensor mode of the metric
(the GW) and ⇣ is the scalar curvature (in this schematic discussion we do not indicate the
tensorial indices, nor the spatial derivatives acting on ⇣, which characterize the interaction).
The tensor mode sourced by this interaction obeys a di↵erential equation that can be solved
through a Green function, G (⌘, ⌘0), schematically described as

hi (⌘) =

Z ⌘

d⌘0 G
�
⌘, ⌘0

�
⇣
�
⌘0
�
⇣
�
⌘0
�

, (4.1)

where ⌘ is (conformal) time, and where the right hand side contains also a convolution in
momenta. This leads to a contribution to the GW power spectrum, schematically as

hhi (⌘) hi (⌘)i =

Z ⌘

d⌘0
Z ⌘

d⌘00 G
�
⌘, ⌘0

�
G
�
⌘, ⌘00

� ⌦
⇣
�
⌘0
�
⇣
�
⌘00
�↵ ⌦

⇣
�
⌘0
�
⇣
�
⌘00
�↵

. (4.2)

6In addition to the signals considered here, there is also the stochastic background from the non-spherical
collapse of PBH [1]. This background can be estimated as ⌦nsc, 0 = E ·� ·⌦rad,0, where E indicates the e�ciency
of converting the horizon mass during formation of PBH to GW and � is the fraction of causal domains that
collapse into a PBH. Using the bound �

<⇠ 2 ⇥ 10�8, from Figure 1, we can estimate ⌦nsc, 0 h
2
<⇠ 10�12 · E ,

which is much smaller than the signals studied here, and thus is ignored.
7These are not the vacuum tensor fluctuations produced during quasi-de-Sitter inflation, which are negli-

gible on these scales.

– 7 –

• PBH formed from large overdensities at re-entry.

Unavoidably, also ⇣ + ⇣ ! h

• At equal fPBH, greater P⇣ required in Gaussian case ! greater GW

• f ⇠ nHz

r
10M�

MPBH
GW signal at PTA scales, great experimental improvement

Case of Gaussian ⇣ very well studied

Ananda et al’ 06; Baumann et al ’07

• PBH formed from large overdensities at re-entry.

Unavoidably, also ⇣ + ⇣ ! h

• At equal fPBH, greater P⇣ required in Gaussian case ! greater GW

• f ⇠ nHz

r
10M�

MPBH
GW signal at PTA scales, great experimental improvement

Case of Gaussian ⇣ very well studied

Ananda et al’ 06; Baumann et al ’07

In NG case, peak value (but not scale-dependence) estimated

Nakama, Silk, Kamionkowski ’16

• PBH formed from large overdensities at re-entry.

Unavoidably, also ⇣ + ⇣ ! h

• At equal fPBH, greater P⇣ required in Gaussian case ! greater GW

• f ⇠ nHz

r
10M�

MPBH
GW signal at PTA scales, great experimental improvement

Case of Gaussian ⇣ very well studied

Ananda et al’ 06; Baumann et al ’07

In NG case, peak value (but not scale-dependence) estimated

Nakama, Silk, Kamionkowski ’16

• PBH formed from large overdensities at re-entry.

Unavoidably, also ⇣ + ⇣ ! h

• At equal fPBH, greater P⇣ required in Gaussian case ! greater GW

• f ⇠ nHz

r
10M�

MPBH
GW signal at PTA scales, great experimental improvement

Case of Gaussian ⇣ very well studied

Ananda et al’ 06; Baumann et al ’07

In NG case, peak value (but not scale-dependence) estimated

Nakama, Silk, Kamionkowski ’16

In rolling axion (�2) model
A

A

hp
,

A

A
A

A

⇣

⇣

hi

Figure 4. Primordial and induced GW in the rolling axion bump model.

The two expressions (4.1) and (4.2) are diagrammatically shown in Figure 3.
Adding up the two GW polarizations (the induced GW is not polarized, since it is

sourced by the scalar ⇣), the total explicit expression corresponding to (4.2) is [21]

Phi(⌘, k) =
32

81

k

⌘2

Z ⌘

0
d⌘0

Z ⌘

0
d⌘00

Z 1

0
dp

Z 1

�1
dz

p3
�
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�2

|k � p|3 P⇣(p) P⇣(|k � p|)

⇥ ⌘0 ⌘00 sin(k⌘ � k⌘0) sin(k⌘ � k⌘00) FT (p ⌘0, |k � p| ⌘0) FT (p ⌘00, |k � p| ⌘00) ,

(4.3)

where p is the loop momentum, z is the cosine of the angle between k and p, and where

FT (u, v) = 2T (u)T (v) + T̃ (u)T̃ (v) , (4.4)

with

T (u) =
9

u2

"
sin(u/

p
3)

u/
p

3
� cos(u/

p
3)

#
, T̃ (u) =

3

u2

"
(u2 � 6) sin(u/

p
3)

u/
p

3
+ 6 cos(u/

p
3)

#
.

(4.5)

Let us now turn our attention to the rolling axion bump model. In this case, both
primordial and induced GW are present. Figure 4 shows how the GW are produced from the
vector field A amplified by the rolling axion. The primordial GW are produced by the vector
fields during inflation. The autocorrelation hhphpi is of the form (3.4). This correlator was
computed in [16, 49], and it is given by the first diagram of Figure 5.

The induced GWB is produced during the radiation dominated era (mostly at horizon
re-entry) by the scalar perturbations that were sourced by the vector fields during inflation.
The induced GW signal in this model was never computed, and it is one of the original
results of the present work. Due to the fact that both hp and hi originate from the vector field
perturbations, the total power spectrum h(hp + hi)

2i contains also a mixed-term contribution,
given by the second and third diagram of Figure 6.

The presence of hp therefore provides additional contributions to the GW power, that
are typically disregarded in works of GW from PBH. Disregarding this signal may not always
be a proper assumption, since the production of PBH required a mechanism that enhances
the scalar perturbations during inflation, and this mechanism can in principle enhance also
the primordial GW. The relevance of hp over hi is particularly important in the case in which
the scalar perturbations obey Non-Gaussian statistics, as we will show below. The reason for
this is that PBH bounds constrain the scalar power much more in the case of Non-Gaussian
vs. Gaussian statistics (see Figure 2). This then limits the amount of induced GW which are
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Figure 5. One and two-loop contributions to the GW signal in the rolling axion bump model. These
diagrams give the amplitude of the primordial GW, and of the cross-correlation with the induced
GW. Intermediate solid (resp. wiggly) lines represent scalar (resp. gauge field) perturbations.
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Figure 6. Auto-correlation of the induced GW signal in the rolling axion bump model. Intermediate
solid (resp. wiggly) lines represent scalar (resp. gauge field) perturbations.

sourced by these scalar modes. In fact, we will see that hp dominates over hi in the rolling
axion bump model.

Even if we ignore hp, the study that we perform here constitutes, to the best of our
knowledge, the first attempt to fully compute the hhihii auto-correlation in a Non-Gaussian
model, where the source of the enhanced scalar perturbations is completely specified. In
the previous literature, when studying the induced GW in the context of PBH formation,
the scalar perturbations are typically assumed to be Gaussian, so that the source term
h⇣4i in hhihii =

R
d⌘0d⌘00G2

⌦
⇣4
↵

can be written as the product of two point functions P 2
⇣ ,

see Eq. (4.3). In the present context, this Gaussian contribution corresponds to just the
first diagram of Figure 6. The other two diagrams only emerge when a concrete model is
considered, and analogous additional diagrams could be present also for di↵erent concrete
mechanisms, where e.g. more fields are involved.

In general, the 4-point correlator
⌦
⇣4
↵

cannot be expressed completely in terms of prod-
ucts of 2-point correlators

⌦
⇣2
↵
, and the expression (4.3) must be replaced by 8
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sourced by these scalar modes. In fact, we will see that hp dominates over hi in the rolling
axion bump model.

Even if we ignore hp, the study that we perform here constitutes, to the best of our
knowledge, the first attempt to fully compute the hhihii auto-correlation in a Non-Gaussian
model, where the source of the enhanced scalar perturbations is completely specified. In
the previous literature, when studying the induced GW in the context of PBH formation,
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Figure 11. Left panel: Bump in the primordial scalar perturbations that saturates the PBH bound
at LISA scales. Right panel: Corresponding bump in the stochastic GW background. The blue solid
(resp., red dashed) curves refer to the Gaussian bump model (resp., the rolling axion bump model).

the Gaussian model (in which PGW / P 2
⇣ ). Therefore, for all values of ⇣c = O (0.05 � 1), the

GW produced by these models will be testable at PTA-SKA frequencies.
We conclude that a significant dark matter component in the form of PBH with masses

in the range M ⇠ 1�100 M� is compatible with the current PTA bounds for the rolling axion
bump model, and barely compatible or excluded for the Gaussian bump model, depending on
the precise peak PBH mass and on the value of the threshold parameter ⇣c. The forthcoming
improvement of several orders of magnitude on the PTA bounds from the SKA experiment
will allow to conclusively probe both models. In Section 6 we discuss how this conclusion is
modified by a nontrivial evolution (via accretion and merging) of the PBH distribution after
their formation.

5.2 GW at LISA scales

Here we study the implications of LISA measurements on the PBH physics. The LISA
experiment will be most sensitive at frequencies f ⇠ few mHz, see Ref. [25]. This corresponds
to modes that left the horizon about N ⇠ 25 e-folds before the end of inflation. From
Eq. (A.2), we see that scalar overdensities produced at N ⇠ 25 collapse into primordial
black holes of mass M ' few ⇥ 10�12 M�. Therefore, LISA measurements can provide useful
information on PBH of such small masses.

Analogously to the previous subsection, in the left panel of Figure 11 we show a bump
in the primordial curvature perturbations that saturates the present PBH bounds, given by
neutron star capture [65]. The curves shown in the Figure correspond to a present PBH
dark matter fraction equal to one (this mass range was also recently considered in Ref. [66]).
In the right panel of Figure 11 we show the corresponding bump in the GW spectrum, as
compared with the forecasted LISA sensitivity curve “N2A2M5L6” 13 given in Ref. [25].

As seen from the right panel, the GW signal from the Gaussian model (resp., from the
rolling axion model) is about five orders of magnitude (resp., three orders of magnitude)
stronger than the best sensitivity curve of LISA. As discussed in the previous subsection,
the GW signal can be decreased, while keeping the same amount of PBH, if the threshold
for formation ⇣c is lowered with respect to the value ⇣c = 1 assumed in Figure 11. We find

13This is the sensitivity curve, among those considered in Ref. [25], that is expected to be the closest to the
final LISA configuration. We thank Chiara Caprini for discussions.
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Figure 10. Dependence of the PTA constraints on the PBH mass distribution. The PBH mass
distribution shown in Figure 8 (in blue solid lines) is compared here with a distribution peaked at
smaller PBH mass (in green dashed lines). The GW signal produced by this second distribution is
ruled out by the present PTA data. Both models shown in this figure assume a Gaussian statistics.

the figure is only barely compatible with the present bounds. It is therefore important to
understand how this conclusion is a↵ected if we modify the PBH distribution with respect
to the one shown in Figure 8. The most important factor in this discussion is the relation
between the peak frequency of the GW signal and the peak mass of the PBH distribution.
From Eq. (A.1) we see that the PBH mass M is related to the peak frequency of the scalar
perturbations (f = k/2⇡) by

M ' 50 � M�

✓
10�9 Hz

f

◆2

. (5.3)

The peak frequency in the scalar and GW signal are equal to each other, up to an order
one factor. Therefore, the peak frequency of the GW signal potentially detectable in PTA

experiments scales with the peak mass of the PBD distribution as fpeak / M
�1/2
peak .

In Figure 10 we compare the GW signal generated by the Gaussian bump model de-
scribed above with that generated by a di↵erent Gaussian bump model, peaked at a smaller
PBH mass. More precisely, the second model (shown in dashed green lines in Figure 10)
is peaked at M ' 2 M�, a factor ⇠ 41 smaller than the peak value M ' 83 M�, of the
first model (shown in solid blue lines). The second model produces a GW signal peaked at
f ⇠ 2.3 nHz, in a region where the PTA bounds are strongest. This frequency is a factor
⇠ 6.2 greater than the peak frequency f ⇠ 0.37 nHz of the GW signal generated in the first

model, in very good agreement with the fpeak / M
�1/2
peak scaling. Despite the fact that the

second PBH distribution only accounts for ⇠ 16% of the dark matter of the present Universe,
the shift in frequency causes it to be already ruled out by the PTA data.

It is also important to stress that the examples studied in Figures 9 and 10 assume
⇣c = 1 in Eq. (3.1). This quantity is the estimated threshold that a scalar perturbation must
reach in order to form a PBH. Theoretical and numerical studies [60–64] indicate that this
quantity is ⇣c = O (0.05 � 1). Since the amount of PBH is controlled by the ratio

p
P⇣/⇣c, a

decrease of ⇣c by a factor r leads to the same PBH abundance provided that P⇣ is decreased
by r2. This e↵ect decreases the GW signal by r2 in the rolling axion bump model (in which
both P⇣ and PGW are proportional to the same power of the sourcing fields), and by r4 in
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Figure 7. The present constraints on PBH from Extragalactic Gamma Background, femto-mili-
microlensing, Wide Binaries and the CMB. The primordial black holes produced in this type of
near-inflection-point inflationary models could comprise all of the dark matter and still pass all the
constraints. Figure adapted from [13] and [3].

terization of their mass distribution, may give us information about the inflaton dynamics
just a few tens of e-folds before the end of inflation. Moreover, this new paradigm has many
observational consequences [51]. For instance, this scenario could explain the missing satellite
problem of N-body simulations, and makes specific predictions for the existence of massive
black holes at the center of all large scale structures, from dwarf spheroidals to massive
galaxies [52]. The hierarchical merger tree scenario of structure formation then predicts that
dark matter halos are composed of an intermediate mass black hole at their center, plus a
smooth component of lighter PBH orbiting the halos. These building blocks will then merge
to form larger structures like galaxies and clusters of galaxies.

What characterizes this scenario of inflation with broad peaks in PR(k) [13, 14] is the
small scale structure they predict. Rather than waiting for 5� peaks in a Gaussian low-
amplitude spectrum to gravitationally collapse to form the first stars after recombination,
here the large-amplitude peaks in the primordial spectrum are enough to produce the PBH
that will act as seeds on which gas will accrete and form galaxies. This scenario is thus
responsible for reionization at high redshifts and early structure formation, which may explain
why we observe fully formed structures like galaxies and QSO so far back in time, very soon
after photon decoupling, and why there are strong spatial correlations between the cosmic
near IR background and the soft-X-ray background fluctuations [17].

Furthermore, in this single-field model the economy of parameters imply that high
curvature peaks cover a broad range of scales, and thus give rise to PBH with a large range
of masses. The evaporation of these light PBH, between their time of formation and matter-
radiation equality, is a new feature of this model. The rest of massive PBH will constitute
the DM. Note that the large metric (curvature) perturbations remain there on small scales
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Figure 12. Primordial and induced GW obtained from di↵erent models that lead to the current
PBH distribution shown in Eq. (8). The various models di↵er for the assumed statistics of the
primordial curvature and for the amount of merging (M) and accretion (A) of the black holes after
their formation.

PBH mass function given by Figure 8. This present distribution is peaked at M ⇠ 83 M�,
and it accounts for all the dark matter of the universe. We then find the corresponding value
for the PBH fraction at formation �, according to Eq. (6.1), accounting for the di↵erent
values of M and A that characterize each case. We then compute the primordial curvature
power spectrum P⇣ leading to this fraction, in the two di↵erent cases of Gaussian vs. �2

distribution. Finally, we compute the corresponding amount of primordial and induced GW
associated with this distribution. The various GW signals obtained in this way are plotted
in the various curves of Figure 12. 15

The main feature that emerges when comparing the merging or accretion cases with the
trivial evolution case is the increase of the peak frequency of the GW signal. The reason is
the following: the distribution (8) probes the current PBH mass M . On the contrary, the
primordial and induced GW signals shown in Figure 12 depend on the PBH formation mass,
Mf = M/AM. This decreased mass results in an increase of the frequency of the GW signal

by
p

AM, due to the f / M
�1/2
f scaling discussed after Eq. (5.3). This shift of the GW

distribution is the main factor in determining whether the GW signal can be probed at PTA
scales. We see that, for the case of a �2 bump, an accretion or a merging of a ⇠ 105 factor
would shift the GW signal towards too high frequencies to be observed in these experiments.
The Gaussian model results instead in a greater and wider GW signal, that can be observed
at PTA scales also for these large amounts of accretion and merging.

It is also interesting to compare the signal in the case of accretion and no merging, vs.
the case of merging and no accretion. In the case of only accretion, the primordial signal must
have a smaller amplitude with respect to the case of only merging. This results in smaller
primordial and induced GW, as clearly visible in the figure. The di↵erence in the amplitude
of the two signals is however rather limited. This is due to the strong sensitivity of the PBH
abundance to small changes of the primordial curvature (see Eq. (3.1) of the present work,
and Figure 9 of [16]). If we want to produce the same PBH abundance today, a 105 accretion
requires that the initial PBH abundance is decreased by a 105 factor. This however only
requires a small decrease of the primordial curvature spectrum, so that the primordial and

15We find that the width of the �

2 distributions are � ' 0.4 in the case of trivial evolution, � ' 0.3 in the
case of strong merging, and � ' 0.2 in the case of strong accretion. The width of the each gaussian bump is
given by the width of the corresponding �

2 distribution times
p
2.
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